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B H P AL W SR . B SR BRI R
%, 4 ) Fourier & IS TE K R Gt o] BE AN AR
SEBOL S AN R RIS IR 2R BE AT R 1
W KR, AR TR YK R G B R 1)
1R 22 B A e R U AR A R T A AR R A
BRI, o 5 K Fe AN 56 35 T 4R T g RS i 1 3
R T

T RURE P iz B RO 2 U B A B ]
TOW T A 5 AN 22 W05 0, o ik £ A
FE0F B 1 AU i RN S — 1 SR R VR,
B R T 0 T BUR T TRz 3,
ZRTTFEAHEER, — M EH TR GRS .
W7 1% /2 $8 3 T 75 7 3 22 18 (Phonon Kinetic Theory)/[f]
A 3 I SR 75 T Boltzmann 5 2, 3543 2 4t th ol
BF I A8 B, B F315 B A s o f2 1)
TR IR . e B S T o 5 i, A
MITEEF T RERFHOIE S, vTEH T3 KRR
Pz 0] 1, {H = 4EBoltzmann J5 2 i SR il K H & 4% il
IO b AT R e — MR R APk AR H AT E B -
FUHN R S 1) = 2 T BT A WA 7
ROREFE FE R, R EHOCR . IR )",
JAE IR G TV R BRAG L8 KR 3 S i RUE i 1 ] it 1)
HEH IR, HP K E R BB B T 5, BT B
faj v PE A B U g — . DR, AR G R R
G G — TS 7. TR 3T R G %
SUIR 75 22 B 4l R S i RS Fdin i i 1, R 7 SR 4l
F-Fourieri 1) 2 W 5 #A5 F20, HAT T B R B2 4
TR BT A B R A ) T A A
JK 3l 17 2 B 7 (Phonon Hydrodynamic Model)”"**!, XX
AF ZE 5 #5578 (Dual-Phase-Lag Model)™! i 1& -4 Bk
A (Ballistic-Diffusive Model) > #1415 4 &I (Thermon
Gas Model)™ 45, 75X £8 5 WAL b ) 75 K B
AT B TR I G B S R, T A I
Boltzmann /7 #4218 i £ % 2 R /0 CRHAL) i 72 =
AN, P F 7K Bl g 200 T A S R RO R AR T
IR AR (H 537 A2, 77K 30 /)% (Phonon
Hydrodynamics) "' 7K 3 77 27— 1 5 T JJj 52, 58
VA 75 IS 1) S R LA A B oM, X TS R
P )78 ¥ 3)) 77 % (Phonon Dynamics), [K It H N i 5
TR 12 i< TR B 15 GE R TR AR B 12—
NGE

FE KB 72 BRI S AR YR T 20 tH 20 i X IR A
FE [ 4 b B B R R Guyer A1 Krumhans]® %)
K FH AR AEAE 53 #7775 3K fif 75 -F-Boltzmann J7 72 55 — I
RIS T FIKEN 1% 7 R (G-KTT #2), 8 F il
T VKBNS AR A B 2 i R I A
P Z PR TS AR P [ A S b I B ) B R
FITUESE™Y, 5 4R (30 B AT S 1K 8h i %
BRI 7 ORE I I AR, KA HAb B
Chapman-EnskogJ& J¥ . % J7 %55 3K fi# 75 7 Boltzmann
HRESH T KA FKsh S0 P, X T Ak
TEARSCHIR NG WS KB 15, BAE 3 LT RN
AR — DR — BB HELE. HIERH 7 /K3)
J15 BB T i ROBE B iz DA 2 1 BLJou AR SR
AT 2 2 P2 AT T 3 B2 BN R % SIS
Tl ]ROBE S AR I Sh AR ALY 1) 3 e, 256 1 ol HE F
TARIR & B 1K 3h 1% 7 B TR IR T 1
YR EE R I IS I A, T 5 A ) A e R
JEAS AR I R B, T KB A
PR EERSE TR T — AN B A A, B S ou B
IR R B R AT A 2R T — 5 1 A% M, (H ST T I
B PR 5 R T L PR S R T B RO A g T L A
N P I R e, FEAR SRR “MER 75 K Bh 1157,
FAESE3.27 T LAVE4H A 45,

AW RGHA T FIKBN SR ER IRl
Sk 2 DL R AE TN R iz i N, IR R B S 1
IKBNI1E IR R R ST ARSI ZHE W T 562
TS T s I EEOR SE A, B AR T R AN
M THie M2 2 IRER AR R B304y
HFE KB 15 BN MG v FE Al A AR A, (U 4
B K B S FNME RS KB ) 5 AT S
FE 7K Bl 77 5 W H A HE B8 R AE Tl RS i ia v i)
N, £ EAFE B T T Boltzmann A L A1 B 2 Monte
CarloBE4U; 25 577K 1] B B iR T~ R 7K 3 J1 %7 1)
WEE, $8 LA 75 17K 30 ) 5 1 5 BRPEFI A R I & e
77 18], I F G AR B 4 RUE iz 1) 4 ) 22 B il

2 FEFESAIIEILE M

21 EFHERES
7T R R BT SRR T, 2 H T A A
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[ 82 5 1 o 8 A AR 2 A 3 PR AR 2 7 )
B - f Einstein™ Fl Debye™  7E ffF 78 AR 15 5 4 L 228
AT 5N SRR S, NG 77 % A R
F, AT AR BN P A AR B R, R HI A
FERT, 757 i A% RGN /Mg & 5T, Peierls™ Kt
P A S A )T B0 3G T R 1) R A S
AL, HHE T R S s 1) 75 T Boltzmann J7 2,
3 ¥% N Peierls-Boltzmann J5 F2!' .

