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a b s t r a c t

In this paper, the effect of temperature difference between inlet flow and walls on the electro-osmotic
flow through a two-dimensional microchannel is investigated. The main objective is to study the effect
of temperature variations on the distribution of ions and consequently internal electric potential field,
electric body force, and velocity fields in an electro-osmotic flow. We assume constant temperature
and zeta potential on walls and use the mean temperature of each cross section to characterize the Boltz-
mann ion distribution across the channel. Based on these assumptions, the multiphysical transports are
still able to be described by the classical Poisson–Boltzmann model. In this work, the Navier–Stokes equa-
tion for fluid flow, the Poisson–Boltzmann equation for ion distribution, and the energy equation for heat
transfer are solved by a couple lattice Boltzmann method. The modeling results indicate that the temper-
ature difference between walls and the inlet solution may lead to two symmetrical vortices at the
entrance region of the microchannel which is appropriate for mixing enhancements. The advantage of
this phenomenon for active control of mixing in electro-osmotic flow is the manageability of the vortex
scale without extra efforts. For instance, the effective domain of this pattern could broaden by the follow-
ing modulations: decreasing the external electric potential field, decreasing the electric double layer
thickness, or increasing the temperature difference between inlet flow and walls. This work may provide
a novel strategy for design or optimization of microsystems.

� 2013 Elsevier Inc. All rights reserved.
1. Introduction

Induced fluid flow in micro-scale channels, such as those found
in ‘‘Lab-on-a Chip’’ devices, is of considerable challenge and inter-
est. Flow generation with mechanical micropumps requires mov-
ing parts which complicates the production and control of
micropumps. On the other hand, in a rather new method, the fluid
is moved by employing the traveling dissolved ions [1]. The effi-
ciency of this non-mechanical method in moving fluids, especially
highly viscous fluids, is an important factor justifying the efforts to
study this method [2]. The micropumps mentioned above can
transfer the fluid easily in a microchannel by applying an external
electric field with no need for any mechanical parts. Therefore, the
manageability of these micropumps is easier than the mechanical
micropumps.
ll rights reserved.
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Since the solid–liquid interface can trap electric charges
through physical or chemical adsorption [3], a thin layer (about
100 nm thick) is formed near the surface in the liquid side. The
net polarity of the charges in this layer is opposite of those in the
solid side. The set of this layer and the layer related to the charges
on the solid surface is called electric double layer (EDL). Presence of
the electric double layer adjacent to the walls of the microchannel
can affect the electrolyte flow through the channel and has practi-
cal importance.

For instance, if, under the influence of an external electric field,
the ions near the walls start to move along the microchannel, the
rest of liquid molecules will move with them due to the liquid vis-
cosity. This type of flow is so-called Electro-Osmotic Flow (EOF).
The velocity profile of electro-osmotic flows for thin EDLs (in com-
parison with the microchannel width) is plug like. That is to say,
the main part of the velocity profile, relatively far from the walls,
is located out of the EDL and, therefore, has no velocity gradient

across the channel @u
@y ¼ 0
� �

. As a result, the shear stress in this re-

gion of the flow is zero.

http://dx.doi.org/10.1016/j.jcis.2013.06.026
mailto:moralwang@jhu.edu
http://dx.doi.org/10.1016/j.jcis.2013.06.026
http://www.sciencedirect.com/science/journal/00219797
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When the electrolyte temperature distribution is uniform, the
maximum velocity which is the velocity at the flat part of the
velocity profile is obtained using the following equation which is
known as Helmholtz–Smoluchowski equation:

Uref ¼ �
e0erExf

l
ð1Þ

In this equation, f (V) is the walls electric potential and has a neg-
ative value, Ex V=mð Þ is the external electric field strength,
e0 C=V mð Þ is the vacuum electric permittivity coefficient, er is the
relative electrical permittivity coefficient of the electrolyte, and l
(Pa s) is the dynamic viscosity.

One of the practical advantages of an EOF is the possibility to
control this flow by changing the external electric field. For in-
stance, separating different species is easily possible in these flows.
Because, the shear velocity which is the effective parameter in sep-
arating the species can be easily controlled by changing the exter-
nal electric field [4]. Polson and Hayes [5] demonstrated the
development of external voltage control of EOF for microfabricated
fluidic microdevices.

These flows can oscillate with respect to time or space by
changing the external electric field and therefore are applicable
in changing the mixing processes in microchannels [6]. Wang
et al. [7] showed that EOF was able to induce y-directional velocity
which enhanced mixing in the microchannels. On the other hand,
their results showed that the mixing enhancement is related with
the surface zeta potential and the external electric field strength.
Obviously, by controlling the effective parameters on the electro-
osmotic flow, desired velocity profiles can be obtained. Mirbozorgi
et al. [8] numerically showed that non-uniform distribution of the
zeta potential on the walls of a microchannel could lead to non-
plug velocity profiles. Herr et al. [9], in an experimental investiga-
tion, used a microchannel with variable zeta potential on the sur-
faces and confirmed the idea of production of non-plug profiles.
Schasfoort et al. [10] presented a different method to control the
velocity field. They changed the amount of zeta potential on the
walls and induced accelerating, decelerating, or return flows by
varying the external electric field.

