
Transport in Porous Media (2019) 126:431–453
https://doi.org/10.1007/s11242-018-1165-4

Microstructure Effects on Effective Gas Diffusion Coefficient
of Nanoporous Materials

Yangyu Guo1 · Xinting He1 ·Wenzheng Huang1 ·Moran Wang1

Received: 28 December 2017 / Accepted: 25 September 2018 / Published online: 3 October 2018
© Springer Nature B.V. 2018

Abstract
In this work, we develop a numerical framework for gas diffusion in nanoporous materi-
als including a random generation-growth algorithm for microstructure reconstruction and
a multiple-relaxation-time lattice Boltzmann method for solution of diffusion equation with
Knudsen effects carefully considered. The Knudsen diffusion is accurately captured by a
local diffusion coefficient computed based on a corrected Bosanquet-type formula with the
local pore size determined by the largest sphere method. A robust validation of the new
framework is demonstrated by predicting the effective gas diffusion coefficient of microp-
orous layer and catalyst layer in fuel cell, which shows good agreement with several recent
experimental measurements. Then, a detailed investigation is made of the influence on effec-
tive gas Knudsen diffusivity bymany important microstructure factors includingmorphology
category, size effect, structure anisotropy, and layering structure effect. A widely applica-
ble Bosanquet-type empirical relation at the Darcy scale is found between the normalized
effective gas diffusion coefficient and the average Knudsen number. The present work will
promote the understanding and modeling of gas diffusion in nanoporous materials and also
provide an efficient platform for the optimization design of nanoporous systems.

Keywords Effective diffusion coefficient · Knudsen diffusion · Nanoporous material ·
Lattice Boltzmann method

1 Introduction

Gas diffusion is a transport phenomenon driven by the species concentration difference (Bird
et al. 2002). The classical Fick’s law describes well the diffusion behavior in molecular
diffusion regime where the pore characteristic length is much larger than the gas mean free
path (MFP). When the pore characteristic length reduces to be comparable to or even smaller
than the gas MFP, the effect of Knudsen diffusion plays a significant role and the Fick’s law
is no longer valid (Bird et al. 2002). The gas Knudsen diffusion in nanoporous media widely
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exists in many novel energy systems and technology (Kärger et al. 2012), such as the fuel cell
as a kind of promising portable power technology which directly converts chemical energy
into electricity in an efficient way (Ellis et al. 2001). In the archetypical hydrogen–oxygen
proton exchangemembrane fuel cell (PEMFC), the electrode ismade of three adjacent layers:
gas diffusion layer (GDL), microporous layer (MPL) and catalyst layer (CL) (Zamel and Li
2013). The performance of PEMFC is limited by the supply of oxygen which reaches the CL
via diffusion through the GDL and MPL successively. As the average pore diameter of MPL
and CL is about 100 nm reaching the order of magnitude of air molecule MFP (about 70 nm
at room temperature and 1 atm) (Inoue et al. 2016), the gas Knudsen diffusion is an important
mechanism therein (Yang et al. 2016). Therefore, an accurate description of gas diffusion
in nanoporous materials is crucial to promote the optimization design of these novel energy
systems and technologies.

In recent years, there are some important advances in experimental measurement of effec-
tive gas diffusivity in nanoporous MPL and CL structures (Inoue et al. 2016; Yu and Carter
2010; Chan et al. 2012; Yu et al. 2012). To explain the underlying physical mechanism,
there are mainly two categories of theoretical and numerical methods at different levels of
description (Zamel and Li 2013; Yuan and Sunden 2014): (1) the direct pore-scale method
based on the local quantities in the pore and (2) the effective method at Darcy scale based on
the averaged quantities over the representative elementary volume (REV) of porous media
(Kaviany 1995). The effective method at Darcy scale provides a relation between the effec-
tive gas diffusivity and macroscopic statistical parameters (porosity, tortuosity, et al.) of the
nanoporous structures. Here the ‘statistical’ means ‘statistical averaging over the REV of
porous media.’ An analytical fractal model was presented for gas diffusion through fibrous
nanoporous structures including both the Fickian and Knudsen diffusion (Shou et al. 2014).
This fractal model remains to be validated for more complex fibrous structures beyond the
highly anisotropic webs and GDLs. In a recent work (Andisheh-Tadbir et al. 2015), the MPL
is modeled as a periodic structure with the unit cell containing two domains: the large pore
and the surrounding agglomerates. The effective gas diffusion coefficient of MPL is derived
from an analogy to the effective thermal conductivity of a similar periodic structure. Some
multiscale models with inputs from more refined scale than Darcy scale have been also
developed. Becker et al. (2011), Zamel et al. (2012) proposed a mathematical model based
on the Bosanquet empirical formula at the Darcy scale, with the effective Fickian diffusivity
and Knudsen diffusivity obtained, respectively, from pore-scale simulation and molecular
dynamics simulation. Inoue et al. (2016), Inoue and Kawase (2016a) computed the relative
gas diffusion coefficient of MPL and CL structures as the ratio of porosity to tortuosity with
a correction considering the Knudsen diffusion, where the tortuosity was determined by a
random-walk method. Although the effective method at Darcy scale provides a fast avenue to
estimate the effective diffusivity of a nanoporousmedium, it has often neglected the influence
of some important pore-scale microstructure details.

For a deeper understanding of the mechanism of gas diffusion through nanoporous struc-
tures, pore-scale simulations have been extensively done in the past years. There exist mainly
two categories of pore-scale numerical approaches: (1) the stochastic method, i.e., Monte
Carlo (MC) scheme; (2) the deterministic methods including finite volume method (FVM),
finite element method (FEM), and lattice Boltzmann method (LBM). As early as in 1990s,
Tomadakis and Sotirchos (1991, 1993) used the random-walkMCmethod to predict the effec-
tive Knudsen diffusivity of fibrous structures, which was found to be strongly influenced by
the directionality of the fibers. The random-walkMCmethodwas later applied to compute the
effective gas diffusivity in sphere-packing nanocomposite porous media (Berson et al. 2011).
Some other works have modeled the gas diffusion through a single pore or a combination of
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different pore geometries (Galinsky et al. 2014), and the highly porous nanoparticle layers
(Dreyer et al. 2014) by the direct simulation Monte Carlo (DSMC) method. Most of the MC
studies have considered the gas diffusion in nanoporous media with simple geometries. On
the other hand, the MC simulation is inherent with large fluctuations in the near-continuum
regime, the reduction of which requires a very large number of particles and huge compu-
tational cost. Thus, Lange et al. (2010, 2011, 2012) have developed a numerical framework
consisting of an algorithm to reconstruct the nanoporous structure and a FVM solution of
diffusion equation tomodel gas diffusion through the CL structure in PEMFC. The numerical
results of effective gas diffusivity are considerably higher than the experimental data mainly
due to the inadequate description of the morphology of CL structure (Singh et al. 2014). Such
a numerical framework (Lange et al. 2010) has been recently applied to model gas diffusion
through MPL structure (El Hannach et al. 2015), where the influence of three microstructure
parameters on effective diffusivity is studied. A similar approachwas also developed by using
experimental methods to obtain the digital image of CL (Litster et al. 2013) or MPL (Nan-
jundappa et al. 2013) structure, with the diffusion equation solved by FEM-based COMSOL
packages. This kind of approach may be limited by the digital resolution of scanning devices,
the high cost and the difficulty for optimization design problems.