22 BETHRENZEREREREFR

T RESR A (0T R P)AR R RS, HE
IR IE A 53 E K Ok 1 8h 11 2 2 R (Dy-
namic Level). & T 411§ 3) 2 2% )2 /X (Kinetic Level)
52 WK 3 11 % 2 ¥Rk (Hydrodynamic Level), 41 1(a)
Fios. X3 HR 2 IR FIVELIFE AN, BT I R4
S EEWMAR. K73 ¥ EREEEERK, T
B KL T 1) Newtoniz 3] 5 77 #2 (B Liouville /5 #2)
BERMA AR 7 RMREsE R, BT RE RSN
K5 B R K, 128 305 B WG SR IR A E,
ELE IO R A A A IS BOAS AT . TS,
K418 BN KL (8] AH BLAF H DL = JohitdE oy 3, Hok
TRATT X 3 1, $l3dR W S RE 5~ 2 B SR GE I )5 R0
FEN 292, Boltzmannit — D H T 4 FIR IR, A
J9an FEWAS KL 18] (1) SR AT DL 20, DU AT R4S Bk
T4 A SR B A T #2, B Boltzmann /5 72, MM 24 52
T AR R G B AR A B 3R Al Boltzmann 7 #2 & T
SEWLZ R 3R, F TR AT BT A 2 Wt 5 i A
Tz ) A4S B AR BRI AATT AT DA e i — P AR A
f&i 1k, M Boltzmann 77 F£ ¥ 1k 73 2] 72 M Navier-Stokes 7K
B 15 TTRE, BV T R G0 ) 2 MRS A2 B IR AR 1)
LiTBrpuN

TARHIE I 2 2 L R 7R R AR 583, 7E1R
Z Gt )5 R G BUR R, RS Tz i
PRAR R IR AR Z 18 AN . AR SO I L SR B IR R
g, 4t T A TRE M2 BRI A R, WK 1(b)
B, B 1K 8 7 2 b g — A 2 [ MR S HE 4.
T TS IO A W0 A 2 47 38 4 78 R AR IR T
PATE A

2.2.1 #WHER
7 T4 I8 FRROU R 45 SRS IR B Y T 2 AR,

@)

BT @ Navier-Stokes 7512 |

Chapman-Enskog | REFF

R (Maxwell-

Boltzmann) 4t HEFER Boltzmann75#2 |
BBGKY | 4%
M7 Qs wmsERD Lowile ¥ |

(b)

FIMTR @ G-K 7512, Fourier]ﬂi|

A | 97
IS -
Eimstongnit HEYER 73 Bolizmann 5 |
Newton's /572

Shrédinger 7572

ey —CEIanyRiD

B FRss S s 2 2 RIS IR R R () i
H4iiz; (b) 7 T Hiia

Figure 1 Hierarchical theoretical descriptions of fluid transport and
phonon transport. (a) Fluid transport; (b) phonon transport.

IR M DB 1 . DL—4E 55 1 5
MBI, H T A )% RS IR TR 303 £ Newton
iz g2 05 2

dzuj

dr?
Ho, m KR T &, SR TR 3P AL E 1
MrFs &, jNIR T %5 (=0,1, 2, - ,N). #H4R IR ¥ 2 [A]
FIAR EAE R e N T VEAE F, 3 8 0. () A
A~

u;, = Aexp[—i(wt — kja)], (2)

Hodr, a i 18P AL B TR EE, A, o, k7 508 f g
P 30 181 O (RS ) I FR I« AR AR R 2. 4 =0 () AR
A (D), ARG I R R

ka

a):ZA,E i
m 2

sin—

S B i 1A H ED o A% 4IR 20 A7 8 AR K B K AR 5y

A (AR BIRERS), AR5 — RS (o0, ko) BRI O A% 5 2
IR 7 A — AN R e B [ % . 122 =38 B AR AR
F 2 ) S PRl A A7 AR RE B 00 A, TR A b1 R 1,
B Ay 7 i1 22 g 2 BB 75 1 48 34 5 mT LA
Bk, R 4R T A% B, H Hamilton iR

m = K(uj+l+uj71—2uj), (1

: 3)
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I 1
H= g Emu/,2 + Ek(uj“ — u].)2 . 4)
J