One of the secondary but important parameters in controlling
the electro-osmotic flow is temperature. Temperature affects this
type of flow by changing the ion distribution and physical proper-
ties of the liquid. Studies on the convective heat transfer in the
microchannels with attitude of increasing the heat transfer and
solving the temperature field in the past decade have been consid-
ered from temperature view only. For example, Mohiuddin Mala
et al. [11] conducted a structural and basic research on tempera-
ture distribution in a two-dimensional microchannel. In their re-
search, the Poisson–Boltzmann equation (on the Debye–Huckel
approximation) and the momentum equations are analytically
solved, while energy equation is numerically solved and the effect
of temperature field on the ion distribution and physical properties
has been ignored. They showed that with decreasing the EDL thick-
ness, the heat transfer rate will be increased.

Kwak et al. [12] studied the effect of temperature variations on
electro-osmotic flow. They used conventional Computational Fluid
Dynamics (CFD) methods to solve governing equations. They have
considered the EOF in a microchannel with non-uniform wall tem-
perature. In their work, physical properties of fluid are functions of
temperature; therefore, the flow field can be affected by tempera-
ture field through temperature-dependent physical properties.
Their preliminary goal was to control the EOF by manipulating
the temperature distribution. They showed that when upper and
lower walls of a two-dimensional microchannel have different
temperatures, the electro-osmotic flow resembles a shearflow
(Couette flow). Besides, if the wall temperatures vary along the
channel, a pattern of wavy flow will appear. Zhao et al. [13] mainly
tried to find the optimized dimensionless number (j) with which
fluid could be pumped efficiently by electro-osmotic flow. In addi-
tion, they studied the effect of Joule heating on the pumping
process.

Recently, several studies have been presented in order to model
the EOF using the LBM. Most of these studies are used conventional
numerical methods to solve the Poisson–Boltzmann equation espe-
cially in its 1D linearized form [14–16]. Wang et al. [17] proposed a
consistent lattice evolution method which combines a lattice solu-
tion for the nonlinear Poisson–Boltzmann equation with lattice
solution for the BGK equation for incompressible fluid flows. Chai
and Shi [18] analyzed an EOF in a microchannel solving the
momentum equation using incompressible lattice Boltzmann
method and presented a novel model to solve the Poisson–Boltz-
mann equation with the lattice Boltzmann method. Shi et al. [19]
proposed a straightforward model for relatively thin EDLs
j ¼ Kh ¼ h

k > 200
� �

in which the value of temperature and velocity
at the edge of the EDL is calculated using the dimensional analysis.
Then, they omitted the terms related to this layer from momentum
and energy equations and used the values obtained by their model
on the edge of the EDL as boundary values to solve the rest of flow
field. They used lattice Boltzmann method for simple flows with
heat transfer to solve momentum and energy equations.

The works mentioned above confirmed that investigation and
control of electro-osmotic velocity profile are of great importance.
The main objective of the present work is to study the effects of
temperature variation on ion distribution along the channel length.
These effects are expected to change velocity and internal electric
potential fields. In spite of the fact that ion distribution across the
channel width might be affected by temperature variations and
should be considered, here, we neglect this fact to avoid extra com-
plication. It is observed in the literature that most of the research-
ers focused on the effects of temperature field on electro-osmotic
flow occurring because of variations of temperature related physi-
cal properties of fluid in order to control the EOF or analyzing the
convection heat transfer in flows with plug like velocity profiles
[11–13]. However, it is expected that temperature distribution
can change ion distribution and other dynamic characteristics of
flow significantly.

It should be noted that for such a case of an EOF, the ion convec-
tion should be very slow so that the Boltzmann distribution could
maintain; otherwise, the couple PNP + NS model should be solved
instead. Wang and Kang [20] presented a framework to solve the
dynamic model for electrokinetic flows in microchannels using
coupled lattice Boltzmann model. They showed that for a long
microchannel with homogenous charged walls, the PB equation
is still available for a wide range of EDL thickness. On the other
hand, the applicability of the Poisson–Boltzmann model for micro
or nanoscale EOF should be considered as a very important theo-
retical and engineering problem. Wang and Chen [21] showed
that: (i) the PB model can still provide good predictions of the ions
density profiles up to a very high ionic concentration in the diffu-
sion layer; (ii) The PB model predicts the net charge density accu-
rately as long as the EDL thickness is smaller than the channel
width and the predicted electric potential profile is still very accu-
rate up to a very strong EDL interaction.

In the present study, based on which mentioned above, the PB
equation is solved with mean temperature for every cross section
along the microchannel. This assumption lets us obtain the distri-
bution of ions in the cross sections of channel locally by an expo-
nential Boltzmann distribution equation. Because of a
longitudinal variation of temperature in microchannel, the varia-
tion in ion distribution along the channel is still possible. The Na-
vier–Stokes, Poisson–Boltzmann, and energy equations are solved
simultaneously in an iterative process since they are coupled.



Table 1
Thermophysical properties and constant parame-
ters at T = 19.85 (�C) (=293 K).

Variable Value (Unit)

H 6 � 10�6 m
e 1.602 � 10�19 C
KB 1:381� 10�23 J=K
ni1 6:022� 1020 ion=m3

er 80
e �12
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The numerical method for solving the Poisson–Boltzmann and
Navier–Stokes equations is based on Wang’s model (LPBM) [17].
The energy equation is solved using Wang’s model for thermal evo-
lution equation with generalized heat source term [22]. To validate
the numerical results, velocity and internal electric potential fields
calculated by the code are compared with those yielded by avail-
able analytical solutions. In addition, convective heat transfer in
a channel is simulated and Nusselt number and local mean tem-
perature values are compared with analytical data.
0 8:854� 10 C=V m
q 1000 kg=m3

l 1 � 10�3 Pa s
cp 4180 J =kg K
k 0:613 W=m K

Table 2
Dimensionless parameters and their definitions.

