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It has been a long-lasting debate on the position of zeta potential plane within aqueous solutions. This
paper reports a flexible behavior of the inactive electrokinetic layer between the outer-Helmholtz plane
and zeta potential plane, so-called buffer layer, in response to bulk ion concentration. This flexibility is
not only corroborated by analyzing the measured zeta potentials with resulting electrical quad-layer
model (inner- and outer-Helmholtz, buffer, and diffuse layers) but also consistent with thermodynamic
analysis. The model indicates that the flexible buffer layer thickness saturates to its minimum for concen-
trated solutions. The predicted ionic conductance agrees well with the previous experimental measure-
ments in nanochannels. The theory provides a deep physical insight into understanding, design, and
manipulation of ion transport in nanosystems.

� 2018 Elsevier Inc. All rights reserved.
1. Introduction

Ion transport through nanoscale biological ion channels and
porous membranes has been the source of biomimetics for fabrica-
tion and investigation of artificial nanochannels in nanofluidics
[1–17]. The solid-aqueous interface of the fabricated nanochannels
may acquire surface charge owing to specific adsorption or desorp-
tion of the dissolved ions [18,19]. In response to positive or nega-
tive acquired surface charge, the long-range Coulomb interaction
imposes attraction and repulsion forces on the counter- and co-
ions, respectively. Possible arrangements of ions at the vicinity of
the charged solid surface has been a subject of investigation for
decades [20,21]. The experimental measurements of the electroki-
netic surface charge density (rele) compared with the surface
charge density (r0) unveiled a small fraction of the countercharges
contribute in ion transfer through the charged channel [22]. This
observation eventuated to a hypothesis that the electric double
layer may be formed as hydrodynamic immobile and mobile layers
at which a significant portion of the counter-ions is embedded in
the immobile layer and does not contribute in the zeta potential
measurements (electrophoretic, electroosmotic or streaming
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potential). Following this hypothesis, Eversole and co-workers
[23,24] proposed a rigid structure for the immobile layer in which
the thickness of this layer was determined based on the measured
zeta potential. The main shortcoming of their theory was that the
electric potential on the solid surface was assumed to be indepen-
dent of bulk ion concentration. Bikerman [25] challenged the exis-
tence of immobile layer by stating no reasonable interpretation for
the existence of this layer from the hydrodynamic or electrostatic
point of view. They argued that the immobile layer, in principle,
represented roughness of solid surface where solution within cav-
ities of the surface could barely move via the shear or electrostatic
forces. In contrast to the Bikermann, Lyklema and Overbeek [26]
proposed the electroviscous effects as the origin of immobile layer.
Later, Lyklema et al. [22] demonstrated that neither the roughness
of charged surface nor the electroviscous effects would be ade-
quate to interpret discrepancy between the measured rele and
r0 because, for very smooth and homogeneous surfaces like mer-
cury, the effects of the immobile layer could still be detected. They
conducted a classical molecular dynamics (MD) simulation with
which a gel-like feature of fluid at the vicinity of the solid surface
was reported regardless of presence or absence of surface charge.
Very recently, McMullen and co-workers revealed that in order to
interpret the anomalous finding of translocation of charged fila-
mentous viruses in nanopores one has to consider the presence
of stagnant boundary layer at the vicinity of nanopore walls. They
showed that the changes in extent of the stagnant layer depended
on the bulk ion concentration [27]. Lyklema [28] proposed that
from a physical point of view, only the solution beyond the zeta
potential plane (slipping or shear plane) is electrokinetically active.
Predota et al. [29] conducted a MD simulation to shed light on the
origin of the zeta potential. They found that the origin of zeta
potential was not due to the presence of a slipping plane which
separated the mobile and immobile layer in the vicinity of the
solid-liquid interface. In contrast, the zeta potential arises from
the electrokinetically driven motion of ions within an imbalanced
charge layer within 1.5 (nm) to 2.0 (nm) of the surface. Although
their results took a long step forward to understand the origin of
the zeta potential, however, an independent surface charge from
the bulk ion concentration and solution pH was the main defect
of MD simulations.

Despite the all aforementioned efforts, the location of the zeta
potential plane has not been comprehended appropriately yet
Fig. 1. The configuration of the proposed electrical quad-layer (EQL) model. The
buffer layer (BL) represents the distance from the outer-Helmholtz plane (OHP) to
zeta potential plane (ZP). The diffuse layer (DL) starts from ZP to bulk solution. The
four layers, inner-Helmholtz layer (IHL), outer-Helmholtz layer (OHL), BL, and DL
postulate three series differential capacitors. The active and inactive electrokinetic
(EK) layers are depicted as the solution beyond and underneath of ZP, respectively.
since the slipping plane theory is recognized to be an abstraction
of reality [29,30]. In this contribution, we analyze the position of
zeta potential plane and find that it has a reciprocal relation with
the bulk ion concentration. To model the position of the zeta
potential plane, we develop a phenomenological electrical quad-
layer (EQL) model, as shown in Fig. 1, with a flexible buffer layer
(FBL) to bridge the diffuse and Stern layers. The proposed EQL
model could unveil the physics underlying of ion transport through
very narrow nanochannels.

2. Theoretical method

The available electric double layer theories work well for most
electrokinetic transport in large scale cases, but fail to interpret
the position of zeta potential plane and consequently the ionic
transport at very narrow nanochannels (lower than 4 nm)
[31,32]. For instance, the electrical triple-layer model (TLM) pre-
dicts a non-physical distance (about 3 nm) between IHP and OHP
[33]. In order to propose a near-to-reality surface complexation
model to interpret the position of zeta potential plane, we assume
the presence of a buffer layer (BL) which has interface with the dif-
fuse layer (DL) and outer-Helmholtz layer (OHL) at the zeta poten-
tial plane (ZP) and outer-Helmholtz plane (OHP), respectively
(Fig. 1). The BL, in fact, could be the outcome of the stagnant layer
[22,28], electroviscous effects [26] or a complex interplay of the
electrostatics, structure, and spatially varying dynamics [29] at
the vicinity of OHP. We note that from a molecular point of view,
there is no any distinguishable plane within the electric double
layers. However, from the macroscopic standpoint, the solution
layers with different electrostatic and hydrodynamic features can
be distinguished by means of hypothetical planes.

