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Modeling of electro-chemo-mechanical transport phenomena in simple (nanochannel) or complex
(nanoporous media) geometries with inhomogeneous surface charge and overlapped electric double lay-
ers remains challenging. This bottleneck originates from lack of a comprehensive model to predict the
local surface charge density based on the variable local solution properties. This work aims to propose
a model, so-called representative bulk layer (RBL), which makes the chemically non-isolated solid-
liquid interfaces (due to the electric double layers interaction) as isolated interfaces by introducing a local
effective bulk ion concentration. Using RBL together with the electrical triple layer model to provide
boundary conditions for the multi-physio-chemical transport equations (PNP + NS), we investigate the
reverse electrodialysis (RED) in nanochannels. Our modeling results indicate that the length of an ion-
selective membrane not only influences the ionic current but also the logarithm of the slope of
current-voltage curve increases linearly with the ratio of nanochannel length to height. This interesting
finding inspires us to propose a dimensionless relation for the current-voltage curve that is independent
of the nanochannel dimensions. The present contribution numerical framework could shed light on the
electro-chemo-mechanical transport mechanism through nanofluidic devices and membranes.

� 2018 Elsevier Inc. All rights reserved.
1. Introduction

For several decades, the electrokinetic transport of ions in sim-
ple (micro/nanochannels) or complex (porous media) geometries
have been drawn considerable attention due to their extensive
applications from biology, chemical engineering, and environment
to geology, petroleum industry, and energy conversion [1–14]. For
instance, in the last few years, the electro-chemo-mechanical
transport through nanofluidic channels or porous media have been
found novel applications in biology [15–20], membrane technology
[21,22], energy, environmental, and geophysical engineering
[11,23–28]. Despite all the aforementioned applications, the mech-
anism underlying of electrokinetic transport has remained lag

http://crossmark.crossref.org/dialog/?doi=10.1016/j.jcis.2018.05.111&domain=pdf
https://doi.org/10.1016/j.jcis.2018.05.111
mailto:mrwang@tsinghua.edu.cn
https://doi.org/10.1016/j.jcis.2018.05.111
http://www.sciencedirect.com/science/journal/00219797
http://www.elsevier.com/locate/jcis


Fig. 1. 2D schematic illustration of the reverse electrodialysis (RED) energy
conversion device. The nanochannel has H = 26 (nm) and five different lengths
which L/H = 20, 30, 40, 45, and 55 subjected to the ion concentration gradient with
CLeft = CL = 0.1 (mM) and CRight = CR = 1.0 (mM). The applied potential (Vapp) changes
from 57.88 (mV) to 97.88 (mV).
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behind. This lack of understanding is mainly due to ignorance of
three coupled factors: (1) electric double layers (EDLs) interaction,
(2) local solution properties, and (3) structure of the domain.
Although the electro-chemo-mechanical transports in nanochan-
nels [12,13,26] or nanoporous media [1,3,4,7,10,29,30] have been
studied theoretically [29#351], however, these studies suffer from
limiting to very thin electric double layers (EDL) [31] or constant
surface charge density as a fitting parameter. Consequently, omit-
ting the EDLs interaction, local solution properties, and structure
effects on the surface charge density for the pores with comparable
size to EDL thickness may cause incorrect predictions of the elec-
trokinetic transport mechanism [32]. EDLs interaction eventuates
several physical or chemical phenomena, which are of great impor-
tance in various applications. Stein et al. [33] and Karnik et al. [34]
revealed that the electrical conductance of nano-fluidic channels
saturated at a value of the dilute electrolyte which departed signif-
icantly from bulk behavior. Pu et al. [27], for the first time, revealed
the ion-enrichment and ion-depletion effects (Ion Concentration
Polarization (ICP)) when a voltage was applied across a nanochan-
nel. Experiments by Van der Heyden and co-workers [35] showed
that the streaming current is approximately constant at a dilute
aqueous solution but decreases linearly for high-salt concentra-
tions. Kim et al. [26] measured the ionic current generated due
to the concentration gradient through a nanochannel as an ion-
selective membrane. In order to investigate the effects of EDL inter-
action, it is crucial to realize the structure of EDL. It is well-realized
that when a mineral surface has an interface with an aqueous solu-
tion, the surface may be positively or negatively charged [36]. Basi-
cally, when an electrolyte, even pure water sometimes, contacts
with the chemically reactive solid surface, the solid-liquid interface
will be charged because of the physical adsorption and chemical
reactions of the ions with the solid-liquid interface [37]. This
charge strongly depends on the local properties, such as pH,
solution temperature, and ion concentrations [38]. To obtain the
surface charge density based on the solution properties, the
Basic-Stern (BS) model is the most popular and easy-use one, pro-
posed by Behrens and Grier [39] to bridge the solution properties
to surface charge by two simple equations [40]. However, this
model considers only the silica dissociation with water and ignores
the contribution of salt ions in surface chemical reactions. As a
result, it is suitable for dilute solutions [36]. In order to consider
the salt-ion contribution to the surface charge, an electrical triple
layer (ETL) model was proposed by Davis et al. [41] and developed
by Kitamura et al. [37]. The ETL model, generally for the simplest
case, has thirteen coupled equations. Despite much more complex-
ity, it may provide accurate and robust predictions of surface
charge density and zeta potentials for a much wider range of pH
and ionic concentration. However, since the ETL and BS models
were proposed based on the absence of any EDL interaction (chem-
ically isolated solid-liquid interfaces), they would not be able to
deal with mentioned bottlenecks for nanoscale channels or pores.