Dimensionless parameters Definition of the parameters

Pr mref

aref

Re Uref Href
mref

A Eref Href
KB Twall

Ze

B ni1KB Twall

qref U2
ref

j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Z2e2ni1

e0er KBTwall

q
Href
2. Problem definition

According to Fig. 1, The EOF studied in this paper is an electro-
lyte flow through a two-dimensional microchannel with length L
and width H. The upper and lower plates of the microchannel are
kept at temperature Twall and electric potential f. The inlet electro-
lyte is kept at constant temperature Tin. We have Tin < Twall. The
fluid motion is caused by the external electric field with strength
Ex, applied by use of an Anode and a Cathode placed at the two
ends of the microchannel.

The ratio of length to width of this microchannel (L/H) is equal
to 5. The electrolyte considered here is symmetric and has 1:1 ionic
ratio (it means that the values of ion Valance numbers are equal,
|Z+| = |Z�| = Z = 1). The locations of the anode and cathode plates
are selected far enough from the inlet and outlet of the channel,
so that the side effects of the inlet and outlet drops are negligible.

In this study, it is assumed that microchannel is made of silicon,
and an electrolyte with K+ and Cl� ions have been selected as oper-
ating fluid. In addition, the zeta potential is assumed to be negative
on the fluid-wall interface and its value is in the range of
�100 mV 6 f 6 �25 mV.

The dimensionless parameter j is defined as j ¼ KH ¼ H
k in

which the width of the channel H is non-dimensionalized with
the specific thickness of EDL (k):

k ¼ K�1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e0erKBTwall

2Z2e2ni1

s
ð2Þ

where Twall, as mentioned in Fig. 1, is the wall temperature used as
reference temperature for identifying the thickness of EDL. Here, by
selecting the value of j and H, the value of ions concentration, ni1,
is determined. Sometimes, instead of ni1, the amount of molar con-
centration, c, is also determined. In such cases, the Molar concentra-
tion in kmol=m3 is calculated as c ¼ ni1

1000NA
, where NA is the Avogadro

number. Other physical quantities such as l, er, and k are only func-
tions of temperature and though constant in a given temperature.
The values of these quantities for T = 19.85 �C (=293 K) are pre-
Fig. 1. Schematic of a two-dimensional flat microchannel with constant temper-
ature and zeta potential on the walls.
sented in Table 1. In this problem with prescription of the values
of the H, Ex, f Reference velocity is obtained as Uref ¼ �e0er Exf

l . In this

case, the amount of the Reynolds number is defined as Re ¼ Uref H
m .

In the present study for investigating about the effects of tem-
perature difference on the mentioned EOF, the wall temperature
is considered constant and here assumed Twall = 50 �C. In order to
have three amounts of temperature difference between inlet flow
and walls of the microchannel, one can consider three inlet flow
temperature as: Tin = 12.5 �C, Tin = 25 �C, and Tin = 50 �C.

In summary, for each scenario, the values of c, H, Ex, f are deter-
mined as the input of problem and then the values of Re and j are
calculated.

Table 2 shows the definitions of the thermal and hydrodynamic
dimensionless numbers governing the electro-osmotic flow. In this
dimensionless numbers, a m2=s

� �
is the thermal penetration coef-

ficient and m m2=s
� �

is the fluid kinematic viscosity. Although the
values of variables l, k, er, and f can vary slightly with temperature,
in this study, they are considered constant. Their amounts in
T = 19.85 �C (=293 K) is used as reference to define the above
dimensionless numbers.

While considering Eq. (1), for constant values of Ex and e0, the
parameters er, l, and f can change with temperature. On the other
hand, the zeta potential and permittivity of the pure water are

given as [12]: e ðTÞ ¼ 2:707� 10�9 C=V m e� T
219 K and f ðTÞ ¼

�78:2 mV� 0:44 mV=K ðT � 273:15 KÞ. Regarding to these rela-
tions, this is demonstrated that for temperature range
15 �C < T < 120 �C, the product e (T) � f (T) will be approximately
constant. As a result, the reference velocity in this temperature
range can change only with temperature due to viscosity change
as 1

lðTÞ. In this work, in order to study the effects of temperature var-

iation on ion distribution and consequently the EOF, the viscosity
changes with respect to temperature are also ignored. Further-
more, if the external voltage is small, the effect of joule heating
(due to electrical resistance of fluid against passing electric
charges) on the EOF can be ignored. Because of the low strain rate
of the fluid in a wide range of the microchannel width, the viscosity
losses are ignored.
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3. Continuum formulation

3.1. Poisson–Boltzmann equation

Based on the electrostatic theory [23], the governing equation
for the internal electric potential distribution (w) can be defined
as follows with a Poisson equation:

r2w ¼ �qeðx; yÞ
ere0

ð3Þ

where qe is the net electric charge density, w = w(x,y) is the internal
electric potential in 2D space, e0 is the vacuum electric permittivity
coefficient, and er is the electrolyte electric permittivity ratio

er ¼ e
e0

� �
. The net electric charge density qe can be defined as:

qe ¼ Zeðnþ � n�Þ ð4Þ

where n+ and n� are the numerical concentrations of the positive
and negative ions in ion=m3, respectively. Z is the ions valance num-
ber and e is the electric charge of an electron in Cullen C. According
to the electrostatic theory, the ion concentration also depends on
the internal electric potential distribution w. In other words, inter-
nal electric potential distribution is a result of a balance between
the forces due to ions distribution and electric potential gradient.
For instance, in one dimensional case:

KBT
dn�

dy

 !
¼ �Zen�

dw
dy

� �
ð5Þ

In Eq. (5), the left and right sides introduce the ion distribution
force and the internal electric potential gradient force, respectively.
n± represents the concentration of the positive and negative ions. T
is the absolute temperature in Kelvin (K) and KB is the Boltzmann
constant in J=K.

