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a b s t r a c t 

In this work, we study thermal phonon vortex in graphene ribbon by a discrete-ordinate solution of 

phonon Boltzmann equation under Callaway’s dual relaxation model. The phonon scattering rates of nor- 

mal and resistive processes are acquired from ab initio calculation without need of any empirical input 

parameters. The temperature, size and isotope effects on transition from phonon vortex transport to con- 

ventional Fourier’s heat conduction in both simple and complex geometries are investigated. The physical 

mechanism for the evolution of phonon vortex is declared by wide phonon mean free path distribu- 

tion of resistive processes. A hierarchical vortex series is obtained with primary, secondary and terniary 

vortexes in a complicated geometry. The present work provides an accurate and efficient multi-scale nu- 

merical framework for modeling hydrodynamic phonon transport in high-thermal-conductivity materials 

and also sheds light on the heat dissipation applications. 

© 2021 Elsevier Ltd. All rights reserved. 
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. Introduction 

With rapid developments of nano-fabrication and manufactur- 

ng technologies, the characteristic size of semiconductor electron- 

cs drops down to micro- and nano-meter scale nowadays [ 1 , 2 ].

eat dissipation at such a small confined space becomes a bot- 

leneck of further developments of micro- and nano-electronics in 

he future [ 3 , 4 ]. To tackle this challenge of thermal management,

here have been extensive studies on heat transport at nanoscale 

nd in nanomaterials in the past decades [5-9] . One of the crucial 

ssues is to seek materials with a high thermal conductivity, among 

hich the two-dimensional (2D) graphene [ 10 , 11 ] is a very promis-

ng candidate and has demonstrated good performances in cooling 

own the chips in lab experiments [ 12 , 13 ]. Recent first-principle 

 ab initio ) studies [ 14 , 15 ] have declared that the predominance of

on-resistive normal phonon scattering over the Umklapp scatter- 

ng is the main mechanism for the high thermal conductivity of 

raphene. Hydrodynamic phonon transport, which usually occurs 

t an extremely low temperatures (~10K) in 3D materials [6] , be- 

omes significant in graphitic materials even at moderate temper- 
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ture (~100K) [16] due to both high Debye temperature and strong 

nharmonicity [17] . 

In recent years there are increasing interests in modeling hy- 

rodynamic phonon transport in graphene ribbon. As a first step, 

revious works were mainly focused on the temperature pro- 

le and thermal conductivity (or thermal resistance) of in-plane 

18-20] and cross-plane [ 21 , 22 ] heat transport in relatively sim- 

ler rectangular geometries. Besides, most works considered the 

teady-state hydrodynamic phonon transport whereas the tran- 

ient transport was studied only in few works [23-25] . As phonon 

ransport in the hydrodynamic regime is very similar to viscous 

uid flow [ 6 , 26 ], it is expected that the vortex phenomenon of

honons may also take place in crystals. Yet the phonon vortex 

as attracted rarer attention, in comparison to the wide inves- 

igation and understanding of electron vortex in graphene rib- 

ons [27-29] . There is a demonstration of heat vortex in a rect- 

ngular graphene ribbon based on macroscopic phonon hydrody- 

amic equation in a very recent work [30] . However, it remains 

o consider more realistic material properties due to the chal- 

enge of including frequency-dependent phonon scattering rates 

or relaxation times) in developing the phonon hydrodynamic 

quation. In addition, a more thorough analysis and a consider- 

tion of more complex geometries pertinent to actual applica- 

ions is pending, which is one of the main aims of the present 
ork. 

https://doi.org/10.1016/j.ijheatmasstransfer.2021.120981
http://www.ScienceDirect.com
http://www.elsevier.com/locate/hmt
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The theoretical modeling of hydrodynamic phonon transport is 

sually based on the phonon Boltzmann equation. Regarding the 

reatment of the scattering term in the Boltzmann transport equa- 

ion, there are mainly two strategies: ( i ) the full integral scatter- 

ng term, ( ii ) relaxation time approximations. In the first strat- 

gy, the homogenous solution is obtained by iterative or vari- 

tional approaches with an empirical phonon-boundary scatter- 

ng term [ 14 , 15 , 31-33 ]. A Monte Carlo (MC) scheme has been de-

eloped to directly solve the phonon Boltzmann equation under 

ull scattering term [34] , yet it is very computationally expensive 

 19 , 20 ]. The relaxation time approximations represent more fea- 

ible models for convenient engineering applications. The single 

ode relaxation time (SMRT) approximation has been shown to 

uch underestimate the thermal conductivity of graphene due to 

he strong normal scattering [ 14 , 31-33 ]. In comparison, the Call- 

way’s dual relaxation model [35] , which treats the normal scat- 

ering and Umklapp scattering separately, is a far better approxi- 

ation to the full scattering term [ 14 , 36 ]. Although the Callaway’s

odel has already been widely used in modeling or analyzing hy- 

rodynamic phonon transport [ 19 , 21-23 , 37-39 ], the direct numeri- 

al solution of phonon Boltzmann equation under Callaway’s scat- 

ering term has been advanced only recently [ 18 , 21 , 24 , 25 ]. Several

umerical schemes have been developed including the determin- 

stic discrete-ordinate method (DOM) [18] and discrete unified gas 

inetic scheme (DUGKS) [24] , as well as the stochastic MC methods 

 21 , 25 ]. However, the empirical scattering rates [ 18 , 24 ] or constant

cattering rates [ 21 , 25 ] of normal and Umklapp processes were 

dopted in these direct numerical solutions. Therefore, another aim 

f this work is to develop a numerical framework by the input 

f ab initio normal and Umklapp scattering rates into the DOM 

cheme developed in our previous work [18] . The DOM solution of 

b initio Callaway’s dual relaxation model will be a more accurate 

escription of hydrodynamic phonon transport in graphene. With 

his numerical framework, we will investigate the phonon vortex 

ynamics in graphene ribbon in a systematic way. 

The remainder of this article will be organized as follows: 

he mathematical and numerical models will be introduced in 

ection 2 , including the phonon Boltzmann equation under Call- 

way’s model and the DOM scheme with ab initio scattering 

ates. The numerical framework will be validated in Section 3 by 

wo classical cases of heat transport in the graphene ribbon. In 

ection 4 , the phonon vortex dynamics in the graphene ribbon 

ith both rectangular and more complicated geometries will be 

xplored. The concluding remarks are finally made in Section 5 . 

