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The evaporation of water drop deposited on a horizontal substrate is investigated using a lattice
Boltzmann method (LBM) for multiphase flows with a large-density ratio. To account for the variation
of evaporation flux distribution along the drop interface, a novel evaporation scheme is introduced into
the LBM framework, and validated by comparison with experimental data. We aim at discovering the
effect of gravity on the evaporating drop in detail, and various evaporation conditions are considered
as well as different wetting properties of the substrates. An effective diameter is introduced as an
indicator of the critical drop size under which gravity is negligible. Our results show that such critical
diameter is much smaller than the capillary length, which has been widely accepted as the critical size
in previous and current works. The critical diameter is found to be almost independent of the evaporation
conditions and the surface wettability. A correlation between this critical diameter and the capillary
length is also proposed for easy use in applications.

� 2015 Elsevier Inc. All rights reserved.
1. Introduction effect [3–5]. As recent applications such as particle synthesis [6],
Evaporation of a liquid drop on a solid substrate is a common
phenomenon in everyday life, such as inkjet printing [1], accidental
drippings on a hot surface [2], and the well-known ‘‘coffee-stain”
DNA/RNA arrangement [7] and medical diagnostics [8] emerge,
this phenomenon has gained more and more attention.

The evaporation process has been extensively discussed [9],
including the shape morphology, the evaporation flux distribution
and the internal flow patterns of drops. For a pure sessile droplet,
there are three evaporation modes [10–13]: constant contact area
(contact line pinning) mode, constant contact angle mode, and
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both-changing mode. Along with this, evolution rules of contact
angle and contact diameter or other shape properties were inves-
tigated for hydrophilic [14–20] or hydrophobic [21–26] surfaces.
As for the spatial distribution of the evaporation flux, an enhance-
ment near the contact edge was predicted for a hydrophilic drop by
theoretical models [3,5,27] and numerical simulations [28–33],
which is also confirmed by some experimental measurements
[34–36]. In addition, the flow pattern inside drops was found to
be strongly interrelated with the evaporation flux [37,38]. Most
of these studies considered drops of smaller size than the capillary

length, Lc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r=ðqLf gÞ

q
, (2.7 mm for water droplets), where r is the

surface tension, qL the liquid density and fg the gravity accelera-
tion, hence the gravity effect was assumed to be negligible
[21,39]. However, since the capillary length is usually calculated
using properties at equilibrium, it may not be entirely appropriate
in case of a strongly non-equilibrium process such as drop
evaporation.

This work aims to reveal the impact of gravity on drop evap-
oration by mesoscopic modeling. In the last two decades, the lat-
tice Boltzmann method (LBM) has become a powerful numerical
scheme for fluid flow because of its advantages in dealing effi-
ciently with complicated boundaries and interfacial transport
dynamics [40–43]. Various LBM models have been developed
for multiphase hydrodynamics, including the color-fluid model
proposed by Gunstensen et al. [44,45], the pseudo-potential
model proposed by Shan and Chen [46,47], the free-energy
model by Swift et al. [48] and the mean-field model by He
et al. [49,50]. Although these methods worked for some cases,
they suffered from numerical instabilities for large density ratio
and large viscosity ratio. Consequently, two types of models for
large density ratio were developed by Zheng et al. [51] and Ina-
muro et al. [52,53] respectively. Both models improved the capa-
bility to deal with density ratios up to 1000 or more. It was
reported that Zheng’s model was more efficient and easy to
implement than the Inamuro’s model, and the latter met some
challenges for incompressible flows [51]. Very recently, a few
LBM studies [54–56] have focused on evaporation; however,
the evaporation flux under gravity has never been investigated
so far.