When we assume that T ¼ TmeanðxÞ ¼ 1
AðxÞ

� � R
TdA and if the ions

concentration for w = 0 is ni1, then integration of Eq. (5) is avail-

able and defined as:

n� ¼ ni1e�
Zewðx;yÞ

KBTmean ðxÞ ð6Þ

Eq. (6) is known as the Boltzmann ion distribution equation. In
addition to the method mentioned above, Eq. (6) can be proved
using statistical thermodynamic concepts. In Eq. (6), the concen-
tration distribution of positive ions is denoted with n+ and that
of negative ions is denoted with n�. Two important points should
be considered here. First, the Nernst–Planck is the main equation
governing the ion distribution. Second, while deriving the Boltz-
mann ion distribution equation from the Nernst–Planck equation,
if T is not considered constant in the y direction, taking the integral
of Eq. (5) and obtaining the Boltzmann ion distribution equation is
not possible. If we cannot derive the Boltzmann ion distribution
equation from Nernst–Planck equation, it is not possible to use
the Boltzmann ion distribution equation to find the ions distribu-
tion in the y direction which is perpendicular to the microchannel
walls. This is the reason for considering the Tmean(x) in Eq. (6) in the
present study.

Combining Eq. (4) and Eq. (6), the net electric charge density
equation is obtained as follows:

qeðx; yÞ ¼ �2Zeni1 sinh
Zewðx; yÞ

KBTmeanðxÞ

� �
ð7Þ

Also, the Poisson–Boltzmann equation is obtained by the com-
bination of Eq. (3) and Eq. (7):

r2w ¼ 2Zeni1

e0er
sinh

Zewðx; yÞ
KBTmeanðxÞ

� �
ð8Þ
where e (C) is the absolute charge of the electron and Tmean (K) is the
mean temperature at each cross section of the microchannel. Defin-
ing appropriate references as below, the non-dimensional form of
Eq. (8) is introduced as:

�w ¼ w
KBTwall

Ze

; �qe ¼
qe

Zeni1
; �x ¼ x

H
; �y ¼ y

H

@2 �w
@�x2 þ

@2 �w
@�y2 ¼ �

j2 �qe

2

ð9Þ

Boundary conditions governing Eq. (9) are:

y ¼ 0! w ¼ f; y ¼ H ! w ¼ f

x ¼ 0! w ¼ 0; x ¼ l! @w
@x
¼ 0

ð10Þ
3.2. Modified Navier–Stokes equations

In this study, the modified Navier–Stokes equations are consid-
ered based on the electric body force. This body force is due to the
application of the external electric field on the net electric charge
density available in the EDL near the walls. Therefore, the modified
Navier–Stokes equations including continuity and momentum
equations for incompressible electrolyte flow in laminar steady
state are expressed as follows [8]:

ðaÞ r � u ¼ 0

ðbÞ qðu � ruÞ ¼ �rpþ lr2u� qeðE þrwÞ
ð11Þ

where u is the velocity vector in m=s, l (Pa s) is the dynamic viscos-
ity of the electrolyte (here, independent of temperature), E V=mð Þ is
the external electric field intensity vector, q kg=m3

� �
is the density

of the electrolyte (here, independent of temperature), and p (Pa) is
the hydrodynamic pressure of the fluid. The last term in the right
hand side of Eq. (11b) represents the electrical body force applied
to the fluid and it is the cause of fluid motion. Hereinafter, the body
force in the x direction (shown with BF and called electric body
force in this paper) is defined as:

BF ¼ qe Ex �
@w
@x

� �
ð12Þ

It is noteworthy that in this study, no pressure gradient is ap-
plied in the direction of the main flow. Since Ey = 0 and also due
to low concentration of the ions dissolved in the fluid, the term
representing the body force in y direction in Eq. (11b) is eliminated
[24]. In other words, the electrical force due to the gradient of w in
the y direction is balanced with the force due to ions distribution.
As a result, the Boltzmann ion distribution is obtained.

Balancing these two forces is justified only for ions. Because of
low ion concentration in the electrolyte, less number of fluid mol-
ecules will be affected by the ion movement. In a similar case, for
body force equation (Eq. (12)), @w

@x has an external source and there-

fore is added to Ex. It is worth noting that the force due to @w
@x has not

been balanced with any other forces, unlike the force resulting
from @w

@y which is balanced with the forces due to ions distribution.