. Mathematical and numerical models 

In this section, the phonon Boltzmann equation under Call- 

way’s dual relaxation model is presented in Section 2.1 . The 

iscrete-ordinate method is introduced to the direct numerical so- 

ution of the phonon Boltzmann equation in Section 2.2 . Finally, 

n Section 2.3 , the extraction of phonon resistive and normal scat- 

ering rates in the Boltzmann equation from ab inito calculation is 

lucidated. 

.1. Phonon Boltzmann equation under Callaway’s model 

The phonon Boltzmann equation under Callaway’s dual relax- 

tion model is adopted [ 18 , 35 ]: 

∂ f ω 
∂t 

+ v g · ∇ f ω = 

f eq 
R 

(
T loc , R 

)
− f ω 

τR ( ω, p , T ) 
+ 

f eq 
N 

(
T loc , N , u 

)
− f ω 

τN ( ω, p , T ) 
, (1) 

here the non-equilibrium distribution function of phonon mode 

 ω, p ) is abbreviated as f ω ≡ f (t, r , ω, p, �) , and v g is the phonon

roup velocity, �= v g / v g being the unit vector along the phonon 
2 
ropagation direction. The relaxation times of resistive and nor- 

al phonon scattering processes are denoted by τR ( ω, p , T ) and 

N ( ω, p , T ) , with their local equilibrium distribution functions re- 

pectively defined as: 

f eq 
R 

(
T loc , R 

)
= 

1 

exp 

(
h̄ ω / k B T loc , R 

)
− 1 

, (2) 

f eq 
N 

(
T loc , N , u 

)
= 

1 

exp [ ( h̄ ω − h̄ k · u ) / k B T loc , N ] − 1 

, (3) 

ith T loc,R , T loc,N the local pseudo-temperatures and u the local 

honon drift velocity, which are determined by the energy and 

omentum conservation conditions of scattering processes as to 

e introduced later. Note that the two pseudo-temperatures are in- 

roduced as mediate mathematical quantities to ensure the energy 

onservation of relaxation-type scattering term [40] . The unique 

ocal temperature T defined later from the local energy density 

epresents the physical temperature of the phonon system. k is 

he phonon wave vector, whereas k B and h̄ denotes separately 

he Boltzmann constant and reduced Planck constant. The resistive 

rocesses considered in this work include three-phonon Umklapp 

cattering and isotope phonon scattering. 

Under the assumption of a small temperature difference 

hroughout the system, the linearized deviational intensity form of 

quation (1) is obtained: 

∂ φω, p 

∂t 
+ v g · ∇ φω, p = 

φeq 
R 

(
T loc , R 

)
− φω, p 

τR ( ω, p , T 0 ) 
+ 

φeq 
N 

(
T loc , N , u 

)
− φω, p 

τN ( ω, p , T 0 ) 
, 

(4) 

here the deviational phonon intensity is introduced as: φω, p = 

 ω, p − I 
eq 
R 

( T 0 ) , with the phonon intensity [ 41 , 42 ] defined for

D case as: I ω, p = v g ̄h ω f ω 
D ( ω, p ) 

2 π , and I 
eq 
R 

( T 0 ) = v g ̄h ω f 
eq 
R 

( T 0 ) 
D ( ω, p ) 

2 π .

 ( ω, p ) is the density of states and T 0 is the average system tem-

erature. The linearized expressions of local pseudo-equilibrium 

eviational phonon intensities for the resistive and normal pro- 

esses are derived from Equations (2) and (3) respectively [18] : 

eq 
R 

(
T loc , R 

)
= v g 

C ω, p 

2 π

(
T loc , R − T 0 

)
, (5) 

eq 
N 

(
T loc , N , u 

)
= v g 

C ω, p 

2 π

(
T loc , N − T 0 

)
+ v g 

C ω, p 

2 π
T loc , N 

k · u 

ω 

, (6) 

here the spectral heat capacity per unit area of 2D materials 

s: C ω, p = h̄ ω 

∂ f 
eq 
R 

∂T 
D ( ω, p ) . The local pseudo-temperatures are deter- 

ined by the energy conservation condition of resistive and nor- 

al processes: 

 loc , R − T 0 = 

1 

C τR 

∑ 

p 

∫ ∫ 2 π

0 

φω, p 

�R ( ω, p , T 0 ) 
d θd ω, (7) 

 loc , N − T 0 = 

1 

C τN 

∑ 

p 

∫ ∫ 2 π

0 

φω, p 

�N ( ω, p , T 0 ) 
d θd ω, (8) 

here C τR 
= 

∑ 

p 

∫ C ω, p 

τR ( ω, p , T 0 ) 
dω and C τN 

= 

∑ 

p 

∫ C ω, p 

τN ( ω, p , T 0 ) 
dω are intro- 

uced for short notation, and θ ∈ [0 2 π ] is the angular variable 

f phonons in the 2D case. The phonon mean free path (MFP) 

f resistive and normal processes are respectively �R ( ω, p , T 0 ) = 

 g ( ω, p ) τR ( ω, p , T 0 ) and �N ( ω, p , T 0 ) = v g ( ω, p ) τN ( ω, p , T 0 ) . The lo-

al phonon drift velocity is determined by the quasi-momentum 

onservation condition of normal process: 

 = 

2 

T loc , N C 1 τN 

∑ 

p 

∫ ∫ 2 π

0 

k 

ω 

φω, p 

�N ( ω, p , T 0 ) 
d θd ω, (9) 

here C 1 τN 
= 

∑ 

p 

∫ 
k 2 

ω 2 
C ω, p 

τN ( ω, p , T 0 ) 
dω is introduced for short notation. 
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The isotropic phonon properties are implicitly assumed in 

he Boltzmann transport model Eqs. (4) - (9) . After the deviational 

honon intensity in Equation (4) is resolved, the macroscopic field 

ariables (temperature T and heat flux q ) are computed through a 

tatistical integration: 

 

d ( t, r ) = 

1 

h 0 

∑ 

p 

∫ ∫ 2 π

0 

φω, p 

v g 
d θd ω = C V [ T ( t, r ) − T 0 ] , (10) 

 ( t, r ) = 

1 

h 0 

∑ 

p 

∫ ∫ 2 π

0 

φω, p �d θd ω, (11) 

here e d denotes the local deviational energy density, with h 0 the 

hickness of 2D materials, and the specific heat per unit volume 

or 2D materials defined as: C V = 

1 
h 0 

∑ 

p 

∫ 
C ω, p dω. 