AR R T A2 — NG A B A
R YL, H A 5228 0] R R f# Schrodinger 77 #2 1R P #E .
N TS A 2 18] B AR BLAT  #FS, 7T 5] A Fourier 7S [A]
[ 7 T A BR On, 1% 75 T A AR A 52723 ) H 1) S 1 AR AR 1)
Fouriers #:°7. [X| I, 4% 2 45 ) Hamilton 58 £ 2% i 1%
WG ST ) — 4 ¥ 3R 1 ) Hamilton bR 20 2 A1

H= Z[%kaQ% + %mwszkQ—k]’ ©)]
k

ﬁ%wfﬂJgggggg%ﬁﬁﬁéﬁ%m@ﬁ
KAZANG)— . s, WA D% Q2), @it
Born-Karman J& #1414 7 2% 1F (uo=un), 7T 3215 L8R
ZAQ) P E ) S ECE, 58T 1%L
B — B RG)X N RGEHIRIRE 53543, H
Hamilton pR ] §e & AR K

1

Horb, ncN IR T I BE R EUAL TS (o, k)P 3 5
F#H, H 5 &£ Bose-Einstein 73 A7 (71 #% Planck 73 4 ),
i = h/2n A% Planck ¥ %1, h A Planck % . = (6)
[ 55 /N BE B B TC hao PR NS 1, 5061 I 5E SLRAU,
XAER A FHET /B,

222 TR

HARGR S KT B FRIERKE, B
B 288 (H 1 )5V RT DL 2GRS T B i i o A
IR A TR RS, A W ) Oy RO R T
Boltzmann 77 F21:
of F

SRV NS = O, (7)

ARG ZA S (F=0) I, (7)) itk

of
—+v,- V= C{), (8)
ot

Hop, BFA A REBCNEAx, ¢ k), R T fix,
t, k)dxedk 3% 7~ 5 — IS Z e ) B 2 [ 18] B (e, xe+doe) FHIEE
% 7% [A) [6] B (k, k+dk) B4R 2 75 F MER ek 40 H
BR kS Rk R T X, 5 T OW HE Bl (A
B E)FH G p=hk. vyi2 75 F I FE, RALKS P BE

AR R, 7T S T I AU R o=o(k) THF RS
ve=Viw. C(f)72& 7 Rl T, FAE T 7 5O 7
W75 T A R B AR AL AR 3 A 2 ) ) s e
Fede, A5 FHUN R AR RS A& E
Nt #2 (Normal Process) M ¥ i#E 5 & A 57 1H [P R 2
(Resistive Process). HHRISFEIEE LA =5 FU
id 7% (Umklapp Process). 5 - e HU Al S -1 5t
B 7 RO I R R O A S, H R E S
PR RIGFEMIR T #8575 T HESh &, 22 bR A H
) L 7 A R T N R D) s AR S - A gy
A ] 42 7= A2 F .

JiR 46 75 Al 4 15T+ 4 2 %, 8145 5 ¥ Boltzmann
77 FE B SR AE oy HE. 5 <44 %32 () Boltzmann J7 12
il 488 251 ) BGRGET AUBE AR 2441, iy A6 75 - lf 43 91
PR T AT A RS A e ) ] AR AR A 32 B
A, — AN A& Callaway 75 BT 70 A 5L & A 24 52 2B 1Y i 42
Ut BRI TR AL, 7 — A2 5 BGKABSE B AH AL i) 5
525 5t 7% 1 18] (Single Mode Relaxation Time, SMRT)iT
fBL. Callaway 1) X 5th 74 5] [8] 35 AL A A Nk #2 FTR it 72
VKA AT 75 1 11 93 A7 R BG& 7 T — M F2 (Displaced)
Planck %3 i A1 °F- 4 Planck 73 £ii
A A ES

T

C() = 9)

TN
Hodv, o, w0 ) 2 N FE RIS AR 1) 75 1 st T2 (8],
# Planck %) A1 F1-F #7 Planck 23 4 [t % 1& 4 71 N

1
exp|(how — fik-u)/ k,T] — 1’ (10)

R

eq _
N =

1
€q — .
exp(fiw / k,T) — 1 an

KA Mu B FHEREE, & — M55 /R
B ORI LI BE, W AR J5 SR e B R, ke N
Boltzmann 7 (. A 5th 7% B (8] 3 ARL 0N R A 75
TSR B I R P AR B A OGEK, B I R
445 75 143 A o B08 1) S Planck 43 A

N

C(f) =

o, ooy st ¥4 B[R], 38 % W] H Matthiessen & WK A~
5] 7 T B0 R B St T (R S A BT AN R R
B, 2 AR TR NG AR EE B AR AN B, SRR A Bt T4 ) ) 2 —

, (12)
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AN ABL A B fT AL AR, R RAS 0 i A T R B HE
B A A IR O, T 2 A T NG R LR K £ 8
I, 75 TA) Y SR I PR AR A RN AR 19 3 2L, A
A T TR 18 3 AR R R iR 22, T OBt T [R5
AL AT SR A5 5 TR Rl e DA 224 £ e e SR A SO,