In this work, we study the evaporation of water drops deposited
on a horizontal substrate by LBM simulations with special focus on
the effects of gravity. We develop a numerical approach within the
framework of LBM to account for evaporation regularities. After
validation, the steady-state drop shapes at different scales under
gravity are compared for different drop wettabilities and different
evaporation modes. We introduce a critical characteristic diameter
during evaporation under gravity to determine when gravity
effects become significant, in alternative to the standard capillary
length.
Fig. 1. Physical model of a sessile droplet evaporating on a horizontal substrate. h is
the contact angle, R is the base radius, r is the distance to the drop axis, xc is the
coordinate of droplet center, xL is the coordinate of contact line on the left edge, and
J(r, t) is the local evaporation mass flux.
2. Numerical methods

2.1. The multiphase LBM model

The LBM model based on the free-energy scheme is adopted in
this work proposed by Zheng et al. [51] for multiphase flows with
large density ratios. Here, we will briefly introduce the main
scheme of this model. Two distribution functions fi and gi are intro-
duced to account for hydrodynamics and interfacial dynamics,
respectively. The evolution equations are given as

f iðxþ ciDt; t þ DtÞ � f iðx; tÞ ¼ � 1
sf

ðf iðx; tÞ � f eqi ðx; tÞÞ

þ 3Dtxiciaðl@a/þ nGÞ
c2

; ð1Þ
giðxþ ciDt; t þ DtÞ � giðx; tÞ ¼ � 1
sg

giðx; tÞ � geq
i ðx; tÞ� �

; ð2Þ

where the subscript a is for the spatial coordinates, i is the direction
of discrete velocities ci;xi is the related weight coefficient, Dt is the
time step, sf and sg are the relaxation times; the macroscopic vari-
able G is the acceleration of body force, n ¼ qAþqB

2 is the average den-
sity, / ¼ qA�qB

2 is the order parameter to distinguish phases A and B
with density qA and qB respectively; l is the chemical potential
with the expression of

l ¼ að4/3 � 4/�2/Þ � jD/; ð3Þ
where /⁄ is the maximum order parameter. The term loa/ in Eq. (1)
correlates to the Laplace pressure caused by interface actions. a and
j are two coefficients related to the interface tension r as

a ¼ ð3rÞ=ð4W/�4Þ; ð4Þ

j ¼ ð3rWÞ=ð8/�2Þ; ð5Þ
where W is the interface width.

By using the Chapman–Enskog expansion, Eqs. (1) and (2) can
recover the Navier–Stokes equation and the convective Cahn–
Hilliard equation [57] at a second-order accuracy. Noticing that
the convective Cahn–Hilliard equation (ot/ + (u�r)/ =Mr2l) is
used for interface capturing and can describe flows with large
density ratios well, Zheng’s model can deal with large-density-ratio
multiphase flows successfully.

2.2. Evaporation flux distribution

Consider a sessile drop evaporating on a horizontal substrate, as
shown in Fig. 1. The evaporation flux rate along the droplet surface
is the first concern for studies of microscopic behavior of drop
evaporation. A uniform evaporation flux rate at the liquid–gas
interface is the easiest and straightforward assumption, but it is
not valid for most cases. Based on molecular kinetic theories and
other capillary theories, there is a general consensus about the
main features of the evaporation flux and its dependence on the
position, which are summarized in Ref. [39].

When h < 90�, the local evaporation mass flux J(r, t) is not uni-
form and a widely used correlation was given by Hu and Larson
[28] as

Jðr; tÞ ¼ j0
gðhÞ
R

1� r
R

� �2
� ��k

k ¼ p� 2h
2p� 2h

ð6aÞ

gðhÞ ¼ ð0:27h2 þ 1:30Þ 0:6381� 0:2239 h� p
4

� �2
� �

; ð6bÞ

where j0 is the evaporation parameter, related to the vapor
diffusivity D (m2/s), the saturated vapor concentration cV (kg/m3),
and the relative humidity H as

j0 ¼ DcV ð1� HÞ: ð6cÞ



Fig. 2. Contact angles of static drops.

Table 1
Parameters for simulations.