.2. Discrete-ordinate method 

In this work, we consider 2D steady-state phonon transport, for 

hich Equation (4) is reduced to: 

∂ φω, p 

∂x 
+ η

∂ φω, p 

∂y 
= 

φeq 
R 

(
T loc , R 

)
− φω, p 

�R ( ω, p , T 0 ) 
+ 

φeq 
N 

(
T loc , N , u x , u y 

)
− φω,

�N ( ω, p , T 0 ) 

(12) 

here the directional cosine and sine are defined as: μ = 

os θ, η = sin θ . A discrete-ordinate method has been developed 

or a direct numerical solution of Equation (12) in our previous 

ork [18] . The main idea will be explained here without a repe- 

ition of all the technical details. The spectral and angular spaces 

re discretized based on the Gauss-Legendre (G-L) quadrature, with 

he number of abscissae N p (for phonon branch p) and N θ respec- 

ively. The discrete form of Equation (12) in spectral and angular 

paces thus becomes: 

k 

∂ ( φp ) 
k 
n 

∂x 
+ ηk 

∂ ( φp ) 
k 
n 

∂y 
= 

(
φeq 

pR 

)
n 

− ( φp ) 
k 
n (

�pR 

)
n 

+ 

(
φeq 

pN 

)k 

n 
− ( φp ) 

k 
n (

�pN 

)
n 

, 

(13) 

here k = 1 , 2 , · · · N θ and n = 1 , 2 , · · · N p denote the index of dis-

rete angular and spectral nodes. The step scheme [43] is adopted 

or the spatial discretization to ensure both numerical accu- 

acy and stability. For the first quadrant of angular space with 

> 0 , η > 0 , the forward difference scheme is applied to both x -

irection and y -direction spatial derivatives in Equation (13) : 

k 

( φp ) 
k 
n,i, j − ( φp ) 

k 
n,i −1 , j 


x 
+ ηk 

( φp ) 
k 
n,i, j − ( φp ) 

k 
n,i, j−1 


y 

= 

(
φeq 

pR 

)
n,i, j 

− ( φp ) 
k 
n,i, j (

�pR 

)
n 

+ 

(
φeq 

pN 

)k 

n,i, j 
− ( φp ) 

k 
n,i, j (

�pN 

)
n 

, (14) 

here 
x and 
y are the spatial steps. For the other three quad- 
ants of angular space, the spatial discretization scheme is similar, 
ith the details given in Ref. [18] . The following evolution equa- 

ion of the discrete deviational phonon intensity for μ > 0 , η > 0 
s derived from Equation (14) as: 

( φp ) 
k 
n,i, j 

= 

( m p ) 
k 
n ( φp ) 

k 
n,i −1 , j + ( n p ) 

k 
n ( φp ) 

k 
n,i, j−1 + 

( �pC ) n 
( �pR ) n 

(
φeq 

pR 

)
n,i, j 

+ 

( �pC ) n 
( �pN ) n 

(
φeq 

pN 

)k 

n,i, j 

( m p ) 
k 
n + ( n p ) 

k 
n + 1 

, (15) 

here ( m p ) 
k 
n = 

μk ( �pC ) n 

x 

, ( n p ) 
k 
n = 

ηk ( �pC ) n 

y 

are introduced for short 

otation, and the overall phonon mean free path is defined based 

n the Mathieussen’s rule as: 1 
�pC 

= 

1 
�pR 

+ 

1 
�pN 

. The subscripts 

 = 1 , 2 , · · · N x and j = 1 , 2 , · · · N y denotes the index of spatial nodes,
3 
ith N x and N y the number of spatial grids along x -direction and 

 -direction respectively. 

The DOM numerical solution is implemented through an iter- 

tion process. Within each iteration step, the deviational phonon 

ntensity for μ > 0 , η > 0 is updated from the left-bottom bound- 

ries of the system based on Equation (15) . The update is done 

hrough similar procedures for the other three quadrants of an- 

ular space [18] . Then the pseudo-equilibrium deviational phonon 

ntensities for normal and resistive processes are computed based 

n Eqs. (5) - (9) . The iteration process is terminated until the rel-

tive difference of pseudo-equilibrium deviational intensities be- 

ween two successive iteration steps is smaller than 1 × 10 −10 . 

fter the convergence of deviational phonon intensity, the macro- 

copic field variables are calculated based on Equations (10) and 

11) . 

.3. Ab initio scattering rates 

In this work, the phonon properties of mono-layer graphene in- 

luding the phonon dispersion and scattering rates are computed 

rom ab initio (or DFT, density functional theory) calculation, which 

epresents a more accurate description than the empirical expres- 

ions in previous work [ 18 , 24 ]. The ab initio calculation is im-

lemented in the open-source package QUANTUM ESPRESSO (QE) 

44] . The norm-conserving pseudopotential with LDA (local den- 

ity approximation) exchange-correlation functional is adopted as 

ecommended by a recent benchmark study [45] . A convergence 

hreshold of 10 −12 is used for the self-consistent field calculation. 

he lattice constant of graphene is obtained as 2.4403 Å through 

 unit cell relaxation in QE with a kinetic energy cutoff of 120Ry 

or the wave function, and a convergence threshold of 10 −7 a.u. 