2.1. Surface complexation models with flexible buffer layer

The thermodynamic analysis unveils a substantial fact that the
thickness of BL, and subsequently the position of the zeta potential
plane, behaves flexible in response to the bulk ion concentration
(Fig. 2a) (Appendix A). To quantify this behavior of the buffer layer,
we develop a surface complexation quad-layer model (inner- and
outer-Helmholtz layer, buffer layer, and diffuse layer, Fig. 1) which
employs to silica surface for sake of obtaining the thickness of buf-
fer layer (dBL) to analyze the measured zeta potential for KCl [21,34]
and NaCl [35] solutions. Moreover, in order to demonstrate that the
flexibility of the BL is not a specific phenomenon to the silica-
aqueous interface, we will develop an EQL model for TiO2-
aqueous interface to investigate the BL for different solid-liquid
interfaces.

2.1.1. EQL model for SiO2-aqueous solution interface
Naturally, the silica surface acquires electric charge due to the

chemical adsorption of ions in the solution. In the pH range of 3–
9, the typical chemical reactions of the surface adsorption at the
silica surface are derived as [36]

SiOHþ
2�SiOH þ Hþ; K int

a1 ; ð1Þ

SiOH�SiO� þ Hþ; K int
a2 ; ð2Þ

SiO� þMþ�SiOM; K int
M : ð3Þ

Based on the law of mass action, the reaction equilibrium con-
stants for the chemical adsorptions are [36]

Kint
a1 ¼ rSiOH

rSiOHþ
2

nb;Hþexp �w
�
0

� �
; ð4Þ



Table 1
The constant parameters for the FLM.

Electrolyte solution NaCl KCl

er;IHL 22.418a 16.1717a

CIHP 0.78 (F m�2) 1.44 (F m�2)
COHP 1.9 (F m�2) 2.78 (F m�2)

logKint
a2

�7.4b �6.64b

logKint
M

�0.25b �0.3b

Ion radiusðrÞ 0.183 (nm)c 0.125 (nm)c

a The relative permittivity of the IHL [33] with respect to the permittivity of
vacuumed space e0.

b The equilibrium constants for chemical reactions [33].
c The Stokes radius of the hydrated ions [33].

Fig. 2. (a) Our thermodynamic analysis (Appendix A) which is based on the equilibrium state (Gibbs-Duhem equation at constant pressure and temperature) for DL and BL as
two systems in contact reveals the flexibility of BL. It is found that when bulk ion concentration increases ðdnM;b > 0Þ the ZP approaches (so-called approaching) toward the
solid surface ðddBL < 0Þand recedes (so-called receding) to the bulk solution ðddBL > 0Þ by decreasing the bulk ion concentration ðdnM;b < 0Þ. (b) The best-fitted dBL for KCl
solution with experimental data from Venditti et al. [34] (diamond symbol) and Hunter [21] (circle symbol) and NaCl solution with experimental data from Gaudin and
Fuerstenau (triangle symbol) [35] compared with what Eq. (19) predicts for dBL (solid lines). The differential capacitance of the BL (CBL , dashed lines) is obtained by e0erd�1

BL .
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Kint
a2 ¼ rSiO�

rSiOH
nb;Hþexp �w

�
0

� �
; ð5Þ

Kint
M ¼ rSiOM

rSiO�

1
nb

exp w
�
IHP

� �
; ð6Þ

where r denotes the surface charge density (C/m2), w the electric
potential and T the temperature. Considering the total number of
the site density as C0 = 5 (nm�2), the principle of electric charge
continuity for the surface charge density eventuates to [33]

eC0 ¼ rSiOH þ rSiO� þ rSiOHþ
2
þ rSiOM: ð7Þ

On the other hand, the surface charge density at silica-aqueous
solution interface for four planes (Fig. 1) of 0, IHP, OHP, and ZP
could be written as

Q0 ¼ rSiOHþ
2
� rSiO� � rSiOM; ð8Þ

QIHP ¼ rSiOM; ð9Þ

QOHP ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8e0erkBTns;b

q
sinh 0:5w

�
OHP

� �
� QZP; ð10Þ

QZP ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8e0erkBTns;b

q
sinh 0:5w

�
ZP

� �
; ð11Þ

where ns;b is the effective bulk number density of the counter-ions
plus hydronium (m�3) which is related to the effective bulk ionic
molar concentration as

ns;b ¼ 1000NA nb þ nb;Hþ
� �

; ð12Þ
where NA denotes the Avogadro constant. Regarding the surface
charge on the OHP, borrowing the idea of the Grahame’s equation,
we define

QOHP ¼
ZXZP

XOHP

qedx ¼ �e0er
ZXZP

XOHP

d
dx

dw
dx

� �
dx ¼ �e0erdwdx

				XZP

XOHP

: ð13Þ

Based on the definition of the surface charge on the ZP, Eq. (13)
gives rise to

QOHP ¼ �e0erdwdx
				
XOHP

� QZP; ð14Þ

where if we introduce the Grahame’s equation to Eq. (14) one
finally has Eq. (10). Furthermore, the global electro-neutrality
within the quad-layers leads to:
Q0 þ QIHP þ QOHP þ QZP ¼ 0: ð15Þ
Considering the presence of the quad-layers where extend from

the solid-liquid interface to the bulk solution, one can postulate the
quad-layers as three series differential capacitors

w0 � wIHP ¼ Q0

CIHP
; ð16Þ
wIHP � wOHP ¼ �QOHP

COHP
; ð17Þ
wOHP � wZP ¼ �QZP

CBL
; ð18Þ

where CIHP, COHP, and CBL (F m�2) are the integral differential capac-
ities of the inner and outer parts of the Helmholtz layer, and the
buffer layer, respectively, which are assuming constant in the
region between planes [37]. Eqs. (4–12) and Eqs. (15–18) are
formed a set of non-linear coupled equations for the EQL model.
In this contribution, the constant parameters for the EQL model
are considered based on the type of solution under consideration
(Table 1).