By defining a local effective bulk concentration in such simple
geometry as straight nanochannel, a few attempts have been
accomplished in order to cover the charge regulation of aqueous
solution at the solid-liquid interfaces. Huang and Yang [40] pro-
posed a numerical framework in which the electrical surface
charge could be determined based on BS model. They introduced
two enrichment coefficients for the co- and counter-ions. They
defined the effective bulk concentration equal to the ratio of the
average of the positive and negative ions in nanochannel cross-
section to the reservoir ion concentrations. Wang et al. [42] pre-
sented a different enrichment coefficient which is based on the
concentration at the middle of the channel. They solved BS model
for zeta potential as the electrical boundary conditions. Following
the enrichment coefficient, recently, Alizadeh et al. [43] proposed
a modified electrical triple layer model to figure out the local
surface charge and zeta potential in a straight nanofluidic channel.
By the aid of this model, they demonstrated that how the electroki-
netic conductance of nanofluidic channels could be manipulated by
varying the inlet solution pH.

In spite of all previous efforts, to the best of the authors’ knowl-
edge, there is no theoretical model yet to consider three aforemen-
tioned coupled factors (EDLs interaction, local solution properties,
and structure of the domain) to obtain the local surface charge in
nanochannels or nanopores. In this work, we propose a compre-
hensive method to, first, make the chemically non-isolated solid-
liquid interfaces as isolated interface and then figure out the local
effective bulk ion concentration in simple (nanochannel) or com-
plex (porous media) domains. In contrast to the main defect of
the previous models [40,42] which made them unsuitable for com-
plex geometries, the main advantage of the present contribution
model is that the effective bulk ion concentration is determined
based on the aqueous solution properties of a layer in the vicinity
of the solid-liquid interface. This method could be employed to the
BS or ETL models to predict the local surface charge and zeta
potential on the solid-liquid interface. In order to demonstrate
the robustness of the proposed method, the electro-chemo-
mechanical transports are modeled for streaming potential
through two different height nanochannels. Moreover, we investi-
gate the reverse electrodialysis phenomenon by solving the cou-
pled Poisson-Nernst-Planck, and Navier-Stokes equations.

2. Problem definition

The reverse electrodialysis (RED) as a phenomenon with the key
role of local surface charge effects has not been fully investigated
theoretically yet. Fig. 1 depicts a 2D depiction of a charged
nanochannel, which is connected to two reservoirs with different
KCl solution concentration based on the fabricated nanochannels-
reservoirs platform by Kim and co-workers [26]. Ten silica
nanochannels in parallel with heights (H) 4, 26, and 80 (nm) were
fabricated on a silicon wafer. These nanochannels are 140 (lm)
long (L) and 25 (lm) wide (W). In order to measure the current
(Ichannel) passing through the nanochannel, an external electric
potential (Vapp) applied to the electrodes, which generates an
external electric field. Owing to the voltage drops at the
electrode-solution interface for the different electrolyte solution,
thus, the electric potential difference between two ends of the
nanochannel (Vchannel) is obtained as [26]

Vchannel ¼ Vapp � Eredox; ð1Þ
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where Eredox denotes the potential drops at the electrode-solution
interface and defined as [44]

Eredox ¼ kBT
Ze

ln
cCH

CH

cCLCL
; ð2Þ

where cCH
, CH, cCL

, and CL denote the mean activity coefficient of
ions at higher KCl solution reservoir, the concentration of ions at
higher KCl solution reservoir, mean activity coefficient of ions at
lower KCl solution reservoir, and concentration of ions at lower
KCl solution reservoir, respectively. In this contribution, according
to the experimental results [26], we select the height of the
nanochannel equal to H = 26 (nm), the lower and higher bulk ion
concentration as CL = 0.1 (mM) and CH = 1.0 (mM), respectively,
with pH = 5.6. The mean activity coefficient of ions based on the
KCl solution concentration would becCH

= 0.9648 andcCL
= 0.9764

[45]. As a result, Eredox is 0.05788 (V) (Eq. (2).
An analogy between the generated fluid flow by pressure gradi-

ent and ionic current through the nanochannel by concentration
gradient indicates that the length of the channel plays a key role
in ionic current generated by reverse electrodialysis phenomenon
[46]. As mentioned above, the length of the fabricated nanochan-
nels (L = 140 lm) would be 5384.6 times greater than the height
of the nanochannels (H = 26 nm, L/H = 5384.6). Consequently, that
would cost a huge number of nodes and, as a result, immense time-
consuming numerical solution. To deal with this challenge, we
investigate the RED phenomenon in nanochannels with L/H = 20,
30, 40, 45, and 55. For all nanochannel scenarios, it is assumed that
the external electric field would be the same as the experimental
setup (Eapp = Vapp/L). Later, we will demonstrate that based on
the modeling results for these five nanochannel cases, one can pre-
dict the nanochannel ionic current with L/H = 5384.6. The physical
properties of the solution are the same as those mentioned in
Table 1.