In contrast to the classical numerical methods (FVM or FEM) for solution of diffusion
equation, LBM is an efficient mesoscopic method which holds two advantages (Chen and
Doolen 1998; Wang and Pan 2008): (1) a simple treatment of complex boundary conditions
based on the standard bounce-back scheme and (2) an easy realization of parallelized compu-
tation attributed to the local characteristic of calculation. Two main branches of LBMmodel
together with the structure reconstruction algorithm were developed to simulate gas diffu-
sion in nanoporous materials, including the higher-order multicomponent LBM (Joshi et al.
2007; Kim et al. 2009; Kim and Pitsch 2009; Ma and Chen 2015) and the single-component
single-relaxation-time (SRT) LBM (Zhang et al. 2014; Chen et al. 2015; Hussain et al. 2015).
The higher-order multicomponent LBM is an extension of the kinetic theory-based LBM for
the binary diffusion (Luo and Girimaji 2003) or ternary diffusion (Joshi et al. 2007) with a
larger number of discrete lattice velocities (D2Q16 or D3Q64) (Kim et al. 2009; Kim and
Pitsch 2009), or with additional artificial collision term (Ma and Chen 2015), or with calibra-
tion from the dusty gas model (Joshi et al. 2007) to capture the effect of Knudsen diffusion.
Although the higher-order multicomponent LBM was validated for gas diffusion in straight
channels (Joshi et al. 2007; Kim et al. 2009; Ma and Chen 2015) or simple porous media (Ma
and Chen 2015) at a finite Knudsen number, it remains to be verified for diffusion in complex
nanoporous structures within a larger range of transport regimes. The other branch is based
on the SRT-LBM for diffusion equation, with the local diffusion coefficient determined by
the empirical Bosanquet formula (Zhang et al. 2014; Chen et al. 2015; Hussain et al. 2015).
However, the numerical results of effective diffusion coefficient in CL structure were still
higher than the experimental data (Chen et al. 2015), which is mainly caused by two possible
reasons: (1) the reconstructed CL structure loses some key morphological features of the
realistic one; (2) the large variation of Kn leads to unreasonable relaxation time of SRT-LBM
for predicting effective diffusivity in pores so that the multiple-relaxation-time (MRT) LBM
(d’Humieres et al. 2002; Yoshida and Nagaoka 2010) may become a more suitable choice
(Chai et al. 2016).

Therefore, there still lacks an efficient and accurate numerical framework formodeling gas
diffusion in nanoporous materials. On the other hand, the previous works have been mainly
focused on one or two kinds of nanoporous structures (CL, MPL) for special application.
A comprehensive study of microstructure effects on effective gas diffusivity of nanoporous
materials remains a challengeable task due to the lack of a robust methodology. Themain aim
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of the present work is to develop such a numerical framework including a random generation-
growth algorithm for structure reconstruction and a MRT-LBM for numerical solution of
diffusion equation. The gas diffusion within the entire transition from molecular diffusion
regime toKnudsen diffusion regime is capturedwell by a corrected Bosanquet-type empirical
formula. The pore size distribution for computing the local Knudsen number is determined
by the largest sphere method (Delerue et al. 1999; Bhattacharya and Gubbins 2006). The
remaining of this article is organized below: the mathematical and numerical methods are
provided in Sect. 2, with a robust validation through comparison to the results in several
experiments in Sect. 3; an extensive numerical study and discussion of the microstructure
effects on gas Knudsen diffusion is provided in Sect. 4; concluding remarks are finally made
in Sect. 5.

2 Mathematical and Numerical Methods

2.1 Microstructure Reconstruction

2.1.1 Reconstruction of Microporous Layer (MPL) Structure

The MPL structure in PEMFC is an accumulated layer of a primary aggregate of carbon
black particles with approximate diameters in the range of 20–50 nm (Inoue et al. 2016).
Therefore, the MPL structure can be treated as a kind of granular porous media. The QSGS
(Quartet Structure Generation Set) method developed in our previous work (Wang and Pan
2008; Wang et al. 2007) is used to reconstruct the granular MPL structure. The core idea of
QSGSmethod is to reproduce the effective transport properties of the realistic porousmedium
based on an equivalent porous structure with the macroscopic statistical parameters of the
realistic one (Wang et al. 2007). Our algorithm for the generation of porous structures has
been widely validated in the prediction of various physical properties (thermal conductivity,
electrical conductivity, dielectric permittivity and elastic moduli) of complex porous media
as summarized in Ref. Wang and Pan (2008) and has been also demonstrated effective in
numerical modeling of diffusion through fibrous and granular structures in our recent study
(He et al. 2017). The main line of QSGS method is to grow the chosen growing seed to
its neighborhood based on a directional growth probability until the structure reaches the
required porosity. The detailed procedure of QSGSmethod includes five main steps as below
(Wang et al. 2007; He et al. 2017): (1) assign a random number by a uniform distribution
function within (0, 1) to each grid cell of the computational domain; (2) choose any grid
cell whose random number is no greater than the given seed distribution probability sd as a
growing seed; (3) enlarge each growing seed to its neighboring cells in all directions i based
on a given directional growth probability matrix Di; (4) assign random numbers again to the
neighboring cells of the growing seed, and the neighboring cell in direction i will become
part of the growing solid phase if its random number is no greater than Di; (5) repeat the
growing process (1)–(4) until the volume fraction of the solid phase reaches the prescribed
value. The three-dimensional schematic of aMPL structure generated by QSGSmethod with
porosity 0.5 is demonstrated in Fig. 1.
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Fig. 1 Schematic of granular
MPL (microporous layer)
structure with porosity 0.5
generated by QSGS (Quartet
Structure Generation Set)