The dimensionless form of the momentum equations are as
follows:

�u ¼ u
Uref

; �v ¼ v
Uref

; �p ¼ P

qU2
ref

; A ¼ Eref H
KBTwall

Ze

; B ¼ ni1KBTwall

qU2
ref

ð�u � ru
�
Þ ¼ �rp

�
þ 1

Re
r2u
�
þ�qeBðA E

�
�rw

�
Þ

ð13Þ

Boundary conditions governing the Navier–Stokes equations
are as follows:



550 A. Alizadeh et al. / Journal of Colloid and Interface Science 407 (2013) 546–555
y ¼ 0! u ¼ v ¼ 0; y ¼ H ! u ¼ v ¼ 0

x ¼ 0! @u
@x
¼ @v
@x
¼ 0; p ¼ Patm

x ¼ l! @u
@x
¼ v ¼ 0; p ¼ Patm

ð14Þ
3.3. Energy equation

Regarding all the assumptions expressed in Section 2, the en-
ergy equation is defined as follows without any heat source.

qcpðu � rTÞ ¼ kr2T ð15Þ

where cp J=kg Kð Þ is the specific heat capacity and k W=m Kð Þ is the
fluid thermal conductivity. Using the definition of the dimension-
less temperature (T ¼ T�Twall

Tmean�Twall
) and considering the dimensionless

lengths [�x; �y] and dimensionless velocities [�u; �v] introduced in
Eqs. (9) and (13), the energy equation is obtained as:

ð�u � rTÞ ¼ 1
Re� Pr

r2T ð16Þ

Boundary conditions governing the energy equation are:

y ¼ 0! T ¼ T0; y ¼ H ! T ¼ T0

x ¼ 0! T ¼ Tin; x ¼ l! @T
@x
¼ 0

ð17Þ

Hereinafter, the dimensionless parameters will be shown without
(–) sign over them.

4. Lattice Boltzmann models

In the present paper, three governing equations (Navier–Stokes,
Poisson–Boltzmann and energy) which are governing the phenom-
enon under study are solved numerically using the lattice Boltz-
mann method. Therefore, it is necessary to introduce the
equivalent equations used in the lattice Boltzmann method.

4.1. Lattice Poisson–Boltzmann method

4.1.1. Lattice Boltzmann method for fluid with external forces
This section presented two methods in order to implement the

external forces in the lattice Boltzmann method. The first method
is based on a model presented by Wang et al. [17] in which the
external force term is introduced directly into the evolution equa-
tion as a distribution function. This method could be named as the
method of external force distribution function. The second method
is based on modifying the velocity field by the amounts of external
forces before computing the equilibrium distribution function.

4.1.1.1. External force distribution function method. The discrete
Boltzmann density distribution equation for solving the Navier–
Stokes equations in the presence of external forces is indicated as
follows:

fiðX þ eidt ; t þ dtÞ � fiðX; tÞ ¼ �
1
sf
½fiðX; tÞ � f eq

i ðX; tÞ� þ dtFi ð18Þ

where index i is assigned values from 0 to 8 in the standard D2Q9
lattice. fi is the density distribution function at the place X and time
t. m is the kinematic viscosity which is related to the relaxation time
sf as m ¼ ðsf � 0:5ÞC2

s dt . Cs is the speed of sound in the fluid having
relation with the speed of particles in the lattice c ¼ dx

dt
as Cs ¼ cffiffi

3
p .

Fi is the external force distribution function at the same time and
place and defined as follows:

Fi ¼
ð�rpþ qeE � qer/Þ � ðei � uÞ

RT
f eq
i ð19Þ
where p is the pressure, / is the stream electrical potential caused
by the ion movements in the solution based on the Nernst–Planck
theory, and E is the electrical field strength.

The Maxwell–Boltzmann equilibrium distribution function for
Eqs. (18) and (19) is:

f eq
i ¼ e�

u
KBT

� �
xiq 1þ 3ðei � uÞ

c2 þ 9ðei � uÞ2

c4 � 3
2
ðu � uÞ

c2

" # !
ð20Þ

where u is the potential energy of the conservative force field, u is
the macroscopic velocity vector and q is the density of the fluid. xi

is presented the weighting factors for D2Q9 lattice as follows:

xi ¼
4
9

i ¼ 0

xi ¼
1
9

i ¼ 1;2;3;4

xi ¼
1

36
i ¼ 5;6;7;8

ð21Þ
4.1.1.2. Modifying velocity method. In this method, the discrete
Boltzmann distribution function is defined as the conventional for-
mat as follows:

fiðX þ eidt ; t þ dtÞ � fiðX; tÞ ¼ �
1
sf
½fiðX; tÞ � f eq

i ðX; tÞ� ð22Þ

The equilibrium distribution function is defined as:

f eq
i ¼ xiq 1þ 3ðei � uÞ þ

9
2
ðei � uÞ2 �

3
2

u � u
	 


ð23Þ

The fluid can be moved by either the boundaries or the body
force. If the body force is the driving force for the fluid flow, the
velocity can be modified before computing the equilibrium distri-
bution function (Eq. (23)) as follows [25]:

F ¼ ma ¼ mdu
dt
! Du ¼ ðsf dtÞF

q
¼ sf F

q
ð24Þ

According to assumptions mentioned in Section 3.2 for body
force in EOF (Eq. (12)), Eq. (24) can be rewritten as:

unewðx; yÞ ¼ uoldðx; yÞ þ
sf

q
grhsðx; yÞere0 Ex �

@w
@x

� �� �
ð25Þ

where the right hand side (rhs) of Eq. (8) is defined as
grhsðx; yÞ ¼ �

2Zeni1
e0er

sinhð Zewðx;yÞ
KBTmeanðxÞÞ.