For both solutions, we assumed that, pHPZC ¼ 2:5, and

Kint
a1 ¼ 2pHPZC � log Kint

a2

� �
while the unknown parameters

Q0; QIHP; QOHP; QZP; w0; wIHP; wOHP; wZP will be obtained by solv-
ing the set of equations numerically. Herein, we should note that
the system of EQL model’s equations has not been closed yet since
the BL thickness and consequently the buffer layer capacitance are
remained unknown. In the equation of the capacitance of BL and
diffuse layers, the er ¼ 78:54 represents the permittivity of the
water at room temperature relative to the permittivity of the vac-
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uum. To close the system of equations, we define the thickness of
BL phenomenologically.

Our modeling results suggest a reciprocal relation between BL
thickness and bulk ion concentration as

aÞ dBL ¼ 1
a1nM;bþb1

þ e1
� �

; nM;b < 10�3;

bÞ dBL ¼ 1
a2nM;bþb2

þ e2
� �

; nM;b P 10�3
ð19Þ

in accordance with what we found by thermodynamic analysis. nM;b

in Eq. (19) is the molar ion concentration of the bulk solution. Coef-
ficients a1;2 to e1;2 are defined based on the solute under considera-

tion (For KCl we have a1 ¼ 3:809� 1012, b1 ¼ �25� 106,
e1 ¼ 1:05� 10�9, a2 ¼ 1:12� 1010, b2 ¼ 59� 107, e2 ¼ �3:4�10�10

and for NaCl a1 ¼ a2 ¼ 1:18� 1011, b1 ¼ b2 ¼ 3:75� 108,
e1 ¼ e2 ¼ 1:9� 10�10), whereas they are independent of the bulk
ion concentration. Regarding the differential capacitance of the BL,
one can figure out CBL ¼ e0erd�1

BL , which is a function of bulk ion con-
centration (Fig. 2b). As Fig. 2b shows, it is interesting to note that dBL
decreases dramatically by increasing the bulk ion concentration
when nM;b < 10�3ðMÞ while decreasing slightly for nM;b > 10�3ðMÞ
and finally saturates for concentrated solutions ðnM;b ! 1Þ. For both
solutions, at a low bulk ion concentration, ZP recedes to the bulk
solution where dBL > 2 ðnmÞ. However, when we increase the bulk
ion concentration, for instance nM;b ¼ 10�1ðMÞ, ZP approaches
toward OHP and therefore dBL < 1 ðnmÞ. Approaching of ZP to OHP
and saturation of dBL for concentrated solution reveals a significant
feature of the electric double layer when BL vanishes because of
dBL which is even smaller or in order of ion’s Stokes radius.

Employing the proposed EQL model to predict the acquired sur-
face charge at the silica-aqueous solution interface shows that the
EQL model predicts good agreement zeta potential (Fig. 3a and b)
versus bulk ion concentration for KCl [34,38] and NaCl [35] solution
Fig. 3. The zeta potential for the SiO2-aqueous solution as a function of bulk ion conc
symbols are the experimentally measured zeta potential and the solid lines the predicte

Fig. 4. The (a) zeta potential for 0.01 M NaCl concentration and (b) surface charge for SiO
measured zeta potential and the solid lines the predicted zeta potential with the propo
with the available experimental measurements. Moreover, since
the acquired surface charge and zeta potential could be changed
significantly by solution pH, we have examined the EQL model to
predict the zeta potential and surface charge of the silica surface.
Fig. 4 demonstrates that the EQL model predicts good agreement
zeta potential and surface charge (Q0) versus solution pH in com-
parison with the available experimental measurements [39]. In
conclusion, in this section, we have shown that to remove the
unphysical interpretation of the available EDL models, a flexible
buffer layer could be added to bridge the Stern and diffuse layers
where the thickness of this layer determined the position of the
zeta potential plane.

2.1.2. EQL model for TiO2-aqueous solution interface
In pursuance of corroborating the flexible BL model for different

solid-liquid interfaces, in this section, we develop an electrical
quad-layer (EQL) model for the rutile (TiO2)-aqueous solution
interface. To this aim, the typical chemical reactions of the rutile
surface adsorption can be written as [40]

TiOHþ
2�TiOH þ Hþ; K int

1 ; ð20Þ

TiOH�TiO� þ Hþ; K int
2 ; ð21Þ

TiO� þMþ�TiOM; K int
Mþ ; ð22Þ

TiOHþ
2 þ A��TiOH2A; K int

A� ; ð23Þ
where Kint

1 ; Kint
2 ; Kint

Mþ ; Kint
A� denote the equilibrium constants for the

chemical reactions and define as

Kint
1 ¼ rTiOH

rTiOHþ
2

nb;Hþexp �w
�
0

� �
; ð24Þ
entration for (a) NaCl solution with pH = 6.5 and (b) KCl solution with pH = 7. The
d zeta potential with the proposed EQL model.