atomic unit) and 10 −4 a.u. for the total energy and force respec- 

ively. The value of lattice constant agrees well with the result 

n the literature [ 45 , 46 ] with the same pseudopotential and func- 

ional. An accurate lattice constant is crucial for graphene since its 

iny change will give rise to a considerable variation of thermal 

ransport properties [46] . A vacuum layer of 20 Å is used in the 

ut-of-plane direction to avoid any spurious interaction between 

djacent graphene layers in the supercell calculation. The finite dis- 

lacement method is adopted to compute the harmonic force con- 

tants (FCs) as implemented in the open-source package PHONOPY 

47] . A sufficiently large supercell of 10 × 10 × 1 (200 atoms) 

s used to ensure capturing the long-range two-body interaction 

n graphene. A kinetic energy cutoff of 120Ry for the wave func- 

ion and an electronic wave vector grid of 4 × 4 × 1 are adopted 

n the DFT calculation in QE. The third-order FCs are also com- 

uted by the finite displacement method as implemented in the 

pen-source script THIRDORDER [48] . A supercell of 9 × 9 × 1 

162 atoms) is used, with the six nearest neighbor atomic inter- 

ction included. A kinetic energy cutoff 100Ry for wave function 

s adopted in the �-point DFT calculation in QE. After extract- 

ng the harmonic and third-order FCs, the phonon thermal proper- 

ies (phonon dispersion, scattering rates, thermal conductivity, etc .) 

f graphene are calculated in the open-source package SHENGBTE 

48] with a phonon wave vector grid of 100 × 100 × 1 after inde- 

endence verification. The scattering rates of normal process and 

mklapp process are distinguished by the conservation of phonon 

uasi-momentum or not based on a revised SHENGBTE code. 

As the full first Brillouin zone (BZ) is considered in the ab ini- 

io calculation of phonon properties, some treatment is done to 

nput them into the present isotropic Boltzmann equation solver. 

ince the anisotropy within the in-plane direction of graphene is 

ery weak, we adopt the ab initio phonon properties along the 

igh-symmetry �-M direction in the DOM solution. The phonon 

ispersion along �-M direction is shown in Fig. 1 . The scatter- 

ng rates of normal process and Umklapp process at 100K in the 
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Fig. 1. Phonon dispersion of graphene along �-M direction from ab initio calcula- 

tion. 
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s

ull first BZ and along �-M direction are shown in Fig. 2 (a) and

b) respectively. The scattering rates along �-M direction demon- 

trate a good representation of those in the full first BZ. In ad- 

ition, the normal scattering rate is much larger than the Umk- 

app scattering rate for the low- and moderate-frequency phonons, 

hich indicates very strong hydrodynamic phonon transport at 

00K. Furthermore, we omit the optical phonons in the DOM solu- 

ion due to the following considerations: ( i ) the contribution of op- 

ical phonons to heat transport is very small in the concerned low- 

emperature hydrodynamic regime; ( ii ) the present DOM scheme 

eeds to be further adjusted to treat the negative phonon group 

elocity ( v g = d ω/d k < 0) of optical phonons along the transport

irection. As a validation of the present isotropic Callaway’s model 

ith ab initio phonon properties, we show the bulk thermal con- 

uctivities of isotopically pure and natural abundance graphene in 

ig. 3 (a) and (b) respectively. For the natural abundance case in 

ig. 3 (b), the good agreement between the present iterative solu- 

ion of phonon Boltzmann equation under full scattering term and 

 previous variational solution with FCs computed by QE using 

he same pseudo-potential and functional [14] demonstrates the 

eliability of the present ab initio calculation. For both cases, the 

MRT model much underestimates the bulk thermal conductivity 

f graphene obtained by the iterative solution, as consistent with 

he trend in previous works [ 14 , 31-33 ]. In contrast, the result by

he Callaway’s model in the full first BZ or in the present isotropic 

ssumption shows an overall good agreement with the iterative so- 

ution within around 30% relative error. As an intuitive comparison, 

or isotopically pure graphene at 100K, the isotropic SMRT model 

ives a thermal conductivity (837.0544 W/m �K) about two orders 

f magnitude smaller than the iterative solution (2.0020 × 10 5 

/m �K) whereas the present isotropic Callaway’s model gives a 

alue (1.6421 × 10 5 W/m �K) with only about 20% underestimation. 

. Methodology validation 

The discrete-ordinate method for the phonon Boltzmann equa- 

ion under Callaway’s dual relaxation model has been extensively 

alidated in our previous work [18] based on empirical phonon 
4 
roperties of graphene. In this section, a quantitative validation 

ill be demonstrated for the DOM numerical scheme with ab initio 

cattering rates introduced in Section 2 . Two cases are modeled as 

hown in Fig. 4: heat transport through infinitely wide graphene 

ibbon in Section 3.1 , and heat transport through infinitely long 

raphene ribbon in Section 3.2 . 

.1. Heat transport through infinitely wide graphene ribbon 

In this sub-section, heat transport through an infinitely wide 

raphene ribbon with a length L is modeled as shown in Fig. 4 (a).

o have a consistent comparison to available results in the liter- 

ture, natural abundance (1.1% 

13 C) of carbon is considered. The 

verage system temperature is T 0 = 300K, with the temperatures 

f left-hand hot source T h = 300.5K and right-hand cold source 

 c = 299.5K respectively. The small temperature difference (1K) 

nsures the validity of the linearized assumption. In the present 

ase, the DOM scheme is reduced to a one-dimensional formula- 

ion. The numerical treatment of isothermal boundary conditions 

an be found in Ref. [18] . A spatial grid of N x = 100, a spectral grid

f NL = NT = NZ = 10 for LA, TA and ZA phonons, and an angular

rid of N θ = 32 are adopted after independence verification. After 

onvergence of the deviational phonon intensity, the heat flux q x 
cross the graphene ribbon is calculated and then the thermal con- 

uctivity is computed by: κ = q x L / ( T h − T c ) . The length-dependent 

hermal conductivity of the graphene ribbon is shown in Fig. 5 , 

here an ab intio MC solution of phonon Boltzmann equation un- 

er full scattering term [34] and a non-equilibrium molecular dy- 

amics (NEMD) simulation result [49] for the same heat transport 

rocess are included for comparison. The present DOM solution 

ith ab initio (DFT) scattering rates agrees well with the ab initio 

C solution. The small difference between the present DOM so- 

ution and NEMD result may be caused by the fact that empirical 

tomic interaction potential is adopted in NEMD. The overall good 

greement indicates that the present ab initio Callaway’s scattering 

odel still captures well the heat transport behaviors in micro- 

nd nano-ribbon of graphene. 