2.1.2 Reconstruction of Catalyst Layer (CL) Structure

The CL structure in fuel cells is the cathode made of Pt-nanoparticle catalysts supported on
carbon black, and also ionomer as the proton conductor and binder (Inoue et al. 2016; Yu
and Carter 2010; Inoue and Kawase 2016a). The diameter of Pt-nanoparticles is at the order
of 2–5 nm, whereas the diameter of carbon black particles lies within the range of 20–50 nm,
same as that in MPL structure. Therefore, the CL structure can be treated as a kind of
granular porous media as well. Although the CL structure has nearly the same backbone
as the MPL structure, the introduction of ionomer makes the morphology of CL structure
very different from that of the latter. The coating of ionomer may block some pores in CL
structure, inferred from the considerably lower porosity measured byMIP (mercury intrusion
porosimetry) method than that derived from the structure density (Yu and Carter 2010). The
possibly blocked pores are confirmed as the ‘isolated large pores’ in later works (Inoue et al.
2016; Inoue and Kawase 2016a; b), where the formation mechanism and their influence on
diffusion performance are studied in detailswith both experimental and numerical techniques.
To sum up, the CL structure is a heterogeneous granular porous material with isolated large
pores embedded in the MPL-like background structure.

To properly reconstruct the CL structure, it is crucial to determine the ratio of isolated large
pore to total pore volume. This ratio is estimated to be 20% from the cumulative pore volume
ratio of simulated carbon black aggregate packing with or without large pores in the case of
porosity 0.6 (Inoue and Kawase 2016a). Yet there still lacks a method to evaluate the various
ratios for CL structure with different porosities. Here, we provide an empirical approach to
determine the ratio of isolated large pore in CL structure based on the total porosity. This ratio
is calculated from the difference between the measured porosities byMIP method (εMIP) and
by density method (εdensity) through the following formula:

R � εdensity − εMIP

εdensity
. (1)

A good linear scaling is found between the ratio of isolated large pore to total pore
volume and the total porosity, as shown in Fig. 2a. Thus, the following empirical expression
is proposed to correlate the ratio of isolated large pore to the total porosity of CL structure:

R � aεdensity + b, (2)

where the non-dimensional coefficients are specified as a=−1.7658 and b=1.4443 by fitting
the experimental data of CL structures with different porosities (Yu et al. 2012).
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Fig. 2 Ratio of isolated large pore to total pore volume and the schematic of reconstructed CL structure with
isolated large pore by QSGS method: a ratio of large pore volume to total pore volume versus the porosity
calculated from structure density, the filled circles represent the experimental data (Yu et al. 2012), whereas
the solid line represents an empirical linear fitting: R=aεdensity +b, with a=−1.7658 and b=1.4443, the inset
figure is the SEM image of isolated large pore in CL structure from the literature (Inoue et al. 2016; Inoue and
Kawase 2016a); b isolated pore in the generated CL structure, the red part, blue part and green part represent
the solid phase, connected pore and isolated pore, respectively

After the ratio of isolated large pore is obtained through Eq. (2), the granular CL structure
is generated by the QSGS method. In comparison with previous numerical reconstruction
algorithmswhich consider the carbonblack particle, Pt-nanoparticle and ionomer distinguish-
ingly (Inoue and Kawase 2016a; Lange et al. 2010; Chen et al. 2015), we reconstruct the CL
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structure as a whole with the keymicrostructure parameters including porosity and large pore
ratio. The present treatment will be shown sufficient to capture the essential structure feature
of the CL and its influence on transport property. The porosity εmicro of the background
granular porous structure is firstly determined from the given total porosity εall (� εdensity)
and the estimated ratio of isolated large pore R as εmicro � (εall − Rεall)/(1 − Rεall). Then,
the background granular material is reconstructed through the same procedures in Sect. 2.1.1
with the porosity εmicro. Finally, the isolated pores are randomly generated on the basis of the
background granular material through the similar procedures until the total porosity is satis-
fied. The schematic of the reconstructed CLmaterial with isolated large pores is illustrated in
Fig. 2b. The generated digital structure holds the same feature of ‘discrete isolated large pores
inside the background granular medium’ as the realistic structure shown in Fig. 2a. On the
other hand, it has the same statistical parameters including the background porosity and total
porosity as those of the realistic structure. Therefore, the generated CL structure is supposed
to reproduce accurately the effective gas diffusivity as will be shown later. For convenience
of numerical treatment without losing the real physics, the isolated large pores (green part in
Fig. 2b) are treated as another solid phase without contribution to the gas diffusion path in
the simulation.

2.2 Governing Equation and Numerical Methods

2.2.1 Governing Equation

Thegas diffusion process is driven by the gradient of chemical potentialwhich is dependent on
the gas concentration, temperature and pressure (Bird et al. 2002). In this work, we consider
the binary gas diffusion through three-dimensional porous structures with the following
assumptions (He et al. 2017): (1) the system is in dynamic equilibrium state where advection
is negligible; (2) steady-state diffusion is considered; (3) the temperature and total pressure
of the system remains constant; (4) the gas concentration is low. When the pore size is much
larger than the gas MFP, the diffusion process is well described by the Fick’s second law:

∇ · (Db∇C) � 0, (3)

whereC is the gas concentration andDb is the bulk binary gas diffusivity. For gas diffusion in
nanoporous structures in the present study, the average pore size is at the order of one hundred
nanometers, which is comparable to the gas MFP around ambient pressure and temperature.
The Fick’s law of diffusion is in principle no longer valid for this situation where Knudsen
diffusion plays an appreciable role. Inspired from the modeling of microscale and nanoscale
gas flow by Navier–Stokes equation with a size-dependent effective viscosity (Beskok and
Karniadakis 1999; Wang et al. 2016), we propose to model the gas diffusion in nanoporous
structures by Eq. (3) with a local diffusion coefficient:

∇ · (
Dpore∇C

) � 0, (4)

whereDpore denotes the local diffusion coefficient dependent on the ratio of gasMFP to local
pore size (exactly the local Knudsen number).