Parameters Values

Grid size 500 � 151
Droplet center position xc 250
Lattice size Dx 2.5 � 10�5 m
Lattice speed c 50 m/s
Liquid density qL 998.2 kg/m3

Gas density qG 1.205 kg/m3

Liquid kinetic viscosity vL 1.006 � 10�6 m2/s
Gas kinetic viscosity vG 1.506 � 10�5 m2/s
Surface tension r 0.072 N/m
Mobility M 0.002 kg s/m3

Interface width W 3 Dx
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For h = 90�, the distribution is uniform:

JðtÞ ¼ j0
R
: ð7Þ

As for h > 90�, theoretical descriptions are rather complicated, and
only a few can be found in the open literature. Popov [58] proposed
the following analytical expression:

Jðr; tÞ ¼ j0
R

1
2
sin hþ

ffiffiffi
2

p
ðcoshgþ cos hÞ32

	

�
Z 1

0

cosh hf
coshpf

tanhðpf� hfÞP�1
2þifðcoshgÞfdf



; ð8aÞ

where P�1
2þifðxÞ are the Legendre functions of the first kind, and g is

related to r as

r ¼ R sinhg
coshgþ cos h

: ð8bÞ

However, this model is too complicated to get any analytical
solution. Nguyen et al. [59] solved Eqs. (8a) and (8b) numerically
by using Mathematica software, and found a suppression of evap-
oration near the contact edge. Although this model still requires
further experimental validation, it will be used to calculate the
evaporation flux distribution in this work.

2.3. Evaporation models within lBM framework

In order to embed the evaporation models into the LBM frame-
work, we propose a scheme of reducing the order parameter / at
the interface every time step. When one defines qL and qG as the
densities of the liquid and the gas, respectively, / takes the mini-
mum value /min ¼ qG�qL

2 ¼ �/� < 0 in the gas region, the maximum
value /max ¼ qL�qG

2 ¼ /� > 0 in the liquid region, and zero across the
interfacial region. Evaporation is assumed to take place only at the
interface. If an interfacial lattice completely changes to a gas lattice
in one time step (which means J/qL equals the lattice speed, c) due
to evaporation, then / will change from /(r, t) to �/⁄, and the total
change is /(r, t) + /⁄.

For a real evaporation flux J(r, t) at the interfacial lattice, the
total change is

D/ðr; tÞ ¼ /ðr; tÞ þ /�ð Þ � Jðr; tÞ
cqL

; ð9Þ

so that in the next time step,

/ðr; t þ DtÞ ¼ /ðr; tÞ � /ðr; tÞ þ /�ð Þ � Jðr; tÞ
cqL

: ð10Þ

Note that /(r, t) will not be reduced below �/⁄ because the lat-
tice speed c is always set at a very large value in our LBM scheme
for fluid flows to insure the incompressible limit, and the real evap-
oration flux J(r, t) is relatively much smaller. Thus, the evaporation
regularities are introduced through the updating of interfacial /
after the streaming and collision process in each time step.

3. Results and discussion

3.1. Benchmarks

Our codes have been validated by three different test-cases.
First, we check the model ability to deal with the high-density ratio
in case of a static water drop on a solid surface in air. Second, the
model accuracy is tested by modeling a drop falling along a vertical
surface under gravity, and comparing with experimental data. Last,
the evaporation scheme within the LBM framework is validated by
modeling a standard liquid film evaporation case, and comparing
with analytical solutions.
Consider water drops deposited on three substrates with differ-
ent values of wettability which result in theoretical static contact
angles at 45�, 90� and 135� respectively. The relative schematics
are shown in Fig. 2. The initial shapes of the drops are all set as
the same hemisphere with a radius equal to 80 Dx, where Dx is
the lattice size. Gravity and evaporation are absent in this case,
in order to test only the ability to model high-density ratios of
the fluids and wettability. Other simulation parameters are listed
in Table 1. We used the real densities of water and air, resulting
into a density ratio over 800, while the kinematic viscosity ratio
is about 15. Note that the lattice speed c is set at 50 m/s, large
enough relative to the physical fluid velocity, which is less than
0.001 m/s, to ensure the incompressibility limit. After the systems
reach the stationary state, the contact angles calculated for these
three cases are 44.8�, 90.1� and 134.9� respectively, i.e. the maxi-
mum deviation from theoretical values is less than 0.45%. The good
agreement of numerical and theoretical values thus validates our
code for high density and viscosity ratios.

The second case is to let the water drop slide on a vertical wall
under gravity. We compared our simulation results with experi-
mental measurements in our laboratory. In the experiments, we



Fig. 4. Evaporation of liquid film with a uniform evaporation flux rate J.