2-aqueous solution as a function of solution pH. The symbols are the experimentally
sed EQL model.
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Kint
2 ¼ rTiO�

rTiOH
nb;Hþexp �w

�
0

� �
; ð25Þ

Kint
Mþ ¼ rTiOM

rTiO�

1
nb;Mþ

exp w
�
IHP

� �
; ð26Þ

Kint
A� ¼ rTiOH2A

rTiOHþ
2

1
nb;A�

exp �w
�
IHP

� �
; ð27Þ

where the equilibrium parameters are Kint
2 ¼ 10�9:7, Kint

A� ðpHÞ ¼
Sgn½4� pH�H½4� pH� � 103 þ H½pH � 4� � 10 3þ0:33� pH�4ð Þð Þ and H½:�
denotes the Heaviside step function and Sgn[.] is the sign function
[40]. Since the pHPZC (pH of the point of zero charge) for rutile is

around 6.1 [41], therefore, one can obtain Kint
1 ¼ 10 �2pHPZC�log Kint

2ð Þð Þ.
Considering the cation ðMþÞ adsorption to the rutile-aqueous solu-
tion interface, as we mentioned above, since we are focusing on the
pH < pHPZC , due to the high protonation reaction, the chemical reac-
tion of Eq. (22) could be ignored ðrTiOM � 0Þ. Similar to the equa-
tions were mentioned for silica-aqueous solution interface in the
previous section, we propose the following set of equations for
the rutile as

eC0 ¼ rTiOH þ rTiO� þ rTiOHþ
2
þ rTiOH2A; ð28Þ

Q0 ¼ rTiOHþ
2
� rTiO� þ rTiOH2A; ð29Þ

QIHP ¼ rTiOH2A; ð30Þ

QOHP ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8e0erkBTns;b

q
sinh 0:5w

�
OHP

� �
� QZP; ð31Þ

QZP ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8e0erkBTns;b

q
sinh 0:5w

�
ZP

� �
; ð32Þ

Q0 þ QIHP þ QOHP þ QZP ¼ 0; ð33Þ

w0 � wIHP ¼ Q0

CIHP
; ð34Þ

wIHP � wOHP ¼ �QOHP

COHP
; ð35Þ

wOHP � wZP ¼ �QZP

CBL
: ð36Þ

By employing the Newton’s method to solve the nonlinear sys-
tem of equations, one can solve the set of Eqs. (24), (25), (27), (28–
36) to obtain the unknown parameters of the EQL model for rutile-
aqueous solution interface. We should note that for rutile, the sur-
Fig. 5. The (a) zeta potential and (b) surface charge for rutile TiO2-aqueous solution as a f
for the rutile-aqueous interface predicted well agreement zeta potentials with the availab
(M) and 0.2 (M). The molecular dynamics (MD) simulations of the Predota et al. [29] ar
face site density is C0 ¼ 5:6 ðnm�1Þ[42]. Considering the capaci-
tance of the IHP and OHP, since the aqueous solution under
consideration is the same and, on the other hand, the surface site
density of SiO2 and TiO2 are approximately equal, consequently,
we assumed the same capacitance for IHP and OHP with what
was mentioned for the silica (Table 1). However, the differential
capacitance of the BL should be determined based on the thickness
of the BL for TiO2-aqueous solution interface. Fig. 5 demonstrates
the results of our rutile FLM versus solution pH for NaCl. Our mod-
eling results (Fig. 5a) show well agreement with the available
experimental measurements of zeta potential [41] for two bulk
ion concentrations 0.02 (M) and 0.2 (M). It is worthwhile to note
that in Fig. 5a, the modeling results of molecular dynamics (MD)
simulation (dash lines with symbols) also presented for bulk ion
concentration 0 (M) and 0.41 (M) [29]. In order to obtain the
best-fitted zeta potential with the experimental data, the thickness
of the BL should be d0:02 M

BL ¼ 7 ðnmÞ and d0:2 M
BL ¼ 2:6 ðnmÞ. This

proves the flexibility of the BL as a function of bulk ion concentra-
tion for rutile-aqueous solution interface which resembles a recip-
rocal relation between dBL and the bulk ion concentration.
Moreover, the rutile EQL model predicts the surface charge (Q0)
versus solution bulk ion concentration and pH (Fig. 5b). It is shown
that for TiO2-aqueous solution interface, in general, by increasing
the solution pH, the acquired surface charge decreases. However,
for dilute solutions (0.001 M), the surface charge tends to zero
for pH > 5.5.

Considering what we have found for SiO2- and TiO2-aqueous
solution interface, it is elucidated that the ion transport mecha-
nism lies in by increasing the bulk ion concentration, wider area
of the charged nanochannels or nanopores would be electrokinet-
ically active and contribute to electrokinetic transport. It is note-
worthy that the proposed EQL model for SiO2 and TiO2 could be
simply modified to obtain the surface charge and zeta potential
for higher valence symmetric and asymmetric solutions (i.e. CaCl2).
3. Results and discussion

3.1. Helmholtz free energy of the buffer layer

We intend to figure out the Helmholtz free energy (F = Uele-TS)
of BL and DL by employing Eq. (A.2) and (A.3), and the available

analytical solution [43] the electrical potential w
�
¼

2ln 1þexpð�jxÞtanh w
�
OHP=4

� �� ��
1�exp �jxð Þtanh w

�
OHP=4

� �� ��1�
where w

�
OHP is obtained by solving our proposed EQL model for SiO2

(Section 2.1.1). Fig. 6 shows the Helmholtz free energy as a function
of distance from the OHP for different bulk ion concentration of KCl
unction of solution pH and NaCl concentration at T = 25 �C. Our proposed EQL model
le experimental measurements [41] for a NaCl solution with a concentration of 0.02
e presented for a solution with 0 (M) and 0.41 (M) bulk ion concentration.