The macroscopic values of the density, velocity, and pressure
are calculated for both methods mentioned above as follows:

q ¼
X8

i¼0

fi; qu ¼
X8

i¼0

fiei; p ¼ C2
s q ¼

q
3

ð26Þ
4.1.2. The lattice Poisson method for solving the Poisson–Boltzmann
equation

The evolution equation for the electrical potential on the 2D dis-
crete lattices according to the Wang model is written as follows
[17]:

gi Xþ eidt;g ; t þ dt;g
� �

� giðX; tÞ ¼ �
1
sg

giðX; tÞ � geq
i ðX; tÞ

� �
þ 1� 0:5

sg

� �
dt;gxigrhs ð27Þ

where gi is the electric potential distribution function, X is the place
vector, ei is the microscopic velocity vector of the particles in nine
directions, dt,g is the time step, and here, it is equal to 1. sg is the
dimensionless relaxation time which is defined as:
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sg ¼
3vdt;g

2d2
x

þ 0:5 ð28Þ

where dx is the lattice constant and v is the electric potential diffu-
sivity coefficient which is equal to unity in this simulation. geq

i is the
Maxwell–Boltzmann equilibrium distribution function for electric
potential. The Maxwell–Boltzmann distribution function for Pois-
son–Boltzmann equation is:

geq
i ðX; tÞ ¼ -iw ð29Þ

where -i is the weight factor:

-i ¼
0 i ¼ 0
1
6 i ¼ 1;2;3;4
1

12 i ¼ 5;6;7;8

8><
>:

9>=
>; ð30Þ

Finally, the macroscopic amount of the electric potential is cal-
culated as:

w ¼
X8

i¼0

ðgi þ 0:5dt;gxigrhsÞ ð31Þ
4.2. Lattice Boltzmann model to solve the energy equation

In order to obtain the energy equation in lattice Boltzmann
method, Boltzmann equation is written based on the internal en-
ergy and the internal energy distribution function is defined. As a
result, the Boltzmann energy equation which is equivalent to en-
ergy equation in continuum space will be obtained. Wang et al.
[22] presented a thermal evolution equation based on the internal
energy equation with generalized heat source term, which can in-
volve viscous dissipation, pressure compression, and any external
heat source. According to assumptions mentioned in Section 2, in
the present study, internal heat sources such as Joule heating
and viscous dissipation are negligible ( _Q ¼ 0). Therefore, whatever
we have liquid or solid the evolution equation can be generally gi-
ven as [22]:

hiðX þ eidt; t þ dtÞ � hiðX; tÞ ¼ �
1
sh
½hiðX; tÞ � heq

i ðX; tÞ�

þxi 1� 0:5
sh

� � _Q
qcp

 !
ð32Þ

where hi is the internal energy distribution function and sh is the
dimensionless relaxation time as sh ¼ 3

2
a

c2dt
þ 0:5. Clearly, _Q is the

heat source term in the problem. The Maxwell–Boltzmann equilib-
rium function for Eq. (32) is as follows [22]:

heq
i ¼ � �#iT

u � u
C2 i ¼ 0

heq
i ¼ �#iT

3
2
þ 3ei � u

2c2 þ
9ðei � uÞ2

2c4 � 3u � u
2c2

" #
i ¼ 1;2;3;4

heq
i ¼ �#iT 3þ 3ei � u

c2 þ 9ðei � uÞ2

2c4 � 3u � u
2c2

" #
i ¼ 5;6;7;8

ð33Þ

with

�#i ¼
� 2

3 i ¼ 0
1
9 i ¼ 1;2;3;4
1

36 i ¼ 5;6;7;8

8><
>:

9>=
>; ð34Þ

where T is the temperature of the fluid. The macroscopic value of
the temperature is calculated as follows:

T ¼
Xi¼8

i¼0

hi þ
dt

2

_Q
qcp

ð35Þ
4.3. Boundary conditions in the lattice Boltzmann method

Considering the boundary conditions mentioned in Section 3 for
Navier–Stokes, Poisson–Boltzmann and energy equations, it is nec-
essary to impose these boundary conditions on the lattice Boltz-
mann method equations too. The Zou and He method [26] to
impose the velocity boundary conditions, Wang et al. method
[17] for internal electric potential boundary conditions and Liu
et al. method [27] for the energy equation boundary conditions,
are used.
5. Results and discussion

In this section, a numerical solution of an isothermal EOF and
simple convection heat transfer in a channel are validated with
available analytical solutions. Then, an EOF in a flat microchannel
under the effect of the temperature field is studied.
5.1. Benchmarks

If the isothermal EOF scenario in the microchannel defined
in Section 2 is fully developed hydrodynamically and ionically,
since the relation Zef

KBT 6 1 is valid, the Debye–Huckel approxi-
mation can be used and as a result an analytical solution for
velocity and internal electric potential can be obtained as fol-
lows [24]:

ðaÞ w
f
¼

cosh jy� jH
2

� �
coshðjH

2 Þ

ðbÞ 1� u
Uref

	 

¼

cosh jy� jH
2

� �
cosh jH

2

� � ð36Þ

For numerical solution of the problem, a lattice with 501 � 101
nodes is selected. Two values of 6.32 and 19.7 are considered for
the parameter j to express the ratio of the EDL thickness to the
microchannel width. For both values of j, the Reynolds number
is chosen equal to 5.319 � 10�5.

Fig. 2 shows the comparison between lattice Boltzmann method
and analytical solution results for internal electric potential and
velocity field. The close agreement observed between the analyti-
cal results and simulations validates the numerical model devel-
oped in this study and its underlying assumptions.