Table 2
Comparisons between analytical solutions and modeling results for different J.

Evaporation
flux J (kg/m2 s)

Evaporation time t (s)

Analytical values Simulation results Deviations (%)

0.5 6 6.007 0.1
1 3 2.957 1.4
2 1.5 1.485 1.0

10 0.3 0.299 0.3
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let a deionized water drop slide on a vertical plastic wall under
gravity. The movement of drops and the contact angles were mea-
sured by the Drop Shape Analysis system (DSA25, KRUSS) as shown
in Fig. 3a. The images were obtained by a high speed CCD camera of
1000 fps. The solid wall is made of Polystyrene, and the static con-
tact angle on a horizontal one for a deionized water drop was mea-
sured at 60� at the room temperature. Both the density and the
viscosity of water and air were kept the same with our simulation.

Fig. 3(b) and (c) shows the comparison of the drop shapes
obtained from the experiment and from the simulation when the
drop shapes are changeless. We compared the drop base diame-
ters, (3.71 mm from the experiment vs. 3.70 mm from the simula-
tion), the advancing contact angles, (74.8� from the experiment vs.
72.4� from the simulation), and the receding contact angles, (45.6�
from the experiment vs. 47.1� from the simulation). Such devia-
tions are reasonably small enough to validate the ability of our
code to describe drop movements under gravity. The deviation
may be caused by different roughness status between simulations
and experiments. In experiments the surface cannot be as perfectly
smooth as supposed in simulations, which affects both the contact
angle hysteresis and the viscous resistance.

Finally the evaporation scheme embedded in the lattice Boltz-
mann method was tested in a simple case of liquid film evapora-
tion. Fig. 4 shows a rectangular liquid film with uniform
evaporation on both the left and the right edges. The film had a
surface area of 6 mm � 2 mm, which was discretized into
120 � 20 grid in modeling. Wetting properties at the top and the
bottom boundaries were set by imposing a contact angle h = 90�.
No gravity was considered here, while other parameters are the
same as those in Table 1. When the uniform evaporation flux J is
given, the total evaporation time t of the film can be calculated the-
oretically. The numerical results obtained for different values of J
are compared with the corresponding analytical solutions in
Table 2. The excellent agreement indicates that the evaporation
scheme within the LBM framework is accurate.
3.2. Critical size for gravity impacts

After validations, our codes were used to quantitatively
characterize the effect of gravity on water drops evaporating on a
flat surface. It is well-known that as the drop size decreases, the
surface-to-volume ratio becomes larger, which leads to a decrease
of the ratio of gravity to the surface tension. As a result, the effect
of gravity decreases with the drop size.
(a) Drop Shape Analysis system (DSA25, KRUSS

Fig. 3. Contact angles of sliding drops on vertical walls under gravity. The experiments w
from our experiments is shown in (b). (c) Shows the result from our simulations. In the e
white dashed line in (b) is a reference line of the drop bottom.
Initially, we compared the steady-state shapes of water drops
under gravity at two different scales (Dx = 0.025 mm and
Dx = 0.0025 mm), as illustrated in Fig. 5. Results show that when
the drop size is small (the initial diameter of hemisphere is about
0.4 mm for Dx = 0.0025 mm), the drop shapes at equilibrium are
spherical caps, i.e. they are determined by the surface tension. This
means that gravity is negligible at this scale. When the drop size is
enlarged ten times (the initial diameter is about 4 mm for
Dx = 0.025 mm), the drop shape looks much flatter, deformed by
gravity, hence gravity plays a key role at this scale and its effect
is not negligible anymore. Note that evaporation is not considered
yet at this stage. When a water drop evaporates, the drop size will
decrease, and there must be a critical drop size below which grav-
ity no longer influences the drop shape. As the capillary length

(Lc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r=ðqLf gÞ

q
) is the empirical length scale which characterize

the relative magnitudes of gravity and of the surface force, this
length (or, more precisely, 2Lc) has usually been considered as
the critical drop size in the past and current literature, without fur-
ther quantitative investigation.