Fig. 6. The Helmholtz free energy (F = Uele-TS) of the solution as a function of distance (x) from the OHP for (a) KCl and (b) NaCl solutions. The colorful square symbols
represent the thickness of the BL (dBL) for each bulk ion concentration which obtained by our EQL model. Our modeling results show that for both KCl and NaCl solutions, the
Helmholtz free energy of the buffer layer is independent of the bulk ion concentration while changes for different solutions as FBL;KCl; > FBL;NaCl .
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andNaCl solutions. If wemark off the corresponding amount of�F at x
= dBL for different bulk ion concentration (the colorful square symbols
in Fig. 6a andb), interestinglywe found that theHelmholtz free energy
of BL (for constant pressure and temperature) is independent of bulk
ion concentration ð@FBL=@nM;b�0Þ, whereas it changes for different
solutions. As amatter of fact, the Helmholtz free energy in the electric
double layer is determined by the competition of self-energy of the
electric field and the ion’s energy within this field. Thus, although for
a lower amount of bulk ion concentration we have stronger self-
energy of the electric field, however, the energy of the ions is smaller
comparedwith thehigher bulk ion concentration. Results in Fig. 6 sup-
port this interpretation that for a certain x, the free energy (�F)
increases with bulk ion concentration.

3.2. Ionic conductance of nanochannels

Employing the proposed theory of the flexible BL (FBL) model
with direct numerical solution of PNP model [6] to obtain the ionic
conductance of narrow nanochannels explains the main reason
underlying of why a 2 nm-height nanochannel with negatively
charged walls has conductance on the order of deionized (DI)
water [31] for low ionic strengths. Recalling the results for the
thickness of BL (Fig. 2b), we define the effective height of the
nanochannel as Heff ¼ H � 2ðdBL þ dIHP þ dOHPÞ. We obtain the ionic
conductance ðG ¼ I=EÞ of the nanochannel by calculating the ionic
current through the nanochannel as

I ¼ w
ZHeff =2

�Heff =2

uðx; yÞqeðx; yÞ � eDr qeðx; yÞð Þ � eDr w
�
ðx; yÞ þ /

�
ðx; yÞ

� �n
�
X

ez2i niðx; yÞ
o
dy ð37Þ
Fig. 7. (a) The experimental data [31] and present work modeling results for electrical
experimental results predicted the conductance of deionized (DI) water for nM;b < 10�2ðM
and nanochannel heights. The contour lines demonstrate the isoelectrical conductance
where w = 2 lm H, u and qe ¼ e
P

zini denote the width of
nanochannel, the height of nanochannel, the fluid flow velocity,
and the net electric charge density, respectively. In this equation,eD ¼ DKþ þ DCl�ð Þ=2, w

�
¼ w=VT ,/

�
¼ w=VT , and ni are the averaged dif-

fusion coefficient, the dimensionless electric potential, the dimen-
sionless applied electric potential, and the distribution of the co-
and counter-ions, respectively. Here, VT ¼ kBT=e represents the
thermal voltage. To obtain the ionic current, we need to solve the
Poisson-Nernst-Planck and Navier-Stokes equations coupled with
the non-linear set of EQL model equations. Fig. 7a shows that the
EQL model coupled with PNP equations [6] predicts ionic conduc-
tance in nanochannels with good agreements with what has been
measured by Duan and Majumdar [31].

We have to note that the proposed EQL model has been devel-
oped for a chemically-isolated solid-liquid interface. For chemi-
cally non-isolated interfaces (i.e. narrow nanochannel with
overlapped EDLs) we have employed an enrichment coefficient
[6] which is introduced to the EQL model to take into account
the interactions of EDLs in narrow nanochannels. Here we point
out that for low bulk ion concentration where Heff < 0, the EQL
model predicts that the whole nanochannel is covered by SL and
BL. However, by increasing the bulk ion concentration, the ZP
approaches toward the solid surface where the thickness of SL
+ BL will be smaller than half of the nanochannel height and even-
tuates to ionic conductance beyond the DI water. To investigate the
influence of bulk ion concentration and nanochannel height on
electrical conductance, we employ the EQL model with PNP equa-
tions to obtain ionic conductance of electrokinetically active area
of narrow nanochannels. Fig. 7b shows the contour of the electrical
conductance with contour lines of isoelectrical ionic conductance.
Our modeling results illustrate that the ionic conductance remains
conductance of ten parallel 2 nm nanochannels versus bulk ion concentration. The
Þ. (b) Modeling results of nanochannel conductance versus bulk ion concentrations

values.



A. Alizadeh, M. Wang / Journal of Colloid and Interface Science 534 (2019) 195–204 201
unchanged by increasing the height of nanochannel and decreasing
the bulk ion concentration (moving on contour lines). The main
reason in favor of this fact is, though, the height of nanochannel
is increasing, the thickness of the BL also increasing (due to
decreasing of bulk ion concentration) which reduces the ionic con-
ductance enhancement owing to the nanochannel height incre-
ment. In other word, Fig. 7b implies the fact that in order to
attain a certain amount of nanochannel conductance, there are
minimum and maximum values for both nanochannel height and
bulk ion concentration.

4. Conclusions

We have shown that the position of zeta potential plane is a
function of the bulk ionic concentration. A new layer, so-called buf-
fer layer, is introduced between the zeta potential plane and the
outer-Helmholtz layer in order to propose a near-to-reality model
to predict the acquired surface charge for different solid-liquid
interfaces. Two interesting characteristic features of this layer have
been unveiled by varying the bulk ion concentration: (i) the flexi-
ble thickness and (ii) the invariant Helmholtz free energy. The flex-
ibility of the buffer layer is corroborated not only by
thermodynamic analysis but also by comparisons with the mea-
sured zeta potential for silica (SiO2)- and rutile (TiO2)-aqueous
solution interfaces. It has been found that the underneath of zeta
potential plane has shrunk by increasing the bulk ion concentra-
tion. This phenomenon is similar to the well-understood behavior
of diffuse layer (electrokinetically active part of EDL) which charac-
terized by the Debye length. Employing the proposed model for ion
transport through narrow nanochannel has revealed the transport
mechanism in such a confined space. Good agreements of our pre-
dictions with the experimental measurements of ionic conduc-
tance elucidated a substantial fact that the electrokinetically
active area of charged nanochannels or nanopores varies as a func-
tion of bulk ion concentration.