2.1. Mathematical models and numerical methods

The electrokinetic transport phenomena of multi-species ions
are governed by the Nernst-Planck equations coupled with the
Poisson and Navier-Stokes equations, which leads to full consider-
ation of the electro-chemo-mechanical transport phenomena. For
hydrodynamic transport, the Navier-Stokes equations are [47]

að Þ @q
@t

þr � ðquÞ ¼ 0;

ðbÞ @ quð Þ
@t

þ u � rðquÞ ¼ �rpþr � ½mrðquÞ� � qe ruþrWð Þ;
ð3Þ

where q (kg m�3) is the density of the electrolyte, u (m/s) is the flow
velocity vector, t (s) is time, p (Pa) is the fluid pressure, m (m2/s) is
the momentum diffusivity. ru is the external electric potential
field, Ex = �rux, ruy = 0, and rW represent the internal electric
potential field, which is obtained by solving the Poisson equation
Table 1
Constants parameters for KCl aqueous solu-
tion at T = 298 (K).

Value [Unit] Variable

5.6 � 10�6 � 1.0 (M) nb

78.54 er
8.854 � 10�12 (C/V � m) e0
999 (kg/m3) q
1 � 10�3 (Pa s) l
19.57 � 10�10 (m2/s) DK+

20.3 � 10�10 (m2/s) DCl�
for free net charge density qe (m�3). Regarding the governing equa-
tion for ion transport, the mass conservation equation for ith ion
species in an electrolyte is [48,49]

@Ci

@t
þr � �Di

eZi

kBT
CirWþrCi

� �
þ Ciu

� �
¼ 0; ð4Þ

in which the flux of the ions Ji ¼ �Di
eZi
kBT

CirWþrCi

� �
þ Ciu and the

ionic current is obtained as Ichannel ¼
PN

i¼1ZieJi. In Eq. (4), Ci (m�3)
denotes the number density of the ith ion, Di (m2/s) the ionic diffu-
sivity, Zi the ith valence, and e (C) the elementary charge. The local
internal electric potential field,W, which is caused by the ion distri-
bution, is governed by the Poisson equation as

r2W ¼ � qe

ere0
; ð5Þ

where qe is defined as
P

ieZiCi. To solve the Poisson equation, we
need to obtain the zeta potential of the solid-liquid interfaces
locally. For this purpose, the ETL model is nominated to predict
the zeta potential. However, the conventional ETL model was devel-
oped based on the isolated solid-liquid interface [36] which makes
it unsuitable for such confined domains like nanochannels or nano-
pores. According to the ETL model, the isolated silica surfaces
acquire electric charge due to the typical chemical reactions of
the surface as [37]

SiOHþ
2�SiOHþHþ;Kint

a1 ; ð6Þ

SiOH�SiO� þHþ;Kint
a2 ; ð7Þ

SiO� þMþ�SiOM;Kint
M ; ð8Þ

where Kint
a1 , K

int
a2 , and Kint

M represent the associated equilibrium con-
stants for chemical reactions, respectively. Three layers in this
model demonstrate the inner- and outer-Helmholtz planes and
the start edge of the diffuse layer. In the pH range of 3–9, based
on the law of mass action and considering an effective bulk concen-
tration (should be determined later), the set of ETL equations could
be found in details elsewhere [36,37]. However, in order to intro-
duce the RBL to ETL model, we re-define four equations of the ETL
set of equations as

Kint
a1 ¼ rSIOH

rSIOHþ
2

Ceff
Hþ ;b exp � eW0

kBT

� �
; ð9Þ

Kint
a2 ¼ rSIO�

rSIOH
Ceff
Hþ ;b exp � eW0

kBT

� �
; ð10Þ

Kint
M ¼ rSIOM

rSIO�

1

Ceff
Mþ ;b

 !
exp

eWb

kBT

� �
; ð11Þ

Qd ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8ere0kBTneff

s;b

q
sinh

eWd

2kBT

� �
; ð12Þ

where neff
s;b ¼ 1000NAðCeff

Mþ ;b þ Ceff
Hþ ;bÞ. Qd represents the surface

charge on the d-plane (the start edge of the diffuse layer). Ceff
Hþ ;b

and Ceff
Mþ ;b denote the effective bulk ion concentration for H+ and

M+ which have to obtain locally for nanochannel with the over-
lapped electric double layer.