To quantitatively determine the critical size of drops for which
gravity can be neglected under various wetting conditions during
the evaporation, the evaporation of water drops with different
equilibrium contact angles ranging from 30� to 150� was modeled
in grids with a lattice size Dx = 0.025 mm. Initial shapes before the
(c)(b)

)

ere performed on DSA25, KRUSS in (a). The moving drop shape under a steady state
xperiments, deionized water drops slid under gravity on a vertical plastic wall. The



Fig. 5. Gravity effects on drop shape at two different scales for different contact angles. h is the contact angle and Dx is the lattice size.
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evaporation were set as their equilibrium shapes obtained from
the same initial condition, i.e. a hemisphere with radius of 80D.

One straightforward way to capture the critical size is to com-
pare the shape parameter of drops, i.e. the height to base diameter
ratio h/d, with and without gravity. In theory, this ratio does not
change for drops evaporating in the absence of gravity, while for
drops under gravity, the relative importance of gravity with
respect to surface tension decreases as the drop size decreases,
so that the ratio h/d increases. As a result, the critical size can be
found by comparing the h/d ratios of drops with and without grav-
ity. Fig. 6 shows the results of such a comparison, where the sim-
ulation parameters are h = 60� and j0 = 1 � 10�3 kg/ms. One can
find small fluctuations of the aspect ratio caused by removal of
the evaporating components from the drops grid by grid. These
fluctuations did not disappear with grid refinement (up to 4 times
resolution compared with our early work [60]), especially those in
Fig. 6. Variations of h/d ratio vs. evaporate time.
the late stages of evaporation. Therefore fitting curves, a linear and
a 2nd order polynomial ones, are adopted to determine the critical
point. When the drop gets very small, e.g. t > 2.0 s in Fig. 6, the h/d
ratio of drop increases even for the case without gravity, which
may caused by limited grid number not enough to describe the
shape of the drop. Therefore this method to determine the critical
size will bring a large margin of error.

An alternative method to identify the critical size is based on
the analysis of the drop base diameter Db during evaporation; this
quantity exhibits a much smoother trend than the h/d ratio when
plotted as a function of the evaporation time. Fig. 7(a) displays
changing of the drop base diameter Db with respect to time, com-
paring the cases with and without gravity. In this example,
the evaporation parameters are the same as those in Fig. 6, i.e.
j0 = 1 � 10�3 kg/ms and the static contact angle is 60�. The base
diameter Db decreases as the sessile drop shrinks during evapora-
tion. Fig. 7(a) also shows that in the case with gravity the base
diameter is initially larger but decreases at a faster rate than in
the case without gravity, so that the difference between the two
trends eventually vanishes. The base diameter and its shrinking
speed obviously related to the drop shape. For the same intrinsic
contact angle (h) and evaporation rate (j0), the same shrinking
speed of the base diameter Db, means the same size and shape of
drop. Therefore, comparing the drop base diameter in cases with
and without gravity during evaporation allows one to determine
the critical drop size relative to gravity effects.

In particular, one can fit the numerical values of the drop base
diameter, displayed in Fig. 7(a), using analytical functions (e.g.,
5th order polynomials), and then calculate the shrinking speed as
the derivative of the fitting curves in the cases with and without
gravity effects, as shown in Fig. 7(b). The two curves become
asymptotic to each other as the drop evaporates and gets smaller
(Db decreases). Thus, one can set a threshold distance between
the two curves below which they can be considered coincident.
We have tried the value of 2%, 3% and 5%: for some cases, 2% is
too hard to reach even if at the final moment; while for 5%, the



Fig. 7. Determination of the critical drop size from the contact line displacement. (a) Variations of the drop base diameter Db vs. evaporation time t; (b) Slopes of the fitting
curves �dDb/dt as functions of drop base diameter Db.
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shapes of the drops are still obviously affected by gravity; the crit-
ical drop size calculated using the threshold value of 3% is quanti-
tatively consistent with that calculated using the drop shape
criterion illustrated in Fig. 6. Therefore in Fig. 7, the threshold
difference of 3% was adopted. If not mentioned specially, all the fol-
lowing results were calculated assuming the lines representative of
the cases with and without gravity become coincident when their
difference is 3%.