2.2.3 HWiER

7T HIs 1 MR A BT S ROTHE, 1T B W
2 UK 75 F- Boltzmann /5 72 5 Hi. & 75 1 /K3l )15
) J 32 5 1 005t 4 (8] 4 fLL R ¥ 75 - Boltzmann
J5 FE, 3% PR R A F T A A NG R ) B i
RKTREFE, HyEgHE WAL 1P 4, FHL
b, B WL S K Bl )% 7 72 £ Fourier i 4, 1% %
AT AT DA BAABLES 5t 4 ) 8] 32 4LL R ¥ 75§ Boltzmann
HREGH, KT EATRAA A, KL RANFE T
Boltzmann /7 £ (8) /] 15

of S=I
m—f—vg-Vf—— .

(13)
X+ T Fourier B3 o7 1 S #ad 72, 75 T 4041 R BUR

B o A AN KT, MO IE AR R: V= VO %

A S a2, W =Ra3)fi

foW—THR VT 14
—JR (()T vg * ( )

R A 5 B A oW e S
q:ijgﬁ@fégfldew,

¥ X (14) N B A] 3R 15 2 # Fourier €

q=-2-VT, (15)
H,

D(w) U
i:ffrhw an oT vy, dQdow

AT IR B P RIE R, D(w) A7 125 % R 2L
S B YRR 43 A ) S PR AR 55, T RS 1 (R AR
W, Fourier@ F (158 NEH ERg = -1V T, H
oIS R B RO Rk A N

Azéjb&@m@m@ (16)
() eq
St KB A B HC, = hoD(o) -, 15 F-F 43
R A (w) = t(w)v(o). 755 HEE A5 74 (]

AT T B, 4 Bl AR B
i, WA 3R (16) AT B4 44 5 ¢ 1 5 E 48 e {1 35 R
J = 3O, B CHR I BB 7.

3 BETKHNEF

30 ZH#EFKHHFRE

A5 ¥4 F1| ] Chapman-Enskog #i 1T & JF J7 135k
e Lt ¥4 B[] 3 ALL R 1 75 F-Boltzmann /5 £, 7EAN [F] B
IR AL T T AR F A 5] 07 4545 31 1 26 5 43
KB 1 TTRE, AW KB I 5 i —ANE
WA £14) 42 v 40 3 BE Al

Rt TR S 18] 3 ALL T F) 7 7 Boltzmann 75 A% AJ i i
F ROARNTTHE(8) 15 2
of S SR

9 V=
0t+vg S T

- (17)

N R

HH T AN [ A2 PR 7 o 222 e AR K, B e 2 A
St TN T B A R A H AN RD, Dy T AR R T e
18 1) BRI IR B — AN g — WA 1 KB )2
iR, A SR T R UM (1) & R
M ABA: — A i 7] P 75 2 o P AR BN I R T (2)
IR ABL: 25 FE 3N [R] R 75 25 03 3, IS G 27 73 SR
TSI TTIR, 75T st BRI ) — AN P31 4L (3) Debye
MTABh: SR G B 75 T CL B R R o=y, WP T T8
1)1k KA v=kve/k.

BT RAEEMRE LIPS R ST
IK B S T BT FE P B, R AR S (17) 0 43 i)
e UAH B 1) 75 - SOUL AR B (oo A k) FFAE 420 % 7[RI AR
EISE

Oe

—+V-q=0,

o1 q (18)
oP 1 P

4t —VvV.0=——,

ot + vg2 ¢ Ty (19)

Hrp, AymeE® EM3)ES LD ELN:
e= [fof (32‘11;‘3 fip = [y (321’)‘3 KR HEIA
SR P 220 3, “2m R O 2 1) R e /N AR B
FEHE ST RE(18) M (19)IS, R 1 7 1 B i A (R 4
NEFE AR FE) F e B < 15 A AN A O HE Bl B 57
fEEH. & T Debyelll fbl, 75 7 I L 5 8 B # ¥
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BEAWTNRRR:
3dk )
q= fvghwf@ =vP. (20)
J7 P2 (19) H #4056 1 JE = 1R 5 SUA
. 3dk
0= |whof @ .

W Q0) RN TTFE(19) P15 BRI 55 FE 1) P-4 7 i

0q q
2 4v.0=-1.
Ot + e (2 @1

N T AF B3I R PRI ERTIRL A B 2 T 5%
F V), W AURE B EE 1) I R QAR Ty R AT R
JEE (R 5% 58 ) 1 ik e B, X B 75 - Bl B o R 3 A 1)
f8(Closure Problem). Jy 1 58 Fiidsf 1 v &, WA 250K ik 7 1
Boltzmann /7 #£(17). F [ >& F £ & Chapman-Enskog
J& TF 74T R A