.2. Heat transport through infinitely long graphene ribbon 

In this sub-section, heat transport through an infinitely long 

raphene ribbon with a width W and natural abundance at 300K 

s modeled as shown in Fig. 4 (b). A constant uniform temperature 

radient of −dT / dx = −10 8 K/m is exerted along the transport di- 

ection through a periodic heat flux boundary condition. A fully 

iffuse scheme is implemented for the lateral adiabatic boundary 

ondition. The details of boundary treatment can be found in Ref. 

18] . After independence verification, a spatial grid of N x = 2 and 

 y = 100, a spectral grid of NL = NT = NZ = 10 for LA, TA and ZA

honons, and an angular grid of N θ= 96 are adopted. After the con- 

ergence of deviational phonon intensity, the cross-sectional heat 

ux distribution q x (y ) is calculated and then the thermal con- 

uctivity is computed by: κ = 

1 
W 

∫ W 

0 q x (y ) dy / ( dT / dx ) . The width- 

ependent thermal conductivity of the graphene ribbon is shown 

n Fig. 6 , where an overall good agreement is obtained between 

he present DOM solution with ab initio (DFT) scattering rates and 

n ab initio MC solution of phonon Boltzmann equation under full 

cattering term [34] . The minor difference may be caused by the 

ifferent treatments of phonon scattering term, as well as possible 

ifference between the DFT phonon properties calculated by differ- 

nt groups. 

. Results and discussion 

In this section, the DOM numerical framework with ab initio 

cattering rates in Section 2 will be applied to explore the phonon 



Y. Guo, Z. Zhang, M. Nomura et al. International Journal of Heat and Mass Transfer 169 (2021) 120981 

Fig. 2. Ab initio scattering rates of three-phonon normal and Umklapp processes in graphene at 100K: (a) in the full first Brillouin zone, (b) along �-M direction. The red 

points represent the normal scattering whereas the black points represent the Umklapp scattering. 

Fig. 3. Temperature-dependent thermal conductivity of bulk graphene: (a) isotopically pure (0% 13 C) case, (b) natural abundance (1.1% 13 C) case. The circle-line represents the 

iterative solution of phonon Boltzmann equation under full scattering term, the blue diamond-line and upper-triangle-line represent the result of Callaway’s dual relaxation 

scattering model in the full Brillouin zone (BZ) and in the present isotropic assumption, the magenta square-line and right-triangle-line represent the result of single-mode- 

relaxation-time (SMRT) scattering model in the full BZ and in the present isotropic assumption. The solid red line represents the result by variational solution of phonon 

Boltzmann equation under ab initio full scattering term from Ref. [14] . 

Fig. 4. Schematic of heat transport through graphene ribbon: (a) infinitely wide graphene ribbon with a length L; (b) infinitely long graphene ribbon with a width W. 
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ortex dynamics in the graphene ribbon. Two cases will be inves- 

igated including a rectangular graphene ribbon in Section 4.1 and 

 more complicated T-type graphene ribbon in Section 4.2 . The 

raphene ribbons in both cases are perfect as any internal geomet- 

ical defects (for instance, grain boundaries, lattice dislocations and 

ores inside the ribbon) will induce resistive phonon-defect scat- 
5 
ering and appreciably destroy the phonon vortex hydrodynamics. 

he first case is similar to the physical model in the very recent 

aper [30] , yet we will present a more thorough study on the tem- 

erature effect, size effect as well as isotope effect on the dynam- 

cs of phonon vortex. The underlying mechanism of the transition 

rom hydrodynamic to diffusive heat transport will be elucidated 
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Fig. 5. Length-dependent thermal conductivity of infinitely wide graphene ribbon 

with natural abundance (1.1% 13 C) at 300K: the black diamonds represent the result 

by non-equilibrium molecular dynamics (NEMD) [49] , the red squares represent the 

result by ab initio Monte Carlo (MC) solution of phonon Boltzmann equation under 

full scattering term [34] , the blue circle-line represents the present DOM (discrete- 

ordinate method) solution of phonon Boltzmann equation under Callaway’s dual re- 

laxation model with ab initio (DFT) phonon properties. 

Fig. 6. Width-dependent thermal conductivity of infinitely long graphene ribbon 

with natural abundance (1.1% 13 C) at 300K: the black squares represent the re- 

sult by the ab initio Monte Carlo (MC) solution of phonon Boltzmann equation 

under full scattering term [34] , the blue circle-line represent the result by the 

present DOM (discrete-ordinate method) solution of phonon Boltzmann equation 

under Callaway’s dual relaxation model with ab initio (DFT) phonon properties. 
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Fig. 7. Schematic of the physical model of phonon vortex in rectangular graphene 

ribbon. 
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ia the MFP analysis of normal and resistive phonon scattering 

rocesses. The second case is a counterpart of the classical lid- 

riven cavity flow [50] in fluid dynamics. The evolution of phonon 

ortex configuration with the cavity height-width ratio will be dis- 

ussed. 

.1. Phonon vortex in rectangular graphene ribbon 

In this sub-section, phonon heat transport in a rectangular 

raphene ribbon with L = 3 W is simulated, as shown in Fig. 7 . The

ength of the heat source at the upper edge and the cold source at 

he lower edge are L h = L c = 1/20 L . A small temperature difference

f T h - T c = 1K around an average temperature T 0 is exerted on

he graphene ribbon. The influence of average temperature T and 
0 

6 
ength L on phonon transport in isotopically pure graphene rib- 

on is studied in Section 4.1.1 , and the influence of isotope phonon 

cattering will be discussed in Section 4.1.2 by also modeling the 

raphene ribbon with natural abundance. After independence ver- 

fication, a spatial grid of N x = 240 and N y = 80, a spectral grid of

L = NT = NZ = 10 for LA, TA and ZA phonons, and an angular grid

f N θ= 48 are adopted in the DOM numerical solution. 