Concentration boundary conditions are specified for Eq. (4):
{
C � Cin, x � 0

C � Cout, x � L
, (5)
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where L is the length of the computational domain with an inlet and an outlet keeping
at a constant gas concentration Cin and Cout, respectively. The lateral boundaries of the
computational domain are assumed periodic.

2.2.2 Local Diffusion Coefficient

The determination of local diffusion coefficient in Eq. (4) is crucial for accurate modeling of
gas diffusion in the transition regime where the gas MFP is comparable to the characteristic
length. It is very difficult to analytically obtain a solution to the Boltzmann transport equation
(BTE) in the transition regime, which often has to recourse to numerical schemes such as the
DSMC method. The empirical Bosanquet formula has been proposed in the previous work
to calculate the gas diffusivity in the transition regime (Pollard and Present 1948; Krishna
and van Baten 2012):

1

Dpore
� 1

Db
+

1

DK
, (6)

where Db and DK represent the gas molecular diffusivity and Knudsen diffusivity,
respectively. The microscopic expression of molecular diffusivity is derived through a Chap-
man–Enskog expansion solution toBTE (Blundell andBlundell 2009; Chapman andCowling
1953):

Db � 3kBT

8pd2g

√
kBT

πm
� 3π

16
λc̄ ≈ 3

5
λc̄, (7)

with the gas MFP λ � kBT
/(

p
√
2πd2g

)
and mean molecular velocity c̄ �

√
8kBT

/
πm,

kB, dg and m being the Boltzmann constant, molecular diameter and mass, respectively.
Equation (7) is valid whenever the gas can be treated as idea gas (Chapman and Cowling
1953). The Knudsen diffusivity has also been derived in the kinetic theory of gas (Bird et al.
2002; Kärger et al. 2012):

DK � 4d

3

√
kBT

2πm
� 1

3
dc̄, (8)

where d is the local pore size. Substitution of Eqs. (7) and (8) into Eq. (6) results in the
following relation:

Dpore

Db
� 1

1 + 9
5Kn

, (9)

where the Knudsen number is defined as: Kn=λ/d. In some other work, the molecular dif-
fusivity from a simple kinetic theory formula instead of Eq. (7) is adopted (Blundell and
Blundell 2009): Db � 1

3λc̄, which gives rise to the following relation (Berson et al. 2011;
Pollard and Present 1948):

Dpore

Db
� 1

1 + Kn
. (10)

Thus, we provide the following corrected Bosanquet-type formula from Eqs. (9) and (10)
to describe the gas diffusion in transition regime:

Dpore

Db
� 1

1 + αKn
, (11)
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Fig. 3 Local diffusion coefficient versus Knudsen number: the squares and circles represent the DSMC (Direct
Simulation Monte Carlo) results from Ref. Kim et al. (2009) and Fei et al. (2012), respectively, the diamonds
denote the integral solution of Boltzmann transport equation (Pollard and Present 1948), whereas the solid line
denotes the present corrected Bosanquet-type formula: Dpore/Db �1/(1+0.9 Kn), with the Knudsen number
defined as the ratio of gas mean free path to local pore diameter, the dashed-dotted line and the dashed line
denote, respectively, Eqs. (9) and (10) from the original Bosanquet formula

where the empirical coefficient α is determined through fitting the solution of the BTE for
gas diffusion in straight channel. We find that Eq. (11) with α=0.9 predicts the gas diffusion
coefficient in overall good agreement with the DSMC and the integral solutions of BTE in
the whole range of transport regimes, as shown in Fig. 3. In comparison with the previous
determination of local diffusion coefficient based on the original Bosanquet formula Eq. (6)
without solid verification (Lange et al. 2011; Chen et al. 2015; Siddique and Liu 2010), we
adopt a calibrated one to accurately describe the gas diffusion within the transition from
molecular diffusion regime to Knudsen diffusion regime. Equation (9) derived from Eq. (6)
much underestimates the local diffusion coefficient as shown in Fig. 3. Although Eq. (10) has
a comparable performance to Eq. (11) with α=0.9, the latter is adopted in the present work
as the coefficient α=0.9 is specified by best fitting process with least standard deviation for
all data points of BTE solution.

2.2.3 Determination of Local Knudsen Number

The calculation of the local diffusion coefficient in Eq. (11) requires the value of local
Knudsen number as the ratio of gas MFP to local pore size. There are mainly two methods
for computing the local pore diameter throughout the porous structure: (1) largest sphere
method (Delerue et al. 1999; Bhattacharya and Gubbins 2006) and (2) 13-length averaging
method (Lange et al. 2010). We choose the largest sphere method in this work due to the
following two points: (1) the physical picture of largest sphere method is very close to that
of the interaction between gas molecules and solid wall in Knudsen diffusion; (2) the 13-
length averaging method will much overestimate the pore diameter of the slender pores with
a large length/width ratio. The main idea of the largest sphere method is to find the diameter
of the largest sphere that can be fitted inside a pore at a given point in the porous structure
(Bhattacharya andGubbins 2006). The procedures in implementing the largest spheremethod
are given as follows (Bhattacharya andGubbins 2006): (1) calculate the distances of any point
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X in the pore from all the points in solid phase of the porous media, which form a set of
distances {dX}; (2) choose the minimum element in the set {dX} for each point X as the
radius of sphere centered on the point X, and the spheres for all the points in the pore form
a set of spheres {P}; (3) for any point X′ in the pore, choose the largest sphere in the set
{P} that contains the point X′, and the diameter of this sphere is specified as the pore size
of the point X′. Besides the shape resistance from the solid phase (including the isolated
pore) of porous media which has no contribution to diffusion path, the local pore geometry
introduces an additional transport resistance through Eq. (11) due to the gas–wall interaction
from Knudsen diffusion.