Chapman-Enskog & JT- 77 ¥ 1, 1 a4 75 43 A Ry
KOsk R It N
f=/f +ef,+ef,+ -, (22)
Horb, fo, AL AT 75 770 A e B F . — B A
T, NS H e AR SRS BEAL Hh i A K Knudsen
AT A BES REFER T2 )™ B
ELARRN L FE AR I 72 75 7 5t $4 ) (8] 22 BE, Bl e=nw/mw,
KR TE 7S 1 /K3l 3 5 X, NI A2 1 B iz K TR
IR, T Knudsen 5 (1) € X T AFENE BRI FE
PIANFE TP B AR AR AR AN I, Bk Ak, ST )
%2 55 I i) 0 4 i) R,
B o 5,0

AT

o = o T o (23)
o 0
ox,  dx,’ 24)

Horr, 1 F 73 AR R H6 I (IR ek 1) R RN 97 e (g ) B[]
R, e AR XTI AN B == (R R . K =0(22)-2) AR
AN TTRE(17) BT 3R A5 75 143 A0 B B - B I el 2 TR) ) 9%
P v

fo =/ (25)
A, %

+,
at, ¥ ox,

fi =1 =S — TN[ , (26)

fo=13 =
o, O o

Na o o Vo Vas |t @)

R =0(25)~27) BRI AT 3545 75 140 A BR A 1 % B il
AR 2Rk =, T 52 B dst P i) . | T 4 #% Planck 43
i ——a N0 Je b, B R BB, ASCH S
H T TR B 2% R S B VRN S RS S
DL SCHRT11] B e b 5%

3.1.1 FEMRAE

2 FE 7R 1 A BR B Z B Al 50 (25), AT 3RS A
¥ Boltzmann /5 F£ [ FE T . 1 2025 RN AR E
FEE 18 2R 0k 2T 15
. 3dk

@2n)’

F28) AR FEANTR B, DR b, FRATT 1T 2 5 R
F&Planck 73 AT {2k =X, 159 21 = & I i 3 —
Bz ed, S8 J5 F 25 e 52 A I B R T
(1) I —Frif

2 75 R A T e LU A /N, X6 i % Planck 43 A
HEAT Taylor B FF 22—, WS40 F (I AR A 5
hk - u

kT

B R QHRNF(28) FHE 4P K 2= (R HEAT A 4, WT

19 AR 55 B 1) 30 1 1) B P 3R A 2K

0= [wyhofs (28)

R+ + ) (29)

1
0= gvjel , (30)

Horpr, Dy firsk . #3029 2 BN 7 e B &L
AN B 3 1 I AE A R A 1) AT R 0 W A3

 4n (kT
s(hy) Gh
16n°(k,7)" 4
= —————u= —eu.
15(hv,) 3 ¢

(1), ARIR T fib A4 (1 B8 12 25 5 AR 2 119 DO
RJ7 RGE B, T LR 2 e % X R — B
FH(Cr=de/dD), F T iX 5 35 44 K Debye Ll # A — IR 7
SE DR AR, TR (32) T 45 T VR A R R A
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T 2 A K & u=3qlde. KR GBO)MBDHANTT
FEA) (21 1] 73 745 2| G & ~7 15 7 A2 F F #0515

T

C, 2 4V.q=0, (33)
ot
dq

e y= VT (34)
o1

IR NE O 2 S I N Al A A A I i v i
i = Cr? 1 3HIC, = 162°k:T/ 5(hv,). JTFE(34)HD
N Cattaneo-Vernotte (C-V)J5 F£5%, # b 4 it Fourier
SE IS E T IR B o TR RN (R I RN, T
F2(33) F1(34) 5 4 75 -1 /K Bh 77 2 v (¥ 10 37 7 2 41152
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Figure 2 Schematic of the dimensionless cross-sectional heat flux dis-
tributions for in-plane heat transport through silicon thin film at room
temperature (7=300 K). The lateral surface of thin film is assumed fully
diffuse, with four different thicknesses considered: A=200 nm, 4=500
nm, #=2 um, #=50 um; the phonon relaxation time and dispersion rela-
tion of silicon come from ref. [66], whereas the heat flux distribution is
computed based on the Fuchs-Sondheimer model [18,67].
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Figure3 Schematic of in-plane heat transport through a nano thin film
and its phonon hydrodynamic modeling.
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Figure 4 Effective in-plane thermal conductivity of silicon nano thin film versus its thickness. (a) 7=300 K; (b) 7=400 K. The symbols represent
the experimental data from literature, whereas the solid line (heat flux “slip” coefficient C=0.2) and dashed line (heat flux “slip” coefficient C=0.02)

represent the result eq. (56) of phonon hydrodynamic model.