.1.1. Temperature and size effect 

The temperature contour and heat flux streamline in the rect- 

ngular graphene ribbon with a fixed length L = 15μm at three dif- 

erent average system temperatures T 0 = 100K, 150K and 300K are 

hown in Fig. 8 . Two large side phonon vortexes occupying approx- 

mately 1/3 of the length respectively are obtained at T 0 = 100K in 

ig. 8 (a). The vortex has a similar physical picture to the fluid vor- 

ex, and can be understood to be generated by the ‘viscous force’ 

quasi-momentum transfer) from the middle mainstream phonons 

o the side phonons in the confined corner. As the average sys- 

em temperature increases to 150K, the size of the vortex is re- 

uced a lot as shown in Fig. 8 (b), where two small vortex pairs

re also appearing at two sides. At room temperature ( T 0 = 300K), 

he phonon heat transport features the typical diffusive behav- 

or predicted by the classical Fourier’s law as shown in Fig. 8 (c). 

 clear transition from hydrodynamic to diffusive heat transport 

s demonstrated from 100K to 300K. In addition, in the hydro- 

ynamic regime, a low-temperature region emerges near the hot 

ource, and a high-temperature region near the cold source. In 

ther words, heat transports from a low temperature place to a 

igh temperature one due to the formation of a vortex. As a result, 

e obtain a negative non-local temperature response between the 

pper edge and the lower edge of the graphene ribbon. The size of 

he anomalous low/high-temperature regions decreases with tem- 

erature from 100K in Fig. 8 (a) to 150K in Fig. 8 (b). Thus the nega-

ive non-local temperature response weakens with increasing tem- 

erature and finally becomes reverse, as shown in Fig. 9 . 

The heat transport from low to high temperatures apparently 

iolates the second law of thermodynamics. To understand this, 

rstly we revisit the entropy generation expression in diffusive 

eat conduction [51] : σ s = q · ∇ 

1 
T . The linear Fourier’s law of heat 

onduction q = −κ∇T satisfies the second law as it yields σ s = 

 

2 / κT 2 ≥ 0 . The Fourier’s law indicates the direction of heat flux is 

pposite to that of temperature gradient, i.e. the heat flux always 

oes from high to low temperatures. However, in the phonon hy- 

rodynamic regime, the transport mechanism and heat conduction 

aw are different from those in the conventional diffusive regime. 

ne of the well-known heat conduction equations in hydrody- 

amic regime is the G-K (Guyer-Krumhansl) equation [52] : 

R 
∂q + q = −κ∇ T + 

1 

v 2 g τN τR 

[∇ 

2 q + 2 ∇ ( ∇ · q ) 
]
. (16) 
∂t 5 
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Fig. 8. Phonon vortex dynamics in a rectangular graphene ribbon with 

L = 3W = 15 μm at different average temperatures: (a) T 0 = 100K, (b) T 0 = 150K, (c) 

T 0 = 300K. The color contour denotes the distribution of the dimensionless tempera- 

ture defined as: θ= (T-T c )/(T h -T c ), whereas the streamline denotes the heat flux vec- 

tor. 

Fig. 9. Non-local temperature response between the upper and lower edge of the 

rectangular graphene ribbon with L = 3W = 15 μm at different average temperatures. 

Here 
θ is the difference of dimensionless temperature between the upper edge 

(y = W) and the lower edge (y = 0). 
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7 
In the steady-state limit considered in this work, 

quation (16) is reduced to: 

 = −κ∇ T + 

1 

5 

v 2 g τN τR ∇ 

2 q , (17) 

here the term ∇ · q vanishes with the help of energy balance 

quation. As the second non-local term of heat flux on the right- 

and side of Equation (17) is significant in the hydrodynamic 

egime, the heat flux direction is no longer exactly opposite to that 

f temperature gradient. Thus in principle heat flux can go from 

ow to high temperatures under certain situation, as shown in the 

resent phonon vortex phenomenon. The thermodynamic compat- 

bility of G-K equation has been well verified in the framework of 

xtended irreversible thermodynamics (EIT) [53] . In the EIT frame- 

ork, the heat flux ( q ) and the higher-order flux of heat flux ( Q )

ill enter the state space in addition to the usual internal energy. 

he heat flux and its flux play similar roles as the momentum 

nd pressure tensor in non-equilibrium thermodynamics for fluid 

ow [ 51 , 54 ]. The entropy generation expression in phonon hydro- 

ynamic regime holds a similar form to that in fluid dynamics 

 6 , 53 ]: 

s = 

q 

2 

κT 2 
+ μ2 Q o : Q o + μ0 Q 

2 ≥ 0 , (18) 

here Q and Q o are the trace and deviatoric part of Q (as the 

ounterparts of pressure and stress tensor in fluid dynamics), and 

he positive-definite coefficients μ2 and μ0 are available in Ref. 

 6 , 53 ]. The first term and the last two terms on the right-hand

ide of Equation (18) represent respectively the contribution to ir- 

eversibility from diffusive and hydrodynamic heat conduction. In a 

ord, the negative non-local temperature response is actually still 

onsistent with the second law of thermodynamics. 

We also demonstrate the phonon vortex dynamics in rectangu- 

ar graphene ribbon with different lengths at a fixed average sys- 

em temperature T 0 = 100K in Fig. 10 . The size of the phonon

ortex generally drecreases with increasing length of the graphene 

ibbon in the present range, and the vortex disappears at a length 

f 120μm. Thus the magnitude of negative non-local temperature 

esponse will also decrease with increasing ribbon size, as shown 

n Fig. 11 . At a very large length of 120μm, there is still finite

egative non-local response within a very small region near the 

eat source although there is no longer phonon vortex inside the 

raphene ribbon. This indicates the phonon heat transport is not 

ully diffusive and some hydrodynamic behavior still remains at 

uch low temperature, which is different from the transition in 

ig. 9 . 