Acknowledgment

This work was financially supported by the NSF grant of China
(No. 51676107). The authors would also like to thank Dr. Derek
Stein, Dr. Chuanhua Duan, Dr. Andre Revil, Dr. Milan Predota, Dr.
Itamar Borukhov, and Dr. Hirofumi Daiguji for fruitful discussions.

Appendix A. Thermodynamic analysis for flexibility of the
buffer layer

In order to investigate the properties of the introduced BL, we
performed a thermodynamic analysis. Since the DL and Stern layer
(SL) exchange ions through BL, one can consider these two layers
as two systems in contact. In thermodynamic equilibrium
state in which the total differential Gibbs free energy
(G ¼ Uele þ pV � TS, where Uele denotes the electrostatic energy, V
the volume of the system, and TS the entropic energy) of these iso-
bar and isotherm systems is [38]

dG ¼
X
i

lidNi ¼
X
i

ðli;BLþSLdNi;BLþSL þ li;DLdNi;DLÞ ¼ 0; ðA:1Þ

where G ðJÞ and Ni ðmolÞ denote the Gibbs free energy and the ith
ion concentration, respectively, the ion conservation principle

ðdNi;BLþSL ¼ �dNi;DLÞ imposes the equality of li;BLþSL ðJmol�1Þelectro-
chemical potential of SL + BL and DL ðli;BLþSL ¼ li;DLÞ denotes the
representative electrochemical potential of the ith ion for BL and
SL. Accordingly, for a system at constant pressure (p) and tempera-
ture (T) we have
li;BLþSL ¼ li;DL !
@G

@n
�
b; i

 !BLþSL

T;p

¼ @G

@n
�
b; i

 !DL

T;p

; ðA:2Þ

where n
�
b;i ðmolÞ is the bulk ith ion concentration. By employing the

mean-field theory, the electrostatic energy in terms of the local ion
concentration c� ðm�3Þ and electrostatic potential wðVÞ for a 1:1
ionic system is [44,45]

Uele ¼ A
Z �e0er rwðxÞj j2

2
þ zecþðxÞwðxÞ � zec�ðxÞwðxÞ

 !
dx;

ðA:3Þ

where A ðm2Þ, e0er ðCV�1 m�1Þ, and NA ðmol�1Þ denote the area of the
solid surface, the electrical permittivity of the solution, and Avo-
gadro number, respectively. The first term at the right-hand side
of Eq. (A.3) is the self-energy of the electric field which could be

written in terms of the electro-viscosity as �e0erðg
� �1Þ=2f , where

f ðV�2m2Þ is the viscoelectric coefficient [46] and

g
� � ge=g0 ¼ 1þ f dw=dxð Þ2

� �
denotes the normalized electro-

viscosity with the solution viscosity. The next two terms demon-
strate the electrostatic energy of the ions within the local electric
field. Regarding the entropic contribution in Gibbs free energy, we
have [45]

�TS ¼ AkBT
Z

cþðxÞln cþðxÞ#ð Þ þ c�ðxÞln c�ðxÞ#ð Þð Þdx; ðA:4Þ

where kBT is the thermal energy and # ¼ 4=3ð Þpr3 the volume of the
ion where rðmÞ denotes the radius of the ion. For sake of simplicity,
we assume that the bulk ion concentration is high enough (jH � 1)

which results in w
�
� w=VT 	 1 , where jðm�1Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2e2nb=e0erkBT

p
and VTðVÞ ¼ kBT=e denote the reverse of the Debye length and ther-
mal voltage, respectively. In Debye length, nbðm�3Þ is the number
density of the ions. By considering a linear local electric potential
as a function of distance from the solid surface for SL
wðxÞjXOHP

0 ¼ wOHP � w0ð Þ=XOHPð Þxþ w0 and exponentially decaying

function for BL and DL as wðxÞjXZP
XOHP

¼ wOHPexp �j x� XOHPð Þð Þ,
wðxÞjXDL

XZP
¼ wZPexp �j x� XZPð Þð Þ, (we employ the Boltzmann ion

distribution c� ¼ nbexp 
w
�� �

for simplicity), and introducing

Eqs. (A.3) and (A.4) into Eq. (A.2), finally we have

p1
@V
@nb

� �
SLþBL

¼ @Uele

@nb
þ p1

@V
@nb

� T
@S
@nb

� �
DL

� @Uele

@nb
� T

@S
@nb

� �
SLþBL

:

ðA:5Þ
In Eq. (A.5) (Appendix B)

�T
@S
@nb

� �
DL

þ T
@S
@nb

� �
SLþBL

� AkBT F w
�
ðXZPÞ; dDL

� ��
�F w

�
ðXOHPÞ; dBL

� �
� XOHP 2þ lnðnb#Þð Þ

�
; ðA:6Þ

where F w
�
ðXZPÞ; dDL

� �
¼ dDLexpð�w

�
ZPÞ lnð�w

�
ZPnb#Þ þ 1

� �
and

F w
�
ðXOHPÞ; dBL

� �
¼ dBLexpð�w

�
OHPÞ lnð�w

�
OHPnb#Þ þ 1

� �
denote func-

tions which return a distance. This function is assumed as a math-
ematical shortcut for easy demonstration of the variation of
entropic contribution with respect to bulk ion concentration. For
concentrated solutions, it can be shown that 2þ lnðnb#Þ > 0 and

F w
�
ðXZPÞ; dDL

� �
� F w

�
ðXOHPÞ; dBL

� �
< 0 which eventuates to the higher

variation of entropic energy (TS) with respect to bulk ion concentra-
tion for DL compared with SL + BL. In other words, Eq. (A.6) states
that the entropic energy of DL increases more compared with the
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entropic energy of the SL + BL when the bulk ion concentration
increases. Considering the electrostatic energy, we have
(Appendix B)