F 1 EEEMEIT=300 KA1 T=400 K ) #4714
Table1 The thermal properties of bulk silicon at 7=300 K and 7=400 K
eyt T=300 K& T=400 K {&
HEHEQ) 148 W/(m K) 101.9 W/(m K)
R (p) 2328 kg/m’ 2328 kg/m’
Eb 42 (cn) 713 J/(kg K) 785 J/(kg K)
T T B (vy) 6400 m/s 6400 m/s
R S I=NEEE () 41.79 nm 26.14 nm
Aot 21 h h
T = 1— Imnh[Z_l] + Ctanh[z—l]. (57)

AT B 45 R 3 (57) FA S 25 X (56) 1 2 7k
5T AT R E 43 A R AR SR BN TR BTN TE SR AR
TR NI B8 B 0 A ISP 8 TR 5 0 A R A X sk ) 4
LB RN BETH] AR (W I L - q=qurqu, JEIRR 2
FE IS . WTRMEB NN, BTl B AR A&
R (32 5 Ak O FAGR R T D9 %) SR il U7 FE (49) 3R A5 X 35
(R 55 T g, TR P 2 (47) SR AS 32 7 b e i 3
P R AR OIS A5 48 T 110 AR B R A A,
F5 b, YRR /N T P R (DR
IR B BE 10K 38 /s T e Laplace i (g Pd’g./dy”) A 1T
A L2, 7 R (49) mT AL T AL
47

_ 12 dqu
dx

dy?
77 FE(58) 5 Wi 4k 112 v i) Stokes 77 R B A A A

(58)

(A 2, SR A T SR R N STk o 1 2 M 2
D). A S o S B P S R R S RS TP AR AE M
(h~DHE & KT /7 F 3 3 HEE (>, 7772 (49) 1 #4
It FE AN W] 20, 2 M e i Ji T O 38, SR AR S
IR BB SRR T A

4 FBFKRPINERURERARERMIZ
§HY R F

FE 7K B 77 5 1) R FH 6 T T B LA &5 44 R 1
g RBE #dia in) /AT R R AR AT 7%, B 3.2. 2715 i
YRR ) S (AR DRSS ERE
TN Z 1 LA 5 0, gl K 2 FLEE ™ g K X 45
TP R 2R g f N I AT R oK S K
I Iz 1) R e SR AT T 45 SR, DRI R R KR R T
KB 12 W BUE SRR RESE. 22 KB J1%2 4, A<
AT B BN IR PR P 32 BRI T7 V84S . M T Boltzmann
77EPSIR0 B B2Monte Carlo /73" BI04 35818 T
AEH A R AN IZ R . AT, A T Rie
K 4% F Boltzmann J5 ¥ fl . #%Monte Carlo J5 7% i 4k T
PRIE 2 . R 4 R R 1) 7S 1 F Boltzmann
SEPOLL K T B B O AL (R MR B R 2 S T
Monte Carlo J5 37",

4.1 FETHIERHE FBoltzmanni& 1
¥ F Boltzmann /7 7% H & H LUK 2 3172 ) = 7E

070010-11



RS, PERE P S ORC¥ 20174 476 BT

IR, FEJETF LR 3AME A1 (1) 3£ F Boltzmann
D7, BAT RAR S BAE LR, (2) B i sk i1k, 5
FSLHIATIER,; (3) & TR E G R i JLia . FIH
% P JT B SR fif 4% -1 Boltzmann J7 F2 7] ™ 5% 1K &2
AL K 30 F 277 72, IR, #% 1 Boltzmann 77 % 7] &
VEZ WK BN J1 5 1 — P s a8l T B, BUA 175 1K
1 712 1% T Boltzmann 75 1% £ ZALFE2 N 40 32 (1) 3K
iR X5t T4 N 1) 3T AL B 75 5~ Boltzmann /7 #2(17), % 5
G-K 7 T 7K 8 J1 5 5 F2(43)1%); (2) SR A s 25 5t 75
B[R] AT ALL R 1 75 T~ Boltzmann /7 #£(13), XJ ¥ Fourier &
IR, G-KI7 FE 1 7 F 4% 7 Boltzmann /7 F2
BN TR, 1S WA A% 205 K B 77 2 1)
K E 4. BARSCHR[10113E T 2 R BT H R 5
TR L IX PP G IR, ARAT R 3RS 78 7 I R ), 2 BRI
FEAN R 3N 5T (1) R GEE K RN AL &, 55T
B (0 2 SO 1A B 5 (2) RIFIITTTEA% T R4
AT M B GIN T AR ER B R IR B, 4h B
£ IR BT R A 22 5 (3) WS TR T M TR AR A
5 (U R ). 3552 F, Fourier ST FE I A T4% 1
Boltzmann /772 [ 42 H LR — B A7 7E Bk J LA
3 THI () 17) %, AELAF L G-K 5 F2 1) 75 ¥ 4% T Boltzmann 77
IRAE R L

DRI L, AT B S R e T BB ot T4 B R) 3 AL T Y
75 T % F Boltzmann 5 7%, % Hh 2 57 T A W BUE
3 5 Fourier G #7 FE A2 A VE 2 R I /8 R &R, AR
T B3R =5 T 1) TS, N 2R G-K R K
B 1% 75 PR I A& T Boltzmann J7 ¥: 1 58 3 12 4t T HoR
6 2 R R LR TR R 42 SRV R LS HE 2T DA
AR, 4 WU 50 00E B 7E 40 K T IV 1) 3 AR R
.