The temperature and size effect on the phonon vortex dynam- 

cs in the rectangular graphene ribbon will be interpreted from 

 phonon MFP analysis. For a specific phonon mode ( ω, p), hy- 

rodynamic transport takes place only within a window condition 

 6 , 14 , 52 ]: �N ( ω, p ) � L � �R ( ω, p ) . In Fig. 12 , the frequency-

ependent MFP of phonon normal and resistive scattering pro- 

esses throughout the full BZ in isotopically pure graphene at 100K 

nd 300K are displayed. Note that the Umklapp scattering is the 

nly intrinsic resistive phonon scattering here. The MFP distribu- 

ion of normal process is comparatively uniform to that of resis- 

ive process which spreads several orders of magnitude. The MFPs 

f both normal and resistive processes decrease with increasing 

emperature because of stronger phonon scattering. Furthermore, 

he MFP of the resistive process decreases more rapidly than that 

f the normal process from 100K to 300K, such that the hydro- 

ynamic window becomes narrower. For a graphene ribbon with 

 length L = 15 μm, phonons with ω < ~14THz at 100K well lie

ithin the hydrodynamic window. In contrast, at 300K, only a very 

mall portion of phonons at ω < ~4THz satisfies the window con- 

ition. This provides a basic explanation of the transition from hy- 

rodynamic to diffusive heat transport with increasing tempera- 
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Fig. 10. Phonon vortex dynamics in rectangular graphene ribbon with differ- 

ent sizes at average temperature 100K: (a) L = 3W = 15 μm, (b) L = 3W = 60 μm, (c) 

L = 3W = 120 μm. The color contour denotes the distribution of the dimensionless 

temperature defined as: θ= (T-T c )/(T h -T c ), whereas the streamline denotes the heat 

flux vector. 

Fig. 11. Non-local temperature response between the upper and lower edge of the 

rectangular graphene ribbon with different sizes (L = 3W) at average temperature 

100K. Here 
θ is the difference of dimensionless temperature between the upper 

edge (y = W) and the lower edge (y = 0). 
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Fig. 12. Frequency-dependent phonon mean free path (MFP) of normal and resistive proc

300K. The red points denote the normal process whereas the black points denote the resi

8 
ure shown in Fig. 8 and Fig. 9 . To have a deeper understanding,

e also calculate an average MFP of normal and resistive processes 

s: 

 

�〉 = 

1 
h 0 

∑ 

p 

∫ 
C q ,p �q ,p 

dq 

( 2 π) 
2 

C V 
, (19) 

ith the modal heat capacity C q ,p = h̄ ω ∂ f 
eq 
R 

/ ∂T as the weight for 

verage. The results of temperature-dependent average MFP and 

he weight are shown in Fig. 13 . The good consistency between 

he full BZ result and the isotropic result in Fig. 13 (a) demonstrates 

gain the validity of the isotropic assumption in this work. As in- 

erred from Fig. 13 (b), the phonons with ω < ~14THz dominate 

he contribution to average MFP and heat transport at 100K. In 

omparison, at 300K, there are still appreciable phonons at ω > 

4THz that contribute to the average MFP and heat transport. Al- 

hough the overall average MFP of the resistive process (~500 μm) 

s still much larger than the ribbon length (15 μm), these phonons 

 ω > ~ 4THz) with resistive scattering MFP comparable to the rib- 
esses in isotopically pure (0% 13 C) graphene at different temperatures: (a) 100K, (b) 

stive process. 
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Fig. 13. Temperature-dependent average phonon mean free path (MFP) of normal and resistive processes in isotopically pure (0% 13 C) graphene: (a) avergage MFP, (b) the 

modal heat capacity as the weight for average. 

Fig. 14. Non-local temperature response between the upper edge and lower edge 

of the rectangular graphene ribbon with L = 15 μm, T 0 = 100K: the blue line repre- 

sents the isotopically pure graphene (0% 13 C), whereas the black line represents the 

graphene with natural abundance (1.1% 13 C). Here 
θ is the difference of dimen- 

sionless temperature between the upper edge (y = W) and the lower edge (y = 0). 

Table 1 

Spatial grid number for 

different cavity height- 

width ratios in the T- 

type graphene ribbon 

H / L 1 N x N y 

1 240 160 

2 240 240 

3 240 320 

4 240 400 

5 240 480 
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Fig. 15. Frequency-dependent mean free path (MFP) of normal, Umklapp and iso- 

tope scattering processes in graphene with natural abundance (1.1% 13 C) at 100K: 

the red points represent the normal process, the black points represent the Umk- 

lapp process, and the blue points represent the isotope scattering process. 
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on length will severely deteriorate the hydrodynamic effect. The 

ize effect shown in Fig. 10 and Fig. 11 at the average tempera- 

ure 100K can be understood in a similar way. For the graphene 

ibbon length of around 100 μm, it is seen in Fig. 12 (a) that only

he phonons with ω < ~5THz well satisfy the hydrodynamic win- 
9 
ow condition. As shown in Fig. 13 (b), there are still apprecia- 

le phonons at ω > ~5THz which contribute to the average MFP 

nd will destroy the hydrodynamic effect of the lower-frequency 

honons. The present analysis indicates the strong destroying ef- 

ect of resistive phonon scattering on hydrodynamic heat transport, 

hich only happens when most of the dominant phonons lie in 

he window condition. 

.1.2. Isotope effect 

The phonon vortex dynamics in the rectangular graphene rib- 

on with a length 15μm and natural abundance (1.1% 

13 C) at 100K 

s simulated to investigate the influence of isotope scattering. The 

ize of phonon vortex is found to be reduced (not shown here to 

void repetition of similar figures) comparing to that in the iso- 

opically pure case in Section 4.1.1 . This is attributed to the resis- 

ive nature of isotope phonon scattering, which will destroy the 

honon quasi-momentum and the hydrodynamic effect. Thus the 

on-local temperature response between the upper edge and lower 
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Fig. 16. Schematic of the physical model of phonon vortex in a T-type graphene 

ribbon 
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dge of the graphene ribbon with natural abundance will also 

eaken as it is demonsrated in Fig. 14 . A more quantitative un- 

erstanding can be acquired through the MFP of different phonon 

cattering processes shown in Fig. 15 . For the low- and moderate- 

requency ( < ~14 THz) phonons which dominate the contribution 

o heat transport at 100K, the MFP of isotope scattering is gener- 

lly shorter than that of Umklapp scattering. In other words, the 
ig. 17. Phonon cavity flow in a T-type graphene ribbon with H/L 1 = 1 at different average

he distribution of the dimensionless temperature defined as: θ= (T-T c )/(T h -T c ), whereas th

10 
sotope scattering is more resistive than the Umklapp scattering 

nd determines the overall resistive scattering MFP, which makes 

he hydrodynamic window narrower. 