@Uele

@nb

� �
DL

� @Uele

@nb

� �
SLþBL

� e0er
2f

ðg�ave � 1Þ@VSLþBL

@nb
þ VSLþBL@ðg

�
aveÞ

@nb

 !
;

ðA:7Þ

where g
�
ave defines the mean electro-viscosity within the SL + BL as

g
�
ave ¼

R XZP
0 g

�
dx=XZP , where XZP denotes the distance of ZP from a

solid surface (Fig. 1). In Eq. (A.7), the first term in the right-hand
side represents the variations of the volume of SL + BL due to the
electro-viscosity. The second term represents the variation of mean
electro-viscosity with respect to the bulk ion concentration, which
is negative because the electro-viscosity decreases with an increas-
ing bulk ion concentration. In Eq. (A.5), the derivative of the volume
of DL ðVDL ¼ j�1AÞ with respect to the bulk ion concentration is

�0:5Ap1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e0erkBT=2e2nb

p� �
n�1
b which is negative for all nb. Eventu-

ally, from Eq. (A.5), it is deduced that the total volume of the SL + BL
decreases by increasing the bulk ion concentration
(@VSLþBL=@nb < 0). This relation unveils a substantial fact that, from
a thermodynamic viewpoint, the thickness of BL and, subsequently,
the position of zeta potential plane behaves flexible in response to
the bulk ion concentration (Fig. 2a).

Appendix B. Mathematical operations for thermodynamic
analysis

B.1. Derivative of electrostatic energy with respect to nb for SL + BL and DL

Considering the first term on the right-hand side of Eq. (A.3)
which represents the self-energy of the electric field, one can re-

define this term based on the electro-viscosity as �e0erðg
� �1Þ=2f

where g
� ¼ ge=g0 and ge ¼ g0 1þ f dw=dxð Þ2

� �
. As a result, Eq.

(A.3) could be written in terms of the electro-viscosity as

UelejSLþBL ¼ A
Z �e0erðg

� �1Þ
2f

þ zecþðxÞwðxÞ
 !

dx; ðB:1Þ

and for DL we have

UelejDL ¼ A
Z

zecþðxÞwðxÞð Þdx: ðB:2Þ

Herein for simplicity, we ignore the effects of the co-ions c� on

the electrostatic energy. By introducing wðxÞjXOHP
0 ¼ wOHP � w0ð Þ=ð

XOHPÞxþ w0, wðxÞjXZP
XOHP

¼ wOHPexp �j x� XOHPð Þð Þ, and wðxÞjXDL
XZP

¼
wZPexp �j x� XZPð Þð Þ to Eq. (B.1) one can obtain the electrostatic
internal energy for SL + BL as

UelejSLþBL ¼ A
Z XZP

0

�e0erðg
� �1Þ

2f

 !
dxþ A

Z XOHP

0
zenbexp �w

�
0�XOHP

ðxÞ
� �

w0�XOHP
ðxÞ

� �� �
dx

þA
Z XZP

XOHP

zenbexp �w
�
OHPexp �j x� XOHPð Þð Þ

� �
wOHPexp �j x� XOHPð Þð Þð Þ

� �
dx;

ðB:3Þ

where w
�
0�XOHP

ðxÞ ¼ w
�
OHP�w

�
0

XOHP
xþ w

�
0 and 0 < x < XOHP . Here we should

note that w
�
¼ w=vT where vT ¼ kBT=e denotes the thermal voltage.

Considering the first term on the right-hand side of Eq. (B.3), we
simplify this term by averaging of the electro-viscosity along the
SL + BL as

ZXZP

0

�e0erðg
� �1Þ

2f

 !
dx ¼ �e0erXZP

2f
g
�
ave � 1

� �
; ðB:4Þ
where g
�
ave ¼

R XZP
0 g

�
dx=XZP . For the second term which is responsi-

ble for the electrostatic energy of the SL, one can simply integrate
and hasZ XOHP

0
exp w

�
0�XOHP

ðxÞ
� �

w0�XOHP
ðxÞ

� �� �
dx ¼ �vTXOHPexp �w

�
OHP

� �
�vTXOHP

w
�
0þ1

w
�
OHP�w

�
0

� �
exp �w

�
OHP

� �
� exp �w

�
0

� �� �
:

ðB:5Þ
For the second term on the right-hand side of Eq. (B.3) which

deals with the electrostatic energy of the BL, we haveZ XZP

XOHP

exp �w
�
OHPexp �j x� XOHPð Þð Þ

� �
wOHPexp �j x� XOHPð Þð Þð Þ

� �
dx ¼ vTj�1 exp �w

�
OHPexp �j XZP � XOHPð Þð Þ

� �
� exp �w

�
OHP

� �� �
;

ðB:6Þ
where jðm�1Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2e2nb=e0erkBT

p
denotes the reverse of the Debye

length as the characteristic length of the DL. By introducing Eqs.
(B.4) to (B.6) into Eq. (B.3) one has the total electrostatic energy
of the SL + BL as

UelejSLþBL ¼ �e0er VSLþVBLð Þ
2f g

�
ave � 1

� �
þ

zevTnb

VSL �exp �w
�
OHP

� �
� w

�
0þ1

w
�
OHP�w

�
0

� �
exp �w

�
OHP

� �
� exp �w

�
0

� �� �� �
þAj�1 exp �w

�
OHPexp �j XZP � XOHPð Þð Þ

� �
� exp �w

�
OHP

� �� �
0BB@

1CCA;

ðB:7Þ
where VSL ¼ AXOHP represents the volume of the SL.