75 T 4% T Boltzmann 5% 1) tH & £ /& 75 T Boltz-
mann /7 F£(13) 1 AE & % JE T 5
Oe e—e™

E—FVg-Ve:— — (59)

S, 75 T 0TGR4

e = ff “hoD(w)dw .

75 T 1% F Boltzmann /7 2 /& 77 #2 (59) B — F 22 43 B i
=

e(x+ cAt,t + At) — e(x,t)
_ e(x, 1) —e(x,1) (60)
7:r
Horp, LB MBI 0] € ON: o=t/At, ArJykg 5 I 7]
B, M TR KN Av=et, ¢ (i=1,2,3, ,n) A
IO T R O T RE R L A A
&5, B2 R 208w 15 TV DA B AR A R TR AR
L, T B BT T RE R N
1

1
H=—e""=-C,T.
“ ne n "’ 1)

F| F Chapman-Enskog % JX B i F¥ £ A SK i %+
Boltzmann 75 F£(60) A] 1k 5 72 W T #4712, FE3RA5 50E
SRS T AV 18] ) G B, 28 FE 0 15 B s R 3 A
FEER, Ay TR — 4. 4R =R T s
AR 52 MoK3) /)% % T Boltzmann 5% A [F] 1)
s, 1% HUR F RS TS5 R i O B 7 B A TR
P XA RVR TIN5 T (1) 75 U I R kL
B ORI T B SRR AN BRSO (2) R MR R
1B AT, S — B F R 2. T A
BRI D2Q8 K% 25 14 14 45 i Chapman-Enskog £ R
FE R T B HE T T A2

e (x + e,At, t + At)TEe (x, ¢) BT EAT Taylor
JEIF 2, RGN TTHE(60) T 153

P B 1[0 2\
[E + e P e,(x, 1)+ EAt[E + Cma] e;(x,1)
_ e —eix (62)

7

FIN 2 I (] A1 ) JRUE -

/0t = ed/0t,+ €*0/0t, M 0/ox, = €d/Ox

X B /NS He N FKoudsen B (5 TP H RS
SRR GRE R ST 2 B, 75 7 1 B B RE 5 R
TN ex,t) = eV(x,1) + e V(x,t) + ---  ARANIX
e Rk TR T7HE(62) W 1] 43 B BRAF NS B Z W
— R0 = I

eV(x, 1) = e (x,1), (63)
e V(x, 1) e V(x,1) 1

L e — L = ZeWx, ),

ot, “ox, T’ (. 7) (64)

070010-12



RS, PERE P S ORC¥ 20174 476 BT

0e(x,t) 1 1 10e(x, 1)
ot, 27, ot

De(x, t
L]%M _

27 ax 0. (65)

+[1 _

WA s EHE RN R EE&®
Zie[ = Z’_ef‘qﬂ?%aﬁ: Fr>1H: Zieim =0. AH¥F
AR 2 B AT T T N g, (x,0) = ¢Ox, 1)
+eqV(x, 1) + --- . X J7 FE(64) F1(65) E FIT 45 1) 5 Bk
FEJ7 A B AT SRAN, A TG G RHEERE
Al R

de 04,
ot O,

=0, (66)

Horp B 52 8] ¢ 5 ¥4 7 Boltzmann 77 £ 5 B B[R] .2 ]
MRFREA: = (1—1/22 ). BT REMEWERTTMN
R R RS R R e = ) e, = C,THI
R g, (x,0) = D ¢, e(x,0). TETTFE(64) MI(65) M
] 53 791 e LA B HIMS - 0 BE o A2 BT A 1 S T )i b
HEATSRAN, SR 5 S5 G AN T FE AT IRTS T IR 1 3 3405 2

g 3 2 e
= ——71C —

47 ox, (67)

JiF2(67)RI N Fourier 3 M E fitg, = —10T/ ox, . 1§
GG TG RNHERRIENRL = C0) /3 MLLHR
1€ X de=CidT, W 7] 3RAF K 1 18 BE 5 75 1 FF
&2 BT B R R

2
c = gvg. (68)

XTTD1Q2FID3Q14 P Fihss 1 &4 1), 18 it S bk iy 4
S A, FAE AT 159 B Fourier 5 #4 5 R LA K b 1348 & A1
P REE T 2 9% & IR 3 AN [ (1A% 1 435 4 A
LIRS I B Rt S AR 2. B, L T A T
% ¥ Boltzmann J7 V5 [ 38 L fitt, #ERHh S H T B S
B BUAE. A LTS, 3T B SE — R A 50 M R
T U R R S e — AN AT R
MR LU B S TR — 4 s s e
Rvel2, —HEFE T RS N 2v/r. Ja5 821 5UE B 6K
U, A BT A% 5 R Ol U A e A
IR 75 T IE . 75 7% T Boltzmann /7 VA I
A3 5 2 A& 7 Boltzmann J7 1= 25EL,  FTUAEE AT