2.2.4 MRT Lattice BoltzmannMethod

In contrast to the SRT-LBM for solution of Eq. (3) for Fickian gas diffusion in porous
structures (He et al. 2017), the MRT-LBM (Yoshida and Nagaoka 2010) is used to solve
Eq. (4) for gas diffusion in nanoporous structures. It has been shown in a recent study that the
predicted effective diffusivity in simple porous media composed of cylinders in a square or
staggered arrangement based on the SRT-LBM is dependent on the relaxation time, which is
an artifact and can be eliminated in theMRT-LBM (Chai et al. 2016). Because of the position
dependent non-dimensional relaxation time in Eq. (16), the MRT-LBM is a better choice for
modeling gas Knudsen diffusion in nanoporous structures. The lattice evolution equation in
MRT-LBM is:

gα(r + eαδt , t + δt ) − gα(r, t) � −
∑

β

(
M−1SM

)
αβ

[
gβ(r, t) − geqβ (r, t)

]
, (12)

where geqα (r, t) is the local equilibrium distribution function at position r and time t for the
lattice direction α, with eα being the discrete lattice velocities in D3Q7 lattice system used
in this work. M is the matrix that projects a vector onto the moment space, whereas S is
the relaxation-time matrix. The local equilibrium distribution function is related to the gas
concentration C as:

geqα �
{

C
4 , α � 0
C
8 , α � 1 − 6

. (13)

The discrete lattice velocities are expressed as:

eα �
{

(0, 0, 0)c, α � 0
(±1, 0, 0)c, (0,±1, 0)c, (0, 0,±1)c, α � 1 − 6

, (14)

where c is the lattice speed. The matrices M and S have been, respectively, constructed as
(Yoshida and Nagaoka 2010):

M �

⎛

⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1 1 1 1 1 1 1
0 1 −1 0 0 0 0
0 0 0 1 −1 0 0
0 0 0 0 0 1 −1
6 −1 −1 −1 −1 −1 −1
0 2 2 −1 −1 −1 −1
0 0 0 1 1 −1 −1

⎞

⎟⎟⎟⎟⎟⎟⎟⎟
⎠

, S �

⎛

⎜⎜⎜⎜⎜⎜⎜⎜
⎝

τ0 0 0 0 0 0 0
0 τxx τxy τxz 0 0 0
0 τxy τyy τyz 0 0 0
0 τxz τyz τzz 0 0 0
0 0 0 0 τ4 0 0
0 0 0 0 0 τ5 0
0 0 0 0 0 0 τ6

⎞

⎟⎟⎟⎟⎟⎟⎟⎟
⎠

, (15)

where the relaxation times are τ0 � τ4 � τ5 � τ6 � 1 and:

τi j �
(
1

2
+
4Dpore

c2δt

)
δi j (i, j � x, y, z), (16)

123



Microstructure Effects on Effective Gas Diffusion Coefficient… 441

with δij denoting the Kronecker symbol.
After the solution of local distribution function is obtained, the macroscopic variables

including the gas concentration C and mass flux J are computed through statistical process:

C �
∑

α

gα, (17)

J � τi i − 0.5

τi i

∑

α

gαeα, (18)

with τi i � τxx � τyy � τzz as we consider isotropic local gas diffusion coefficient. Once
the gas Knudsen diffusion is resolved, the overall effective gas diffusion coefficient of the
nanoporous structure is calculated based on the Fick’s law:

Deff, Kn � L
∫
Jd A

	C
∫
d A

, (19)

where the gas concentration difference is 	C � Cin − Cout, and J is the component of J
along the overall transport direction.

The boundary treatment in theMRT-LBM is the same as that in the SRT-LBM for diffusion
in porous structure (He et al. 2017). The standard bounce-back scheme is used for the solid
wall around the pore inside the structure, and the non-equilibrium bounce-back scheme is
adopted for the concentration boundary at the inlet and outlet. After an independence check,
a grid of 80×80×80 is adopted for the computational domain throughout the present work
except the diffusion in layering structures due to the structure compression in one direction in
Sect. 4.4. Such a domain size and grid resolution is sufficient to satisfy the REV requirement
as is demonstrated extensively in our previous studies (Wang and Pan 2008; He et al. 2017;
Wang 2012). In addition, the exact morphology for the reconstructed porous structure based
on the same statistical parameters has been shown to have negligible effect on the results of
effective gas diffusion coefficient.

3 Validations

In this section, the numerical framework including the structure reconstruction algorithm and
MRT-LBM in Sect. 2 will be validated by modeling gas Knudsen diffusion in MPL and CL
nanoporous materials, respectively.

3.1 Comparison to Experiment on Gas Diffusion in Microporous Layer

Firstly, we consider gas diffusion in MPL structure. We apply the reconstruction algorithm
to generate the digital MPL structure, which is then introduced into the MRT-LBM model
to compute the effective gas diffusivity. The structure porosity in the present simulation is
consistent with that in the experiment. In terms of the seed distribution probability used in
generating the granular MPL, we adopt a typical value of sd �0.01 from Ref. Wang et al.
(2007) after verifying that the numerical results are insensitive to its value. The details of
the directional growth probability matrix Di can be also found in Ref. Wang et al. (2007).
The lattice step is determined by equalizing the average pore diameter in lattice units of
the reconstructed MPL to the measured average pore diameter of MPL. The average pore
diameter of the reconstructed MPL is calculated as a probabilistic average of the local pore
diameter distribution obtained by the largest sphere method. The gasMFP is calculated based
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Table 1 Effective diffusion coefficient of oxygen in MPL structure with a porosity 0.64 and an average pore
diameter 24 nm at p=94–97 kPa, t=22 °C

Effective gas diffusion coefficient Deff ×106m2/s Deff/Db

Experimental (Chan et al. 2012) 1.50±0.2 0.0701±0.0093

Present prediction by LBM 1.77 0.0827

Bruggeman’s formula
(Bruggeman 1935)

10.96 0.5120

on the formula: λ � kBT
/(

p
√
2πd2g

)
, with the molecular diameter for oxygen molecule

dg �3.6×10−10 m (Haynes et al. 2012). The gas bulk diffusivity [cm2/s] is calculated based
on the following empirical relation (Chan et al. 2012):

ln(p · Db) � ln
(
1.13 × 10−5

)
+ 1.724 ln(T ), (20)

where p is the total gas pressure [atm] and T is the thermodynamic temperature [K]. After the
gas concentration and mass flux are obtained through a statistical summation of the discrete
distribution function based on Eqs. (17) and (18), the effective gas diffusivity of the porous
structure is computed through integrating the local mass flux along an arbitrary cross-section
perpendicular to the overall transport direction based on Eq. (19).