On the other hand, the electrostatic energy of the DL would be
as

UelejDL ¼ A
ZXDL

XZP

zecþðxÞwðxÞdx

¼ AzenbvTj�1 exp �w
�
ZPexp �j XDL � XZPð Þð Þ

� �
� exp �w

�
ZP

� �� �
:

ðB:8Þ
For simplifying the obtained electrostatic energy of the SL + BL

and DL, we assume high bulk ion concentration jH � 1ð Þ and as

a result w
�
	 1. If so, by employing the Taylor expansion, we have

exp �w
�
OHP

� �
� exp �w

�
0

� �
� w

�
0 � w

�
OHP ðB:9Þ

Considering Eq. (B.8), we can simplify that as

UelejDL � 0; ðB:10Þ
By introducing Eq. (B.9) to Eq. (B.7) for SL + BL, we finally have

UelejSLþBL �
�e0er VSL þ VBLð Þ

2f
g
�
ave � 1

� �
þ 2zevTnbVSLw

�
0; ðB:11Þ

where VSL is a constant amount which is a function of the ionic size.
Taking the partial derivative with respect to the bulk ion concentra-
tion from Eqs. (B.10) and (B.11), one has

@Uele

@nb

				
SLþBL

��e0er
2f

ðg�ave�1Þ@VSLþBL

@nb
þVSLþBL@ðg

�
aveÞ

@nb

 !
þ2zevTVSLw

�
0

ðB:12Þ

@Uele

@nb

				
DL

� 0 ðB:13Þ
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Considering the fact that VSLw
�
0 	 1 therefore we can ignore the

second term on the right-hand side of Eq. (B.12) compared with the
first term. So, the difference of the electrostatic energy of DL and
SL + BL would be as

@Uele

@nb

				
DL

� @Uele

@nb

				
SLþBL

� e0er
2f

ðg�ave � 1Þ@VSLþBL

@nb
þ VSLþBL@ðg

�
aveÞ

@nb

 !
ðB:14Þ

It would be interesting to note that the electrostatic energy of
the diffuse layer does not change with the bulk ion concentration
when we have high bulk ion concentration.

B.2. Derivative of entropic energy with respect to nb for SL + BL and DL

Regarding the contribution of the entropic energy, for a solution
at which the Steric effects could be ignored, we have [45]

�TS ¼ AkBT
Z

cþðxÞln cþðxÞ#ð Þ þ c�ðxÞln c�ðxÞ#ð Þð Þdx; ðB:15Þ

where kBT is the thermal energy and # ¼ 4=3ð Þpr3 denotes the vol-
ume of the ions. If we introduce wðxÞjXOHP

0 ¼ wOHP � w0ð Þ=XOHPð Þxþ w0,

wðxÞjXZP
XOHP

¼ wOHPexp �j x� XOHPð Þð Þ, and wðxÞjXDL
XZP

¼ wZPexp �j x�ðð
XZPÞÞ and c� ¼ nbexpð
ew=kBTÞ into Eq. (B.15), for the SL + BL and
re-calling the thin electric double layer assumptions, one has

�TSjSL � kBTnbVOHP ln nb#ð Þ þ 1ð Þ: ðB:16Þ
For the BL, we have

�TSjBL � AkBTnbexp �w
�
OHP

� �
ln �w

�
OHPnb#

� �
XZP � XOHP þ 0:5jw

�
OHP XZP � XOHPð Þ2

� �� �
�AkBTnbexp �w

�
OHP

� �
j 0:5 XZP � XOHPð Þ2 þ jw

�
OHP
3 XZP � XOHPð Þ3
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:

ðB:17Þ
Eq. (B.17) could be obtained by introducing

wðxÞjXZP
XOHP

¼ wOHPexp �j x� xOHPð Þð Þ and c� ¼ nbexpð
ew=kBTÞ into
Eq. (A.4) where by employing the Taylor expansion around the

x ¼ XOHP we have (based on the assumption of w
�
OHP 	 1)

exp �w
�
OHPexp �j x� XOHPð Þð Þ

� �
� exp �w

�
OHP

� �
1þ jw

�
OHP x� XOHPð Þ

� �
: ðB:18Þ

By the aid of this expansion, we could simply take the integral
from Eq. (A.4) for BL. Considering Eq. (B.17), we can ignore the

terms 0:5jw
�
OHP XZP � XOHPð Þ2 and jw

�
OHP XZP � XOHPð Þ3=3 since

w
�
OHPjðXZP � XOHPÞ 	 1 and w

�
OHPj XZP � XOHPð Þ2=3 	 1. As a result,

Eq. (B.17) could be re-written as

�TSjBL � AkBTnbexp �w
�
OHP

� �
ln �w

�
OHPnb#

� �
XZP � XOHPð Þ � 0:5j XZP � XOHPð Þ2

� �
:

ðB:19Þ

Similarly, we can obtain the entropic energy for DL as

�TSjDL � AkBTnbexp �w
�
ZP

� �
ln �w

�
ZPnb#

� �
XDL � XZPð Þ � 0:5j XDL � XZPð Þ2

� �
:

ðB:20Þ

Taking the partial derivative with respect to bulk ion concentra-
tion �T@S=@nbð Þ for both SL + BL and DL gives rise to

�T
@S
@nþ

b

� �
DL

þ T
@S
@nþ

b

� �
SLþBL

� AkBT F w
�
ðXZPÞ; dDL

� ��
�F w

�
ðXOHPÞ; dBL

� �
� XOHP 2þ lnðnb#Þð Þ

�
; ðB:21Þ
where F w
�
ðXZPÞ; dDL

� �
¼ dDLexpð�w

�
ZPÞ lnð�w

�
ZPnb#Þ þ 1

� �
and

F w
�
ðXOHPÞ; dBL

� �
¼ dBLexpð�w

�
OHPÞ lnð�w

�
OHPnb#Þ þ 1

� �
denote func-

tions which return a distance. It is assumed as a mathematical
shortcut for easy demonstration of the variation of entropic contri-
bution with respect to bulk ion concentration. It should be noted
that for Eq. (B.21) we neglect some terms with smaller order during
the partial derivative process.
Appendix C. Supplementary material

Supplementary data associated with this article can be found, in
the online version, at https://doi.org/10.1016/j.jcis.2018.09.010.
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