To validate the results of energy equation solution with lat-
tice Boltzmann method, a hydrodynamically developed flow dri-
ven by body force in a channel of L

H ¼ 20 is considered. The
temperature of the channel walls, Twall, and also the inlet elec-
trolyte temperature, Tin, are assumed constant and Tin < Twall.
With Re = 82.08 and Pr = 0.7842, the analytical solutions for lo-
cal Nusselt number and local mean temperature along the
length of the channel are functions of the Gratz dimensionless

number (xþ ¼
x
H

Re�Pr). These solutions are available in the litera-
ture based on the infinite series [28].

Fig. 3 shows the results of Lattice Boltzmann method solution
and analytical solution for local Nusselt number and local mean
temperature. The figure demonstrates the good accordance be-
tween the lattice Boltzmann results and the analytical solution in
fully developed region. Results illustrated in Fig. 3 show that the
values calculated by lattice Boltzmann method have some differ-
ence comparing with to analytical solution in developing flow re-
gion. The minor discrepancy between the numerical results and
analytical solution is due to the relatively low accuracy of the infi-
nite series results when Pe = Re � Pr < 100 considering that in this
case study Pe = 64.36.
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5.2. Temperature difference effects on the EOF

In this part, the temperature effects on the EOF will be dis-
cussed. One can non-dimensionalized the temperature difference
between walls and inlet electrolyte by dividing it to the wall tem-
perature. Therefore, the dimensionless temperature difference is
introduced as DT ¼ Twall�Tin

Twall
. Regarding to those mentioned in Sec-

tion 2, we have three temperature differences as DT = 0.0,
DT = 0.5 and DT = 0.75.

Fig. 4 shows streamlines of the electro-osmotic flow (solid lines)
and lines of constant internal electric potential (dotted lines).
Fig. 4a shows the EOF considering an isothermal scenario
(DT = 0.0). It is worth mentioning that since there is no tempera-
ture gradient, we have @w

@x

  ¼ 0 for entire channel. Namely, constant
internal electric potential lines will be horizontal along the
channel.

Fig. 4b and c shows that when DT increases (with constant Ex

and j), a pattern of return flow with symmetrical vortices relative
to the center line of the microchannel is generated. For both of the
two temperature differences, the streamlines at the first zone of
the microchannel (at the temperature developing zone) gradually
tend toward the center line. It is observed that by increasing the

DT, at each cross section, @w
@y

  near the walls gets larger. Therefore,

we have sharper internal electric potential gradients near the
walls.

Comparison between Fig. 4c and d shows that by increasing j
(with constant Ex and DT) the return flow zone at the beginning
of the channel grows larger and therefore more volume of fluid is
affected by the return flow pattern mentioned above. Comparing
Fig. 4d and e it is observed that, increasing the Ex prevents from
formation of any return flow at the entrance of the microchannel.
However, the streamlines at the beginning of the microchannel in
Fig. 4e are more inclined toward the center than Fig. 4b. Fig. 4f
demonstrates that despite applying higher external electric field,
the effects of DT on the electro-osmotic flow is not completely dis-
appeared and w = cte lines and streamlines have small inclination
toward the center of the microchannel.

For cases with DT – 0 in Fig. 4, it is observed that far enough
from the inlet of the microchannel, the streamlines and constant
internal electric potential lines are totally horizontal along the
length of the channel (it means that: @u

@x

  ¼ @w
@x

  ¼ 0). The reason
for this effect is the absence of temperature variations along the
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Fig. 4. Streamlines (solid lines) and constant internal electric potential lines (dotted lines) for EOF with different Ex, j and DT.
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length of the channel in the mentioned region. Namely, where the
temperature difference between the walls and the electrolyte ap-
proaches zero, the ‘‘mean temperature’’ variation along the length
approaches zero and we have @Tmean

@x ¼ 0. Fig. 4a demonstrated the
validity of this reason.

According to the results of this section, the most significant ef-
fect of the non-isothermal flow field on the electro-osmotic flow is
the deflection of the constant internal electric potential lines to-
ward the center line of the microchannel because of the change
in the distribution of ions. This phenomenon leads to reconfigura-
tion of the body force inside the bulk of the fluid. This effect can be
the cause of the return flow at the entrance region of the micro-
channel (as shown in Fig. 4c and d) and deflection of the stream-
lines toward the centerline (as shown in Fig. 4b, e and f).

Fig. 5 shows the dimensionless internal electric potential distri-
bution in the width of the microchannel at x

H ¼ 0:02 for different
amounts of j and DT. This figure shows that increasing the DT
from 0.0 to 0.75, for the same values of j and Ex, leads to lower val-
ues of internal electric potential in central regions of the
microchannel.

According to the analytical solution of the internal electric po-
tential (Eq. (36a)), w is a function of j. Moreover, according to
Eq. (2), when we keep ni1k constant, k and consequently j may
vary with the mean electrolyte temperature as

(k ¼ K�1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e0er KBTmeanðxÞ

2Z2e2ni1

q
). It is to say that, when there are a fixed
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number of ions in the electrolyte, it is possible to vary the thickness
of the EDL by changing the temperature of the electrolyte. There-
fore, we can conclude that w is a function of temperature. For in-
stance, if the temperature of the electrolyte increases (assuming
other parameters constant), the magnitude of the internal electric
potential increases and vise versa (k /

ffiffiffiffiffiffiffiffiffiffiffi
Tmean
p

; Tmean "! k ").
Therefore, at the beginning of the channel, where the fluid temper-
ature is not raised by the wall temperature and the mean temper-
ature is small, the amount of the internal electric potential,
particularly near the center line of the microchannel, is smaller
than the downstream where the electrolyte temperature is in-
creased due to wall temperature. As shown in Fig. 5, considering
the identical ion concentration (the same j), increasing the enter-
ing electrolyte temperature difference with wall temperature
(from case (a) to case (b) or from case (c) to case (d)) leads to lower
internal electric potential in central regions.