We compare the present predictions to two room-temperature experimental results of
oxygen diffusion inMPL structures at 1 atm pressure (Chan et al. 2012) and at 2 atm pressure
(Inoue et al. 2016) in Table 1 and in Fig. 4, respectively. The globally good agreement between
the numerical prediction and the experimental data demonstrates the capability of the new
computational framework. The minor deviation between them may be attributed to the fact
that the average pore diameter rather than the exact pore size distribution in the simulation
has been set the same as that in the experiment. In Table 1, we also include the result
from the Bruggeman’s empirical formula (Bruggeman 1935): Deff/Db �ε1.5, which much
overestimates the actual effective gas diffusion coefficient because of neglecting the effect
of Knudsen diffusion and an oversimplification of the diffusion process.

3.2 Comparison to Experiment on Gas Diffusion in Catalyst Layer

In this subsection, we consider the gas diffusion in CL structure. The numerical methodology
is the same as that for MPL structure in Sect. 3.1 except a further generation of isolated large
pores in the porous material. The present LBM simulation predicts the effective gas diffusion
coefficient in good agreement with the results by experimental measurement in CL materials
(Inoue et al. 2016; Yu and Carter 2010; Yu et al. 2012), as shown in Fig. 5a, b. We also
include in Fig. 5a the results in several previous numerical studies on the same gas diffusion
process by FVM (Lange et al. 2012; Siddique and Liu 2010) and LBM (Chen et al. 2015)
solution of the diffusion equation. It is seen that the present prediction is the closest one to the
experimental result. The improvement of the present numerical framework over the previous
ones is mainly attributed to the following four aspects: (1) the significant morphology feature
of ‘isolated large pore’ in CL structure carefully considered here was not taken into account
in previous work (Lange et al. 2012; Chen et al. 2015; Siddique and Liu 2010); (2) the
more accurate and robust MRT-LBM is used in contrast to the SRT-LBM in previous work
(Chen et al. 2015); (3) the corrected Bosanquet-type formula Eq. (11) is adopted to determine
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Fig. 4 Non-dimensional effective gas diffusion coefficient of microporous layer (MPL) structure: the filled
circles represent the results from experimental measurement of oxygen diffusion with Db �0.1×10−4 m2/s
in MPL with an average pore diameter 80 nm at a pressure p=201 kPa and temperature t=22 °C (Inoue et al.
2016), whereas the square-line represents the prediction by the present LBM simulation

the local diffusion coefficient in contrast to the original Bosanquet formula Eq. (6) in the
previous work (Lange et al. 2012; Chen et al. 2015; Siddique and Liu 2010); (4) the largest
sphere method used in the present work is more appropriate than the 13-length averaging
method (Lange et al. 2012; Chen et al. 2015) as explained in Sect. 2.2.3. Therefore, it is
crucial to capture both the pore-scale structures and the local diffusion coefficient in order to
accurately model the gas Knudsen diffusion in CL structure. The good agreement between
the present numerical prediction and the experimental result also indicates the power of
pore-scale simulation. The influence of the very special morphology ‘isolated large pore’ on
transport properties of CL structure is significant, which is very difficult to be well captured
by an effective model at the Darcy scale. The power of pore-scale simulation is to recover the
macroscopic transport behaviors in porousmedium through resolving themicroscopic details
of pore structures. Since the CL structure has nearly the same backbone as theMPL structure,
the effect of ‘isolated large pore’ can be estimated by comparing the effective gas diffusivity
of the former to that of the latter with a porosity equal to the background porosity (εmicro) of
the former. On the other hand, the contribution of Knudsen diffusion can be roughly separated
by comparing the present numerical result to that of a LBM simulation of Fickian diffusion
through the same structure yet without using the Bosanquet-type formula and largest sphere
method to determine the local diffusion coefficient.

4 Numerical Results and Discussions

In this section, the validated numerical framework will be used to study various important
influencing factors on the effective gas diffusion coefficient of nanoporousmaterials including
the morphology effect of isotropic microstructure in Sect. 4.1, the size effect in Sect. 4.2, the
anisotropic effect of microstructure in Sect. 4.3 and the layering structure effect in Sect. 4.4.
Furthermore, we find a surprisingly widely applicable relation between the normalized effec-
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Fig. 5 Non-dimensional effective gas diffusion coefficient of catalyst layer (CL) structure: a the filled circles
denote the results from experimental measurement of oxygen with Db �0.27 cm2/s in CL with average pore
diameter 36 nm, 60 nm and 100 nm, respectively, at p=101 kPa, t=80 °C (Yu and Carter 2010; Yu et al. 2012),
the circles and diamonds denote the predictions by FVM simulation in Refs. Siddique and Liu (2010) and
Lange et al. (2012), respectively, the triangles denote the prediction by LBM simulation in Ref. Chen et al.
(2015), the square-line represents the present prediction by LBM simulation considering the isolated large
pore; b the filled squares denote the results from experimental measurement of oxygen with Db �0.1 cm2/s
in CL with average pore diameter 60 nm at p=201 kPa, t=22 °C (Inoue et al. 2016), the square-line represents
the present prediction by LBM simulation considering the isolated large pore. The ratio of isolated large
pore is related to the porosity through the empirical linear expression: R=aεdensity +b, with a=−1.7658 and
b=1.4443

tive gas diffusion coefficient by the corresponding effective Fickian diffusion coefficient and
the average Knudsen number:
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Deff, Kn

Deff,Fick
� 1

1 + 0.9 < Kn >
, (21)

where the average Knudsen number <Kn> is defined as the ratio of gas MFP to the average
pore diameter of the nanoporous structure. Although the present numerical framework is
powerful for gas diffusion in any kinds of nanoporous materials, the pore-scale simulation
is often computationally intensive and time-consuming. Thus, an effective analytical model
Eq. (21) at the Darcy scale extracted from our simulation will be very helpful for a convenient
estimation of effective gas diffusivity of many nanoporous structures in the future.