.2. Phonon vortex in T-type graphene ribbon 

As the geometry of the graphene ribbon may be more complex 

han the rectangular one in actual heat dissipation application [12] , 

e consider phonon heat transport in a T-type isotopically pure 

raphene ribbon with L = 3 W 1 = 3 L 1 = 15μm shown in Fig. 16 .

he graphene ribbon consists of a horizontal rectangular part with 

xed size and a cavity part with a variable height-width ratio H / L 1 .

n the hydrodynamic regime, phonon transport in such a structure 

s similar to the lid-driven cavity flow [50] , and phonon vortex is 

xpected to exist in the cavity part. A small temperature difference 

f T h - T c = 1K around an average system temperature T 0 is ex- 

erted on the horizontal rectangular part of the graphene ribbon. 

he influence of T 0 and H / L 1 on the phonon vortex configurations 

ill be studied in this sub-section. After independence verification, 

 spectral grid of NL = NT = NZ = 10 for LA, TA and ZA phonons,

nd an angular grid of N θ= 48 are adopted in the DOM numerical

olution. To ensure a uniform grid step, the spatial grid number 

s dependent on the cavity height-width ratio, as summarized in 

able 1 . 

The phonon vortex dynamics in the T-type graphene ribbon 

ith a fixed cavity height-width ratio of H / L 1 = 1 at three dif-

erent average temperatures 100K, 150K and 300K are shown in 

ig. 17 . A transition from hydrodynamic heat transport at 100K to 

iffusive heat transport at 300K similar to that in Fig. 8 is ob- 
 temperatures: (a) T 0 = 100K, (b) T 0 = 150K, (c) T 0 = 300K. The color contour denotes 

e streamline denotes the heat flux vector. 
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Fig. 18. Phonon cavity flow in a T-type graphene ribbon with different cavity height-width ratio at 100K: (a) H/L 1 = 2, (b) H/L 1 = 3, (c) H/L 1 = 4, (d) H/L 1 = 5. The color contour 

denote the distribution of dimensionless temperature defined as: θ= (T-T c )/(T h -T c ), whereas the streamline denotes the heat flux vector. 
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ained. At 100K, a large phonon vortex occupying the entire cav- 

ty part is generated by the ‘viscous force’ transferred from the 

honons in the horizontal rectangular part. This vortex configu- 

ation resembles that in the lid-driven cavity fluid flow at low 

eynolds number [55] . A negative non-local temperature response 

s also shown around the two upper corners of the cavity part. 
11 
s the average system temperature increases to 150K, both the 

honon vortex and negative non-local response are reduced a lot 

ue to the stronger Umklapp scattering. The phonon heat trans- 

ort becomes diffusive at room temperature (300K) where the hy- 

rodynamic effect is almost destroyed by the Umklapp phonon 

cattering. 
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It is known that the vortex configurations are very different for 

ifferent aspect ratios in the cavity fluid flow [55] . The phonon vor- 

ex dynamics in the T-type graphene ribbon with four other cav- 

ty height-width ratios ( H / L 1 = 2, 3, 4, 5) at a fixed average system

emperature T 0 = 100K are demonstrated in Fig. 18 . Generally the 

honon vortex pattern becomes more complicated with increasing 

avity height-width ratio. There is still only one primary phonon 

ortex for H / L 1 = 2 in Fig. 18 (a) as the same as that for H / L 1 = 1. As

 / L 1 increases to 3, there is emerging instability of phonon flow 

ear the cavity bottom in Fig. 18 (b), which becomes the source of 

eneration of a secondary vortex pair at a larger height-width ra- 

io of H / L 1 = 4 in Fig. 18 (c). At an even larger height-width ratio of

 / L 1 = 5, both a small secondary vortex and a large terniary vor-

ex appear, as shown in Fig. 18 (d). The rotation direction of the 

econdary vortex and the terniary vortex is the reverse of and the 

ame as that of the primary vortex respectively, which can be eas- 

ly understood from the force interaction law (Newton’s third law). 

he center position of the primary phonon vortex almost does not 

hange with the cavity height-width ratio, since it is generated by 

he same ‘viscous force’ from phonons in the horizontal rectangu- 

ar part. 

Finally, we would like to emphasize that the unstrained 

raphene ribbon with an optimized lattice constant has been con- 

idered throughout the present work. The effect of strain on heat 

ransport in graphene especially the convergence of thermal con- 

uctivity with size is quite complicated and remains still incon- 

lusive [ 31 , 33 , 46 ] due to both the computational challenge and

he lack of clear experimental evidence. Generally the strain will 

arden the ZA phonons (make the dispersion relation more lin- 

ar) of 2D materials, as demonstrated in graphene [ 33 , 46 ] and in

 diamond-like bi-layer graphene recently [56] . The hardening of 

A phonons will reduce both its density of states and the phase 

pace channels for normal scattering processes, and thus weaken 

he phonon hydrodynamic effect. As the ZA phonons dominate the 

ontribution to heat transport in graphene [ 31 , 32 ], it is anticipated

hat the strain will suppress the hydrodynamic phonon transport 

nd the strength of phonon vortex. A direct study on the strain ef- 

ect on the relative strength of normal and Umklapp scattering in 

raphene is pending in the future work. 

. Conclusions 

In the present work, a multi-scale numerical framework is de- 

eloped by combining the discrete-ordinate method for solving 

he phonon Boltzmann equation under Callaway’s dual relaxation 

odel with the phonon scattering rates from ab initio calculation. 

he new numerical framework is applied to study the phonon vor- 

ex dynamics in both a rectangular and a T-type graphene ribbon. 

he transition from hydrodynamic heat transport to classical dif- 

usive heat transport is demonstrated in both cases. The dynamics 

f phonon vortex in the graphene ribbon is much influenced by 

he temperature, ribbon size and carbon isotope. The wide mean 

ree path distribution of resistive phonon scattering processes is 

he crucial factor that destroys the vortex hydrodynamic effect. 

he phonon vortex configuration in the T-type graphene ribbon is 

ound to depend on the height-width ratio, with multi-hierarchy 

rimary, secondary and terniary vortexes obtained. This work pro- 

ides an efficient platform for the direct modeling of hydrody- 

amic phonon heat transport in finite-size graphitic materials. The 

nderstanding of phonon vortex dynamics in the graphene ribbon 

ill also shed implication for the thermal management of semi- 

onductor nano-electronics. 
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