2.1.1. Representative bulk layer (RBL) model
In this section, we propose a comprehensive model to make the

non-isolated solid-liquid interface as isolated interface by intro-
ducing an effective bulk ion concentration. From a physical point
of view, a chemically reactive surface interacts with the aqueous
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solution near to the solid-liquid interface, which causes the surface
charge on the solid surface. This charge is strongly dependent on
the solution local acidity (pH), temperature, and contribution of
the counter-ions to the chemical reactions with the surface [36].
To predict the surface charge, the ETL or BS model could be
employed in which the local acidity and counter-ions concentra-
tion near to the solid-liquid interface have been correlated with
the reservoir bulk concentration through the Boltzmann ion distri-
bution [37]. However, for such a confined space like nanochannels
or nanopores with low ionic strength, the EDLs are strongly inter-
act and as a result, the reservoir bulk concentration would not be
available anymore in the bulk space of the channel or pore. Accord-
ingly, it seems to be crucial to define an effective bulk concentra-
tion in which the effects of three-coupled factors (EDLs
interaction, local solution properties, and structure of the domain)
have been comprised. Moreover, any proposed approach which
aims to tackle the remained bottleneck of predicting the local sur-
face charge in simple and complex geometries requires to (1) con-
sider EDL interactions when they are overlapped; (2) recover the
reservoir bulk concentration when there is no EDL overlap [33].
To this aim, we propose a model with which the local effective bulk
concentration could be obtained based on the electrochemical data
extracted from a region near to the solid-liquid interface. Fig. 2
illustrates our strategy for an unstructured domain. It is demon-
strated that this region near to the interface could be a thin layer
with arbitrary thickness (d = rb) which we so-called representative
layer. Obviously, this layer is composed of the background aqueous
solution with hydroxyl, hydronium, co-, and counter-ions. The con-
centration of these ions depends on several factors such as the local
surface charge, pore size, and solid material.

In order to describe the proposed idea in details, first, we con-
sider a complex geometry (Fig. 3a) as a nanopore. Second, we select
a representative layer (thin layer with thickness d = rb) close
enough to the solid-liquid interface (Fig. 3b). Physically, the repre-
sentative layer possesses the characteristic properties of the back-
ground aqueous solution properties and the charge regulation
effects due to the strong interaction of the EDLs in nanochannel
or nanopore. As the next step, we separate all the representative
layers from the rest of the pore domains (Fig. 3c). In order to make
a chemically isolated solid-liquid interface based on the electro-
chemical data of the separated representative layer, we add an iso-
lator aqueous solution layer to the representative layer (Fig. 3d).
We note that the isolator layer must have the same physical prop-
Fig. 2. A general illustration of the arbitrary thin layer near to the solid-liquid interface o
grains with negative surface charge. The selected layers near to the solid surfaces are depi
a simple straight channel to a complex domain like porous media.
erties (i.e., viscosity, density, temperature etc.) in accordance with
the reservoir aqueous solution. In order to make sure that the
solid-liquid interface will be treated as an isolated interface, we
choose the isolator layer thickness (Fig. 3d); h, large enough that
at y = h the electric potential reaches to W = 0. Consequently, one
can indicate that for a solid-liquid interface, when y ? h, the
electric potential W? 0. This eventuates to the fact that the con-
centration of the ions at y = h is equal to a bulk concentration
which is so-called the effective bulk ion concentration (n0 = Ceff,
Fig. 3d). We have to note that the effective bulk concentration
may not be equal to the reservoir bulk ion concentration due to
the local solution properties, EDLs interaction, and the pore
domain structure. As a result, there is a new aqueous solution
which: (1) is in contact with an isolated solid-liquid interface;
(2) has an effective bulk concentration; (3) the concentration of
the ions and electrical potential near to the walls have been origi-
nated from the pore domain under consideration. Since the pro-
posed model eventuates to an effective bulk ion concentration
from the representative layer near to the solid-liquid interface,
we name it as representative bulk layer (RBL) model. Later, in this
section, we will show that the RBL model does not only able to pre-
dict the rigorous effective bulk concentration for overlapped EDLs
but also it could return the reservoir bulk concentration as the
effective bulk concentration for the non-overlapped EDLs regime.

In order to obtain the effective bulk ion concentration, we
consider the Nernst-Planck equation for the representative bulk
layer. While this layer is selected close enough to the solid-liquid
interface and for an isothermal solution, the steady-state Nernst-
Planck equation in the y-direction results as [47]

Di
@2Ci

@y2 þ eZiDi

kBT
@2W
@y2 ¼ 0:0; ð13Þ

where uy ffi 0.0. Integrating both sides of Eq. (13) in the y-direction
from 0 to rb, the ion distribution near to the interface is obtained

Ci yð Þ ¼ Crb
i exp � eZi

kBT
W yð Þ �Wrb
� �� �

; 0 � y � rb; ð14Þ

where Crb
i and wrb denote the concentration of ith ion and internal

electric potential at y = rb, respectively.
Considering the fact that the balance of diffusion and electro-

migration governs the ion distribution in the representative
layer, one can indicate that the new electrolyte solution (the
f a granular porous media. The patterned unstructured shapes demonstrate the solid
cted by thin gray un-patterned layers. The proposed approach could be employed for



Fig. 3. Schematic illustration of the representative-bulk layer (RBL) model to find out the local effective bulk concentration. (a) The pore domain with complex geometry. (b)
Specifying the representative layer close enough to the solid-liquid interface. (c) Separating the selected representative layer near to the solid-liquid interface from the
remained solution. (d) Adding the isolator aqueous solution layer to the selected representative layer near to the solid wall.
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representative layer and the added isolator solution layer) has not
ionic convection in the y-direction. On the other hand, the new
solution, in fact, has an effective bulk ion concentration, Ceff = Crb

i;b,
at y = h. Consequently, under these conditions, the Boltzmann distri-
bution is valid and governs the ion distribution in the y-direction as