4.1 Morphology Effect of Isotropic Microstructure

The microscopic morphology of porous structures has been demonstrated to have significant
influence on the effective transport properties, such as the electrical and thermal conductivi-
ties (Wang and Pan 2008), and the fluid flow permeability (Wang 2012; Cousins et al. 2018).
We also study the morphology effect on gas Fickian diffusion in porous media in our recent
work (He et al. 2017), where the fibrous and granular porous structures are found to have
nearly the same effective diffusion coefficient at the same porosity. However, it was antici-
pated that the morphology will impact the gas diffusion coefficient when surface-dependent
physical–chemical processes take place because of the large difference of specific surface
area found between fibrous and granular porous media (He et al. 2017). Since gas-surface
interaction plays an important role in gasKnudsen diffusion through the nanoporousmaterial,
we consider the morphology effect again. For a consistent comparison on the same ground,
the isotropic fibrous and granular porous structures are taken into account. The numerical
reconstruction of the fibrous porous structures can be found in our previous work (He et al.
2017). The seed distribution probability of granular porous structure is set the same as that
of fibrous porous structure with the same porosity. The lattice step is set as 20 nm in the
simulation such that the dimension of computational domain is 1.6 μm×1.6 μm×1.6 μm.
The predicted effective gas diffusion coefficients of fibrous and granular porous structures are
shown in Fig. 6a, where an appreciable difference is found between them especially at high
porosities. The difference is attributed to the larger specific surface area of fibrous structure
than granular structure seen in Fig. 6b, which results in stronger gas diffusion resistance from
surface confinement and thus lower effective diffusion coefficient. Once normalized by the
corresponding Fickian counterpart (He et al. 2017), the effective gas diffusion coefficient of
the two porous structures with different morphology can be well fitted into a single relation
Eq. (21), as shown in Fig. 6c.

Although there is minor deviation of the numerical results from the prediction by Eq. (21)
at low porosity, the latter displays a globally good performance. This unified relation Eq. (21)
can be used for a fast estimation of the effective diffusion coefficient of a nanoporousmaterial
through the following simple steps: (1) get the effective Fickian diffusion coefficient of similar
porous media with the same porosity from the existing fruitful experimental data or empirical
relation (Zamel and Li 2013; He et al. 2017; Ismail et al. 2015); (2) get the average pore
diameter of this nanoporous material by MIP or nitrogen adsorption methods and determine
the average Knudsen number.
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Fig. 6 Morphology effect on
effective gas diffusion coefficient
in isotropic fibrous and granular
porous structures: a effective gas
diffusion coefficient normalized
by bulk diffusion coefficient
versus porosity, the circle-line
and cross-line denote the present
prediction by LBM simulation
for granular and fibrous porous
structures, respectively, with
lattice step 20 nm at p=1 atm,
t=20 °C, with Db �0.22 cm2/s;
b specific area of granular and
fibrous porous structures,
respectively, the legend is the
same as that in a; c effective gas
diffusion coefficient normalized
by effective Fickian diffusion
coefficient versus average
Knudsen number <Kn>, the
circles and cross symbols
represent the present results of
fibrous and granular structures,
respectively, whereas the dotted
line represents the present
Bosanquet-type empirical
formula: Deff,Kn/Deff,Fick �
1/(1+0.9<Kn>), where <Kn> is
defined as the ratio of gas mean
free path to the average pore
diameter obtained by largest
sphere method, the inset figure
demonstrates the minor deviation
of the simulation results from the
empirical formula at low porosity
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4.2 Size Effect

The gas Knudsen diffusion in a nanoporous material is much influenced by the average
Knudsen number as the ratio of gas MFP to average pore size. The gas MFP of a certain

gas is dependent on the pressure and temperature as λ � kBT
/(

p
√
2πd2g

)
. In actual

engineering applications such as in the fuel cell (FC), the operating conditions (mainly
including temperature and pressure) may change a lot; on the other hand, the electrode
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Fig. 7 Size effect on non-dimensional effective gas diffusion coefficient of MPL structure: the circles represent
the MPL structure with porosity ε�0.7 and average pore diameter 80 nm at p=2 atm taken from Ref. Inoue
et al. (2016), the triangles represent theMPL structure with porosity ε�0.64 and average pore diameter 24 nm
at p=1 atm taken from Ref. Chan et al. (2012), the cross symbols represent the MPL structure with porosity
ε�0.82 and average pore diameter 80 nm at p=2 atm taken from Ref. (Inoue et al. 2016), the temperature
varies within the scope 22–3800 °C for the circles, triangles and cross symbols; the squares represent the MPL
structure with porosity ε�0.7 and average pore diameter 80 nm at t=22 °C taken fromRef. (Inoue et al. 2016),
the pressure varies within the scope 14–500 kPa; the diamonds represent the MPL structure with porosity ε�
0.7 at p=2 atm, t=22 °C taken from Ref. Inoue et al. (2016), the average pore diameter varies within the
scope 2–105 nm. The dotted line represents the present Bosanquet-type empirical formula: Deff,Kn/Deff,Fick
�1/(1+0.9<Kn>), where <Kn> is defined as the ratio of gas mean free path to the average pore diameter
obtained by largest sphere method

structures in different categories of FCsmay have different pore size distributions and average
pore diameters (Yuan and Sunden 2014). Therefore, it is crucial to evaluate the effective gas
diffusion coefficient of a nanoporous structure with various average pore sizes under various
system temperatures and pressures. To obtain meaningful results, we take the actual MPL
structures with porosities 0.64, 0.7 and 0.82, respectively, from two previous experimental
studies (Inoue et al. 2016; Chan et al. 2012). The influences of temperature, pressure and pore
size are studied separately by varying one parameter while keeping the other two invariable.
Thegas diffusions in all the threeMPLstructures are simulatedwhen studying the temperature
effect within a scope 22–3800 °C, whereas gas diffusion in the MPL structure with porosity
0.7 is merely simulated when studying the pressure effect within a scope 14–500 kPa and
the average pore size effect within a scope 2–105 nm due to the similarity. The considered
parameter scope of temperature, pressure and pore size is sufficient to cover the possible
range of values in actual application (Yuan and Sunden 2014).