The critical drop size obtained using one of the above methods
strongly depends on the contact angle. The effects of surface wet-
tability and evaporation rate on the critical sizes of water drops are
shown in Fig. 8, where the critical drop size is expressed using two
different quantities: the base diameter Db which is based on the
contact area, and the effective diameter De which is the diameter
of a sphere with the same water volume. While the former is easier
to calculate and use, the latter can be more significant because it is
not affected directly by the drop-surface interaction. Comparisons
are made between the uniform evaporation mode and the non-
uniform evaporation mode governed by Eqs. (6 and 7) with differ-
ent values of j0. Results show that the effect of the evaporation rate
on the critical size is modest. For different surface wettabilities, the
critical base diameter Db decreases with increasing contact angle
for drops with the same volume, because the contact angle domi-
nates the drop shape under normal gravity. The critical effective
diameter De exhibits a very different trend, depending on the sur-
face wettability. When h < 110�, De keeps nearly constant (around
Fig. 8. Critical diameter vs. static contact angle h under different evaporation
conditions.
1 mm in the present example considering a water droplet),
indicating that changing wettability hardly affect the droplet crit-
ical volume. However, De decreases for h > 110�. This could be
explained in terms of the larger effect of gravity on taller drops
at constant volume. In fact, a larger contact angle causes an
increase of the drop height at the same water volume, so that
one finds a decrease of De as a smaller critical size, indicating a lar-
ger effect of gravity. In addition, it is worth mentioning that the
calculated values of De are generally much smaller than the classi-
cal capillary length (Lc) of water (2.7 mm), which denotes that
many previous conclusions using the capillary length as critical
size need reconsideration.

The correlation between the critical effective diameter, De, and
the capillary length, Lc, has been studied by changing the
gravitational acceleration, fg. Results are shown in Fig. 9, where
the simulation parameters are h = 90� and j0 = 1 � 10�3 kg/ms;
these parameters were selected since De is constant when
h < 110� and nearly independent of evaporation condition. In this
case, the linear correlation between the critical equivalent diame-
ter and the capillary length is:

De ¼ 0:4555þ 0:2115Lc: ð11Þ
Since the initial effective diameter depends directly on the

initial drop volume, this critical size together with the correlation,
Eq. (11), can be a more exact indicator for experimental condition
whether the gravity is negligible or not, except for some special
Fig. 9. Correlation between the critical effective diameter De and the capillary
length Lc at h = 90� and j0 = 1 � 10�3 kg/ms. Squares represent the results of
simulations and the line is their linear best-fit.
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surface treatments for super-hydrophobic properties [61]. We
believe that the fluid properties, including viscosity, density, sur-
face tension and so on, will change the critical drop size more or
less, but since in this work we focus on water drops and demon-
strating the capabilities of our method, more efforts will be made
to consider other properties or fluids.

4. Conclusions

A multiphase LBM model for large density ratio was used to
investigate the evaporation of water drops deposited on a horizon-
tal substrate. To account for physically consistent evaporation cri-
teria within the framework of LBM, a novel evaporation scheme
was also introduced. Both the LBM code and the evaporation
scheme were validated in three simple test cases, either with the-
oretical solutions or with experimental measurements.

The steady state shapes of droplets with two different scales
under normal gravity were compared, confirming that the effect
of gravity vanishes at smaller drop sizes. To identify the effects
of gravity, simulations were run with and without gravity force
under different conditions of wettability and evaporation rate. It
was found that the differences between the cases with and without
gravity reduce as drops evaporate, which confirms the effect of
gravity becomes negligible at smaller sizes. This allows one to
identify a critical size of water droplets under which gravity can
be neglected; in particular, such critical drop size is expressed in
terms of an equivalent drop diameter. Results show that all the cal-
culated values of the critical diameter are significantly smaller
than the capillary length, which is commonly used as a reference
for the critical drop size; thus, many previous studies may need
reconsideration. Moreover, this critical diameter is found to be
independent of the evaporation conditions, and constant with
respect to the surface wettability, to the exclusion of highly
hydrophobic (and super-hydrophobic) cases. Therefore, it could
be a more reliable indicator of gravity effects than the classical cap-
illary length. Finally, a linear correlation between this critical
diameter and the capillary length was provided for easier applica-
tion of the results.
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