Ci yð Þ ¼ Crb
i;b exp � eZi

kBT
WðyÞ

� �
; 0 � y < h; ð15Þ

If we equate Eqs. (14) and (15) for the representative layer region
(0 � y � rb), the related local effective bulk concentration Crb

i;b

obtains

Crb
i;b ¼ Crb

i

exp � eZi
kBT

Wrb
� � ; ð16Þ

where Crb
i;b denotes the predicted effective bulk ion concentration for

when the representative layer is selected with a thickness d = rb.
Considering the overlapped and non-overlapped EDLs regime,

recently, Zhang and Wang [31] classified the electroosmotic flow
regimes by inspiring the Knudsen number. They defined
M = 1/jH and found that for 0.1 �M � 1 the EDLs are partially
overlapped and for when M > 1, the EDLs would be fully over-
lapped. Inspiring Eq. (16) and what mentioned for overlapped
and non-overlapped EDLs regime, our numerical experiences
showed that for the partially or fully overlapped EDLs (jH � 6 or
M 	 1/6), it would be more reasonable to employ the mean ionic
concentration, 1

rb

R rb
0 CiðyÞdy, for range 0 � y � rb, instead of Crb

i . In

addition, because for the fully overlapped EDLs scenario, the inter-
nal electric potential does not change significantly inside of the
EDL, therefore we define a constant reference electric potential,
Wref, instead of Wrb. On the other hand, for the non-overlapped
EDLs regime (jH > 6 or M < 1/6), Eq. (16) predicts the reservoir
bulk ion concentration (nb). Eventually, based on what mentioned
above, we propose the local effective bulk concentration for a dis-
tance rb from the wall as

Crb
i;b ¼

1
rb

R rb
0

CiðyÞdy

exp �eZi
kBT

� �
Wref

� � H
k ¼ 1

M

� � � 6

C
rb
i

exp � eZi
kBT

� �
Wrb

� � H
k ¼ 1

M

� �
> 6

8>>>>><
>>>>>:

; ð17Þ

where H is the specific height of the channel or the average pore
size of the porous media, k is the Debye screening length for EDL
thickness which is defined for a monovalent electrolyte solution

as k�1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
2e2nb
ere0kBT

q
. We have to note that in Eq. (17), it is assumed that

the EDLs interact even when H is six times greater than the Debye
screening length. The main reason in favor of this consideration is
that, realistically, the thickness of the EDL is greater than the Debye
length [31,50]. Consequently, we assume that when the thickness of
the EDLs is three times smaller than the Debye length, there would
be non-overlapped EDLs regime.

In Eq. (17), for aqueous solutions with H/k�6 or M 	 1/6, we
define the reference electric potential as:

Wref ¼
R nm

b

1:0�10�6 f nbð Þdnb

nm
b � 1:0� 10�6 ; ð18Þ

where nb is the reservoir bulk concentration changes from
1.0 � 10�6 (M) to nm

b (M). The nm
b is the maximum reservoir bulk

concentration which for a specified H, the H/k = 6 or M = 1/6.
f(nb) is the zeta potential as a function of reservoir bulk ion con-
centration which is predicted by the ETL or BS model and assumed
to be obtained for an isolated silica surface placed in an infinite
aqueous solution [36].

It is important to note that Eq. (17) demonstrates how the RBL
model could predict the local effective bulk concentration based on



Fig. 4. Schematic of the simplified 2D nanochannel. The pressure boundaries are Pin
and Pout, Cb

eff the effective bulk concentration, T the solution temperature, pH the
acidity of the solution, H and L the height and length of the nanochannel,
respectively.
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the electrochemical data near to the solid-liquid interfaces. More-
over, the definition of the local effective bulk concentration
(Eq. (17) is based on the numerical results that are updating in
each iteration. Consequently, this definition comprises all the
effects of complex geometries, local solution properties, EDL inter-
action on the local effective bulk concentration without any extra
efforts. Recalling the ETL set of equations (Eqs. (9--12), presently,
we are able to define the effective bulk ion concentration as

Ceff
Hþ ;b ¼

1
rb

R rb
0

CHþ ðyÞdy

exp � eZi
kBT

� �
Wref

� � H
k ¼ 1

M

� � � 6

C
rb
Hþ

exp �eZi
kBT

� �
Wrb

� � H
k ¼ 1

M

� �
> 6

8>>>>><
>>>>>:

;

Ceff
Mþ ;b ¼

1
rb

R rb
0

CMþ ðyÞdy

exp � eZi
kBT

� �
Wref

� � H
k ¼ 1

M

� � � 6

C
rb
Mþ

exp � eZi
kBT

� �
Wrb

� � H
k ¼ 1

M

� �
> 6

8>>>>><
>>>>>:

;

ð19Þ

and eventually, closing the set of ETL equations. In Eq. (19), Wref is
obtained by Eq. (18). It is worth mentioning that the constant input
parameters for the ETL model are the same as those mentioned in
Wang et al. [36].

To solve the governing equations, we employed the coupled lat-
tice Boltzmann methods which are solving in an iteration proce-
dure and discussed in details elsewhere [47]. The RBL associated
with the ETL model has predicted the local electrical boundary
condition for each node of the solid-liquid interface in an iterative
procedure coupled with PNP + NS.