The predicted effective gas diffusivity at various temperatures, pressures and pore sizes is
shown in Fig. 7. It is surprisingly found that the Bosanquet-type empirical formula Eq. (21)
provides a perfect description of the reduction of normalized effective gas diffusion coefficient
due to the increase in average Knudsen number from increasing temperature, decreasing
pressure or average pore size. Therefore, Eq. (21) can be used for an estimation of the
effective gas diffusivity of nanoporous materials under in situ operating condition with the
help of test results at specific temperature and pressure.
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Fig. 8 Anisotropic effective gas diffusion coefficient in fibrous structures: a effective gas diffusion coefficient
normalized by bulk diffusion coefficient versus averageKnudsen number, the solid lineswith symbols represent
the results of Fickian diffusion in isotropic structure, in-plane and cross-plane Fickian diffusion in anisotropic
fibrous structure with φlim �0°, θ lim �180° (isotropic in the in-plane direction) at p=1 atm, t=22 °C
with Db �0.214 cm2/s, whereas the dotted lines with symbols represent the results of Knudsen diffusion
in the same structures, respectively, a lattice step 20 nm is adopted in the LBM simulation; b effective gas
Knudsen diffusion coefficient normalized by effective Fickian diffusion coefficient, the symbols denote the
present predictions by LBM simulation, whereas the dotted line denotes the present Bosanquet-type empirical
formula: Deff,Kn/Deff,Fick �1/(1+0.9<Kn>), where <Kn> is defined as the ratio of gas mean free path to the
average pore diameter obtained by largest sphere method

4.3 Anisotropy Effect of Microstructure

The fibrous material often becomes anisotropic during the manufacturing process or just
required by actual application. The anisotropy of fibrous material is featured by the limits of
two geometrical orientation angles (φlim, θ lim) (Wang and Pan 2008; He et al. 2017; Wang
et al. 2007). The effective gas diffusion coefficient along the fiber’s direction is larger than
that across the fiber’s direction, defined as the in-plane and cross-plane diffusion coefficients,
respectively. Thus, the difference between the in-plane and cross-plane effective gas diffusion
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Fig. 9 Effective gas diffusion coefficient in layering structures with specified fiber numbers: a effective gas
diffusion coefficient normalized by bulk diffusion coefficient versus layering structure height in lattice units,
the solid lines with symbols represent the results of in-plane and through-plane Fickian diffusion in layering
structure with 500 fibers, whereas the dotted lines with symbols represent the results of in-plane and through-
plane Knudsen diffusion in the same structure; b effective gas Knudsen diffusion coefficient normalized by
effective Fickian diffusion coefficient versus average Knudsen number, the symbols denote the present results
for layering structures with 500 and 1000 fibers, respectively, whereas the dotted line denotes the present
Bosanquet-type empirical formula: Deff,Kn/Deff,Fick �1/(1+0.9<Kn>), where <Kn> is defined as the ratio
of gas mean free path to the average pore diameter obtained by largest sphere method. A lattice step 10 nm is
adopted in the LBM simulation at p=1 atm, t=22 °C with Db �0.214 cm2/s

coefficients is used to characterize the anisotropy effect of microstructure. In our previous
study (He et al. 2017), the influence of orientation angleφlim on the effective Fickian diffusion
coefficient is systematically investigated, with an empirical correlation provided through
fitting a series of simulation results. Here, we explore the anisotropy effect on gas Knudsen
diffusion in nanoporous fibrousmaterial. The lattice step is set as 20 nm in the simulation such
that the dimension of computational domain is 1.6μm×1.6μm×1.6μm. The effective gas
diffusion coefficients along both in-plane and cross-plane directions of the anisotropic fibrous
material with typical orientation angles φlim �0°, θ lim �180° and the results for the isotropic
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structure are shown in Fig. 8a, where the results of Fickian diffusion are also included for
a comparison. Although the effective gas Knudsen diffusion coefficients are reduced as a
whole compared to the Fickian counterpart, there still exists difference between the result
along in-plane direction and that along cross-plane direction. Fortunately, after normalization
by the corresponding Fickian result, as seen in Fig. 8b, the effective gas diffusion coefficient
along both in-plane and cross-plane direction can be well described by the empirical relation
Eq. (21). As a benefit, the effective gas diffusivity of nanoporous fibrous materials with other
orientation angles can be determined with the help of this unified relation and the obtained
empirical correlation for the Fickian counterpart in our previous study (He et al. 2017).

4.4 Layering Structures Effect

The fibrous gas diffusion layer (GDL) or non-woven layer may be compressed during the
application process (Froning et al. 2013; Froning et al. 2016). The effective gas diffusion
coefficient will be thus affected due to the change of structure porosity and average pore
size under compression. In this work, we reconstruct the layering fibrous structures with
φlim �0°, θ lim �180° and fixed fiber number of 500 and 1000, respectively. A grid of 80×
80 is adopted for the length and width directions of the computational domain, whereas
various grids from 10 to 80 are used for the height direction to represent different layering
structure heights under compression. The lattice step is set as 10 nm, such that the length
and width of the computational domain are 800 nm×800 nm and the height varies from 100
to 800 nm. The effective gas diffusion coefficient for the case of 500 fibers is displayed in
Fig. 9a and is found to decrease with decreasing the layering structure height. The increase
in gas diffusion resistance under compression is mainly caused by the dimension reduction
and porosity drop of the structure. Furthermore, the reduction in effective gas Knudsen
diffusivity is found almost twice of the reduction in the Fickian counterpart when the layering
structure height varies from80 to 10 lattice units. This strong reduction in nanoporousmaterial
comes from the enhancement of Knudsen diffusion due to decreasing average pore diameter
under compression. Finally, the empirical Bosanquet-type formula Eq. (21) demonstrates a
good performance in describing the normalized effective gas diffusion coefficient of layering
structure as well.

5 Conclusions

Wedevelop an efficient computational framework tomodel gas diffusion through nanoporous
materials including a structure reconstruction algorithm and a MRT lattice Boltzmann
method. Through a comprehensive study of the microstructure effects on effective gas diffu-
sion coefficient, we obtain the following conclusions:

1. Different morphologies of nanoporous materials will give rise to different effective dif-
fusivity in gas Knudsen diffusion because of different system specific surface areas. A
larger system specific surface area will result in the stronger gas diffusion resistance from
surface confinement. Thus, the effective gas diffusion coefficient of granular nanoporous
material is found to be higher than that of fibrous nanoporous material with the same
porosity;

2. The effective gas diffusion coefficient of nanoporous material will decrease with increas-
ing the system temperature or decreasing the gas total pressure and average pore size, all
of which render an increase of average Knudsen number;
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3. The fiber orientation in fibrous nanoporous material will cause anisotropic effective gas
diffusivity, with the diffusion resistance along the fiber direction smaller than that across
the fiber direction. For layering structures with fixed number of fibers, a decreasing
structure height caused by compressionwill result in a reduction of effective gas diffusion
coefficient, with the reduction times in gas Knudsen diffusion much higher than that in
Fickian diffusion;

4. A widely applicable relation is found between the normalized effective gas diffusion
coefficient of nanoporous material and the average Knudsen number in spite of differ-
ent microstructures. This unified relation will provide a fast estimation of effective gas
diffusivity of nanoporous materials in engineering application.
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