Fig. 6 shows the dimensionless internal electric potential distri-
bution along the length of microchannel for selected longitudinal
sections. First, we consider the curves related to DT = 0.75. As seen
in Fig. 6, at the beginning of the microchannel for the regions near
the wall, @w

@x has high values. Moving from the walls toward the cen-

terline of the microchannel, @w
@x decreases. It is observed that, as

seen in Fig. 4, for regions far enough from the beginning of the
microchannel, @w

@x ¼ 0. It is worth adding that Fig. 2a indicates that
for DT = 0.0, we have analytical solution for internal electric poten-
tial field and the LBM results are in good agreement with analytical
solutions. Therefore, for DT – 0.0, this is expected when the fluid
moving along the microchannel and the fluid temperature ap-
proaches to the microchannel wall temperature, or in other words
Tmean(x) ffi Twall, consequently DT ffi 0.0 and as a result
ðwfÞLBM

ffi ðwfÞAnalytical solution
. This is an interesting fact that Fig. 6 shows

for selected amounts of longitudinal cross sections.
Fig. 7 shows the values of �qe on selected cross sections. Dimen-

sionless net electric charge density is defined as �qe ¼ qe
Zeni1

. The

properties of the EOF are denoted on the figure. The figure shows
that in the presence of temperature difference, for DT = 0.75, near
the walls, the net electric charge density at the beginning of the
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Fig. 6. Dimensionless internal electric potential distribution along the microchan-
nel for selected longitudinal cross sections. Ex ¼ 500 V=m; j ¼ 18:7.
microchannel has higher values than the downstream of the EOF.
Conversely, for the case DT = 0.0, the net electric charge density
distribution along the width of microchannel is identical for all val-
ues of x

H.
Now, regarding to descriptions those mentioned for Figs. 5–7,

one can demonstrated the mechanism of vortices formation and
streamline inclinations toward the centerline of the microchannel
at the presence of temperature difference as follows.

Our previous discussions indicated that @w
@x and net electric

charge density are functions of temperature. At the same time,
according to Eq. (12), electric body force is a direct function of
the net electric charge density and @w

@x. Therefore, at the entrance
of the channel, according to the results presented in Figs. 6 and
7, @w

@x and net electric charge density are greater in comparison with
the isothermal scenario (DT = 0.0). In other words, when an EOF is
in the presence of temperature difference, the difference between
electrical body force near the walls and the central region of the
microchannel is greater than the state of DT = 0.0. It is predicted
that the variation of the electric body force in this manner leads
to reverse pressure gradient (increasing pressure) at the entrance
region of the microchannel. Besides, as the temperature difference
between the walls and electrolyte decreases along the channel
(DT ? 0), electric body force distribution becomes more uniform
at the width of the microchannel. Therefore, the pressure gradient
along the microchannel is predicted as a uniform decreasing
pressure.

Fig. 8 evidently shows the above predictions about the pressure
gradient manner in the microchannel. This figure shows the pres-
sure distribution at selected cross sections of the microchannel for
DT = 0.75. As seen in this figure, moving from the wall toward the
centerline on transverse direction, pressure increases and reaches a
peak near the wall and then decreases to a nearly uniform value far
away from the wall.

Near the entrance (for x
h ¼ 0:05; 0:09 and 0:13 in the figure), for

0:2 < y
h < 0:8, pressure increases in the direction of the main flow.

Consequently, the return flow shown in Fig. 4c and d are justified.
It should also be noted that, far away from the entrance (for exam-
ple at x

h ¼ 0:5 in the figure), the pressure distribution along the
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width of the channel becomes much more uniform. Further in-
crease in the electric body force at the entrance and near the walls
of the microchannel intensifies the higher reverse pressure gradi-
ent and therefore broadens part of the entering flow falls into the
vortices flow pattern (Fig. 4c). By increasing the strength of the
external electric field (Ex), the electric body force in whole width
of the microchannel is increased. As a result, the distribution of
electric body force in the width becomes more uniform. Therefore,
the vortices flow pattern disappears, while the streamlines are in-
clined toward the centerline of the microchannel.
6. Conclusions

In the present paper, the temperature effects on the ions distri-
bution have been investigated using the lattice Boltzmann method.
By assuming a mean temperature across the channel, one can ob-
tain the electric potential distribution by the Poisson–Boltzmann
equation. We solve for the velocity field by incorporating the elec-
tric body force into the Navier–Stokes equations. Clearly, the Na-
vier–Stokes, Poisson–Boltzmann, and energy equations are
coupled by the temperature.

Modeling results show that by decreasing the external electric
potential, decreasing the inlet electrolyte temperature relative to
the wall temperature and decreasing the electric double layer
thickness, at the entrance of the microchannel, a back-flow pattern
(two symmetrical vortices) is formed which is available for active
control of the internal flow. The vortex scale could be controlled
by the strength of the external electric field and the temperature
difference. This is the main significant advantage of this phenom-
enon for active control of the EOF without extra efforts. This pat-
tern weakens by increasing the external electric field or
decreasing the amount of temperature difference between the
walls and the inlet fluid.
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