2.1.2. Electrochemical Donnan equilibrium boundary conditions
It should be noted that in this contribution, in order to reduce

the time costs for modeling RED, we ignored the presence of the
inlet and outlet reservoirs in our models. However, the effects of
the reservoirs on the concentrations of the co-ions, counter-ions,
and the electric potential at the inlet and outlet of the nanochannel
could be considered by employing the Donnan equilibrium theory
[51] as

ðaÞCi;I ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

rr;L
ZieNAH

� �2
þ Cr;Lð Þ2

r
� rr;L

ZieNAH
;

ðbÞCi;O ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

rr;R
ZieNAH

� �2
þ Cr;Rð Þ2

r
� rr;R

ZieNAH
;

ð20Þ

where Ci,I and Ci,O denote the concentration of the ith ion (in mol/
m3) at the inlet and outlet of the nanochannel, respectively. In addi-
tion, Cr,L and Cr,R represent the left and right reservoirs KCl concen-
tration (in mol/m3), respectively. rr,L and rr,R denote the left ad
right reservoirs surface charge density (in C/m2), respectively,
which are obtained by employing the RBL associated with the ETL
model. Considering the electric potential (W) at both ends of the
nanochannel [51]

ðaÞWI ¼ WL þ kBT
Ze ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rr;L
eNAH

� �2

þ Cr;Lð Þ2
r

þ rr;L
eNAH

Cr;L

0
BB@

1
CCA;

ðbÞWo ¼ WR þ kBT
Ze ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rr;R
eNAH

� �2

þ Cr;Rð Þ2
r

þ rr;R
eNAH

Cr;R

0
BB@

1
CCA;

ð21Þ

where WI and Wo denote the inlet and outlet electric potential of
the nanochannel. WL and WR represent the electric potential at
the inlet and outlet of the left and right reservoirs, respectively.
Considering the fabrication of the RED device [26], there would
not be any surface charge possession on the walls of the reservoir
(WL =WR = 0).
3. Results and discussion

3.1. Validation and benchmarks

We investigate the effect of the representative bulk layer thick-
ness on the streaming potential of a simple nanochannel. Fig. 4
shows a simplified 2D model of a charged silica nanochannel.
The dimensions of the nanochannel are chosen as the same as that
fabricated by Van der Heyden and co-workers [35] with length 
 L
= 4.5 (mm) and width
W = 50 (lm). Two heights, H = 70 (nm) and
140 (nm) are considered. The inlet of the nanochannel is connected
to a pressurized reservoir, while the opposite side is left open to a
non-pressurized reservoir at T = 298 (K). In order to study the
effect of representative layer thickness (d = rb) on modeling results,
four different H/rb is prescribed as 125.5, 50.2, 10.04, and 6.25 for
both channel heights. The KCL concentration at reservoir varies
from 5.6 (lM) to 1 (M). It is assumed that the acidity and the tem-
perature of the solution are constant everywhere in the channel
with pH = 8 and T = 298 (K), respectively. Table 1 shows the con-
stant parameters in the problem at T = 298 (K).

Let us consider a pressure-driven flow through a charged
nanochannel in the absence of any external electric field. The
motion of the ions by the applied pressure gradient causes an elec-
trical current which is so-called the streaming current (Istr) [35]

Istr ¼ w
Z
qe yð Þu yð Þdy; ð22Þ

where w denotes the width of the nanochannel. Streaming conduc-
tance, Sstr, is defined as the streaming current per unit applied pres-
sure gradient [35,42,52]

Sstr ¼ w
DP

Z
qe yð Þu yð Þdy; ð23Þ

It is shown that for a specified silica nanochannel height, for
various applied pressure gradients, Sstr is constant [35]. To investi-
gate the fully considered electro-chemo-mechanical transport phe-
nomena, the governing equations mentioned at Section 2.1 are
subjected to the boundary conditions as follows

For Navier-Stokes equations:

y ¼ 0 ! u ¼ v ¼ 0; y ¼ H ! u ¼ v ¼ 0;
x ¼ 0 ! @u

@x ¼ v ¼ 0; p ¼ Pinlet > Patm;

x ¼ L ! @u
@x ¼ @v

@x ¼ 0; p ¼ Patm:

ð24Þ

where u and v represent the fluid flow velocity along the x- and y-
direction of the nanochannel, respectively. The zero normal flux
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conditions for the ionic species on the solid-liquid interface, S, is
applied as

V � Jið ÞS ¼ 0; ð25Þ
where V ¼ uiþ vj represents the velocity of the fluid flow. The inlet
of the nanochannel is subjected to the inlet solution ionic species
concentrations

x ¼ 0 ! Ci ¼ Ci;inlet; ð26Þ

x ¼ L ! @Ci

@x
¼ 0; ð27Þ

The boundary conditions governing the Poisson equation would
be defined as [53]

x ¼ 0; ! W ¼ 0;
x ¼ L; ! @W

@x ¼ 0;
y ¼ 0 and y ¼ H ! W ¼ Wd;

ð28Þ

where Wd, the zeta potential, would be obtained as the output
parameter of the ETL model (Section 2.1.).