(b) (© 14 10
6 2 5 | 2
1 : T 7
@ |
2€———> 1 3 1 3 1
|
| 5
13 g - — Ay
/
7 4 8 Y, 4
12 8
Bl 5 4% ¥ Boltzmann 77 % 1 F 45 #R B El. (2) D1Q2; (b) D2Q8; (c) D3Q14
Figure 5 Schematic of the lattice structures in phonon lattice Boltzmann method. (a) D1Q2; (b) D2Q8; (c) D3Q14.
F2 75T H% T Boltzmann J V5 [ T8 JBE AN T8 82 2 (] (¥ G R
Table 2  Correlation between lattice speed and group speed in phonon lattice Boltzmann method
B 45 5 8 gy B T
1
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Figure 6 Lattice Boltzmann modeling results of two-dimensional steady-state phonon heat transport. (a) Dimensionless temperature distribution; (b)
x-direction dimensionless heat flux distribution; (c) y-direction dimensionless heat flux distribution. The grid is 201x201 in the present LBM, with
the lattice speed 2v,/3; the previous LBM for comparison comes from ref. [87] with a grid of 201%201 and lattice speed 2v,/n. The circles represent
the results by present LBM, the squares represent the results by previous LBM, whereas the solid lines denote the analytical solution (details in ref.
[96]). The dimensionless coordinate is defined as X=x/L, with the dimensionless temperature and heat flux defined respectively: @=(T—T1.)/(Tv—71.) and
O=qL/INT:—Th).
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Figure 7 Lattice Boltzmann modeling results of cross-plane phonon heat transport through silicon nano thin film at room temperature. (a) Dimension-
less temperature distributions at four different Knudsen numbers: Kn=0.035, Kn=0.35, Kn=1, Kn=3.5, squares, circles and diamonds represent the DOM
solution of EPRT in ref. [108], triangles are the Monte Carlo solution of phonon Boltzmann equation, whereas the solid line and dashed lines denote the
numerical results by present LBM, the dimensionless coordinate is defined as X=x/h and the dimensionless temperature is defined as @=(7-T.)/(Tv—T1);
(b) effective cross-plane thermal conductivity versus Kn, the solid line represent the solution eq. (69) of EPRT in ref. [108], whereas the symbols

represent the numerical results by present LBM.
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Figure 8 Schematic of traditional phonon MC and energy-based de-
viational phonon MC. (a) In traditional phonon MC, the whole energy
distribution function is computed and integrated; (b) in energy-based de-
viational phonon MC, the deviation of energy distribution function from
a reference equilibrium state is computed and integrated (This figure is
redrawn based on ref. [97]).
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Figure 9  Schematic of the relation between transport theory and ther-
modynamic theory. (a) Gas transport; (b) phonon transport.
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Figure 10 Schematic of the derivation of interfacial entropy genera-
tion in microscale gas flow and heat transfer. (a) Isothermal gas flow in
parallel micro-channel, with a slip velocity u,at the wall; (b) microscale
gas heat conduction, with a temperature jump (7—T) at the wall; (c) ki-
netic theory foundation for the interfacial entropy generation: interfacial
entropy generation (¢;') = the entropy flux within the gas adjacent to the
wall (J{)-entropy flux inside the wall (Jy,). Thecalculation of entropy
flux within the gas adjacent to the wall is based on the gas distribution
functions of incident part / and reflecting part /*, which are related by
the Maxwell gas-wall interaction model.
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Phonon hydrodynamics: progress, applications and perspectives

GUO YangYu & WANG MoRan’

Department of Engineering Mechanics, Tsinghua University, Beijing 100084, China

Phonon hydrodynamics is an effective macroscopic method to study heat transport in dielectric solid, which has a clear
and intuitive physical picture, and also an elegant and unified mathematical description. The present work provides a
systematic summary of its theoretical foundation, historical line, recent progress and applications. The historical line of
phonon hydrodynamics consists of three stages in all: the classical phonon hydrodynamics, phenomenological phonon
hydrodynamics and generalized phonon hydrodynamics. The unified kinetic theory framework for classical phonon
hydrodynamics is first elaborated, with an incorporation of various previous phonon hydrodynamic equations valid in
different situations through a Chapman-Ensokg expansion solution to phonon Boltzmann equation. The main idea and
content of phenomenological phonon hydrodynamics is then summarized, together with its application in nanoscale
heat transport. Its historical logic and limitation is therefore elucidated along the classical phonon hydrodynamics.
Meanwhile, to foster the wide applications of phonon hydrodynamics in complex systems, we give an introduction to
the recent advance of corresponding numerical schemes, including both phonon lattice Boltzmann method and phonon
Monte Carlo method. Finally, the perspectives of phonon hydrodynamics are discussed towards a more accurate
description of heat transport in nanosystems. The generalized phonon hydrodynamics is interpreted in terms of its
connotation and denotation, as well as the nonequilibrium thermodynamic foundation. The present work aims at
promoting the further development of phonon hydrodynamics and its application in uncovering the mechanisms of heat
transport in extreme situations.

phonon hydrodynamics, macroscopic model, nanoscale heat transport, nonequilibrium thermodynamics
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