Fig. 5 shows the streaming conductance of two nanochannel
heights versus the reservoir KCl concentrations. It should be noted
that rb for each nanochannel is prescribed in a way that H/rb would
be equal for both of the channel heights. Fig. 5a shows the stream-
ing conductance of channel H = 70 (nm) with four different H/rb.
Modeling results show that by increasing the reservoir concentra-
tion the streaming conductance is increased while it is being satu-
rated up to a maximum value. However, increasing the reservoir
concentration beyond the maximum saturated value will decrease
the streaming conductance. Fig. 5a shows a good agreement
between the present work predictions and the experimental mea-
surements by Van der Heyden et al. [35]. Considering the effect of
rb, Fig. 5a illustrates that increasing the rb reduces the accuracy of
the predicted streaming conductance compared with experimental
results for strong overlapped EDLs interaction.
Fig. 5. Streaming conductance versus reservoir KCl concentration for two silica
nanochannels (a) H = 70 (nm), (b) H = 140 (nm) with four different rb.
Obviously, for higher reservoir concentrations, while the inter-
action of the EDLs decreases, it is expected that the present study
numerical framework predicts same streaming conductance for
four H/rb (Fig. 5a).

Fig. 5b shows the streaming conductance of three different H/rb
for a silica nanochannel with H = 140 (nm). Considering the
streaming conductance versus reservoir concentration, (Fig. 5b) it
is revealed that the nanochannels with H = 70 (nm) and H = 140
(nm) have similar behavior by increasing the reservoir bulk con-
centration. However, it should be mentioned that for the
nanochannel of Fig. 5b, by increasing the representative layer
thickness (rb), there would not be a significant effect on the pre-
dicted streaming conductance. Fig. 5b elucidates the fact that even
with increasing the nanochannel height, the proposed numerical
framework predictions have good agreement with the experimen-
tal data. Comparing the accuracy of the two predicted streaming
conductance (Fig. 5a and b), one can indicate that the results for
the nanochannel with H = 140 (nm) is more accurate. The main
reason in favor of this fact is that for higher channel height, the
EDLs interaction would be weaker. Consequently, similar to those
mentioned for the behavior of higher reservoir concentration,
increasing the rb would not have significant effects on the results.

3.2. Reverse electrodialysis (RED) with inhomogeneous surface charge

In order to show the robustness of the present work numerical
framework, in this section, we study the ionic current through an
ion-selective nanochannel in reverse electrodialysis. According to
the ion selectivity essence of the charged nanochannels or
nanomembranes, by imposing a concentration gradient at the inlet
and outlet reservoirs, due to the Gibbs free energy of mixing, the
diffusion phenomenon forces counter-ions to pass through the
nanochannel while the co-ions repel. Since there is non-zero net
electric charge density (qe – 0) within the nanochannel, as a result,
an ionic current passes through the ion-selective nanochannel. This
ionic current generates electric current. This energy conversion
phenomenon is called reverse electrodialysis [26].

By solving the defined problem (Section 2) for five different
nanochannels with L/H = 20, 30, 40, 45, and 55, the I-V curve is
obtained by changing the applied electric potential (Vapp) from
57.88 (mV) to 97.88 (mV) for each nanochannel. We re-
emphasize that the strength of the applied electric field is same
for all nanochannels (Eapp = Vapp/L). Our modeling results show
that the slope of the I-V curve essentially changes as a function
of L/H. To compare the slope of I-V curves for our five nanochannel
scenarios, we define the slope of I-V curve as

h ¼ I0 � IV
I0V

¼
1� IV

I0

V
; ð29Þ

where I0 and IV represent the nanochannel ionic current when
Vchannel = 0.0 and V, respectively. Fig. 6a shows the log(h) versus
log (10�1 L/H). It is shown that the logarithm of slope presents a
roughly linear or second order relation with L/H. By employing
the least squares method to fit a first order (log(h) = �1.0244 +
0.89 log(10�1 L/H)) and second order (log(h) = �0.295 (log(10�1

L/H))2 + 1.85 log(10�1 L/H) � 1.458) curves to our modeling results
(blue symbols), one can extrapolate the log (h) for nanochannel
when L/H = 5384.6.

To obtain the I-V curve for the fabricated nanochannel with L/H
= 5384.6, essentially, in addition to the slope of the I-V curve, we
need to figure out the nanochannel ionic current when Vchannel =
0.0. To this aim, we re-utilize the extrapolation strategy. Fig. 6b
indicates the log(IV=0) as a function of log (10�1 L/H). Obviously,
it is shown that the log(IV=0) demonstrates a linearly decreasing
relationship by increasing the log(10�1 L/H). Consequently, by



Fig. 6. The extrapolated (a) slope of the I-V curve by first order log(h) = �1.0244 +
0.89 log(10�1 L/H) and second order log(h) = �0.295 (log(10�1 L/H))2 + 1.85 log
(10�1 L/H) � 1.458 extrapolation, and (b) ionic current through the nanochannel at
Vchannel = 0.0 by first order log(IV=0) = 3.089–1.07 log(10�1 L/H) extrapolation, for
L/H = 5384.6.
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using the least squares method we fit a first order curve as log(h) =
3.089–1.07 log(10�1 L/H). Finally, the IV=0 for when L/H = 5384.6 is
obtained by extrapolation. By employing the obtained slope of the
Fig. 7. The (a) prediction of the nanochannel ionic current versus nanochannel
potential based on the present work model compared with experimental data [26].
Considering the results of the first order and second order slope fitting have shown
more accurate results for second order slope fitting. (b) the dimensionless I-V
curves for different L/H scenarios compared with the experiments demonstrate the
nanochannel ionic current is roughly independent of L/H.
I-V curve and IV=0 for nanochannel with L/H = 5384.6, the I-V curve
for a nanochannel with L/H = 5384.6 could be figure out. Fig. 7a
demonstrates good agreement of present work prediction com-
pared with experimental measurements [26] specifically for sec-
ond order fitting of slope (solid line). However, the predicted I-V
curve based on the first order slope fitting (dashed line) also
demonstrates an acceptable range of deviations from experiments.

The linear behavior of log(h) and log(IV=0) versus log(10�1 L/H)
(Fig. 6) inspiring the fact that there would be a dimensionless def-
inition of I-V curves which could be independent of nanochannel L/
H. Recalling the first order relationship of log(h) with log(10�1 L/H)

log h ¼ �1:024þ 0:895 log
�
10�1 L

H

�
; ð30Þ

one can rewrite it as

h� ¼ h

10�1 L
H

� �0:895 ¼ 10�1:024; ð31Þ

which denotes that if h normalized by (10�1 L/H)0.895 and defined as
h* = h/(10�1 L/H)0.895, then h* would be independent of nanochannel
L/H variations. Regarding the IV=0, the first order relationship with
log(10�1 L/H)

logðIV¼0Þ ¼ 3:089� 1:07 log
�
10�1 L

H

�
; ð32Þ

which can rearrange as

I�V¼0 ¼ IV¼0

10�1 L
H

� ��1:07 ¼ 103:089; ð33Þ

Similar to what we mentioned for h*, we define I*V=0 = IV=0 / (10�1

L/H)�1.07 which represents that the ionic current at Vchannel = 0 could
be normalized via (10�1 L/H)�1.07. Eventually, the general relation for
I-V curve which is independent of L/H could be as

I�V
I�V¼0

¼ 1:0� V
Vref

h�

I�V¼0
; ð34Þ

whereas I*V=0 = 103.089, h* = 10�1.024, I*V = IV/(10�1 L/H)�1.0705 and
Vref denotes the reference electric potential which we assume equal
to 40 (mV). Fig. 7b demonstrates the dimensionless I-V curves based
on Eq. (34) for all nanochannels with five different amounts of L/H,
Fig. 8. The surface charge density (Q0) distribution along the five nanochannels
under consideration obtained by the proposed numerical framework.
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the predicted results for L/H = 5384.6, and the experimental results.
As expected, it is shown that the I-V curves for different L/H
nanochannels could be approximately identical. Eq. (34) reveals an
important fact that by a proper ionic current normalizing, one can
figure out an independent I-V curve from the nanochannel L/H.

It is well realized that the ionic current through the nanochan-
nels mainly dominated by the surface charge on the solid-liquid
interfaces [54]. In order to have detail insight into the surface
charge distribution along the considered nanochannels in RED,
Fig. 8 demonstrates the realistic surface charge density that is
obtained based on the RBL with ETL model. As we expected, mod-
eling results showed that the surface charge for all nanochannel
scenarios would be decreasing along the channel due to the
imposed concentration gradient at two reservoirs. In addition, it
is demonstrated that by increasing the nanochannel L/H, the abso-
lute amount of the surface charge density would be decreased
which supports our findings for ionic current as a function of L/H
which discussed in details above.
4. Conclusions

In this contribution, we proposed a numerical framework to
predict the local surface charge density by isolating the chemically
non-isolated solid-liquid interfaces. The isolation of the interface
was conducted based on the solution properties which were
extracted from a thin layer (representative layer) near to the inter-
face (representative bulk layer model). By introducing the repre-
sentative bulk layer (RBL) model to the electrical triple layer
(ETL) model, we developed a comprehensive model which could
predict the local surface charge density for such simple or complex
domain with overlapped or non-overlapped electric double layers.
We modeled the streaming conductance in silica nanofluidic chan-
nels using the presented numerical framework (PNP + NS). It is
shown that for simple straight nanochannel with 140 (nm) height
the results would not be significantly changed when the represen-
tative bulk layer thickness increased. However, when the height of
nanofluidic channel decreased, the proposed framework predicted
results that were more accurate for smaller representative bulk
layer thickness. We investigated the reverse electrodialysis (RED)
phenomenon with inhomogeneous surface charge and overlapped
EDLs using the RBL model. The modeling results revealed an inter-
esting phenomenon that the logarithm of the normalized slope of
current-voltage (I-V) curve would be roughly increased as a linear
function of the ratio of nanochannel length to height. Moreover, it
is demonstrated that the logarithm of ion-selective nanochannel
current exhibited a linear decreasing relationship with the increas-
ing nanochannel length to height. Inspiring the linear behavior of
slope and ion current, we found a dimensionless relation for a
current-voltage curve, which was independent of nanochannel
length to height variations. Considering the arbitrary selection of
representative layer thickness, the RBL model could be utilized to
figure out the local electrical boundary condition for simple
(nanochannel) or complex (porous media) geometries.
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