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The pulse-decay method is one of the most widely used transient methods for permeability measurements.
Though many modified pulse-decay methods with various experimental designs have been proposed, the theo-
retical analysis is still insufficient, especially from the perspective of the boundary and initial conditions. In terms
of boundary conditions, the tests can be conducted with a reservoir of finite volume on one side of the sample and
a reservoir of “zero”, finite, or “infinite” volume on the other side. Common initial conditions differ in terms of
the pore pressure within the sample at the start of the test, which can be either equal to the downstream or the
upstream reservoir pressure. For the first time, the method of separation of variables is used to obtain the
analytical solutions of the pulse-decay methods and assess the specific effects of boundary and initial conditions.
The results indicate that if the pressure difference between two ends of the sample is less than 10 %, the slope of
the semi-logarithmic plot of pressure versus time is solely determined by the boundary conditions (pore volume/
reservoir volume ratios), and the intercept depends on both the boundary and initial conditions. We show that
the requirement that a new pressure pulse cannot be applied before the previous pulse subsides is unnecessary
and the restriction on the pulse size can be relaxed to some extent. The duration of the pulse-decay tests is mainly
determined by the boundary conditions, and the influence of initial conditions decreases as the reservoir volumes
increase. The error in the permeability evaluation caused by the inaccuracy of pore and reservoir volume
measurements is also discussed.

1. Introduction high-permeable rocks, it is inadequate for low-permeable (“tight”)

rocks, because the flow rate is usually too small to be recorded precisely,

Permeability denotes the ability of rocks to transmit fluids upon the
action of a pressure gradient. The precise, reliable, and rapid determi-
nation of permeability coefficients of low-permeable rocks is of
increasing importance in geotechnical applications, such as radioactive
waste disposal (Birkholzer et al., 2012; Miller et al., 2000; Yang and
Wang, 2019), carbon dioxide storage (Busch et al., 2008; House et al.,
2006; Song and Zhang, 2013), and unconventional oil/gas exploitation
(Cui et al., 2009; Liu and Zhang, 2019; Lv et al., 2017; Pan et al., 2010;
Wang et al., 2018). In the laboratory, permeability measurements are
conducted either by steady-state or transient methods (Hannon, 2016;
Sander et al., 2017; Wang et al., 2019). In the steady-state method, the
flow rate through the sample under a constant pressure gradient is
measured. Although the steady-state method works successfully for
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and the establishment of the steady state is time-consuming. Therefore,
the transient method, where the pressure variation rather than the flow
rate is used for permeability evaluation, is the preferred option for
permeability measurements on tight rocks (Gaus et al., 2019; Heller
et al., 2014; Pan and Connell, 2012).

The pulse-decay method, proposed by Brace et al. (1968), has
become one of the most widely used transient methods for permeability
measurements (Sander et al., 2017). In the original pulse-decay test, a
sample is connected to two gas reservoirs at its two ends and the entire
system is in pressure equilibrium before the test. The pressure in one
reservoir is then changed instantaneously to create an initial pressure
difference, and the resulting pressure variations in both reservoirs are
recorded (see Fig. 1). The permeability coefficient is determined by
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Fig. 1. Scheme of the pulse-decay test with upstream (high initial pressure
P,(0)) and downstream (low initial pressure P4(0)) compartments adjacent to
the sample. The sample is L long with a pore volume of V,,. The upstream and
downstream reservoir volumes are V, and Vg, respectively.

fitting the analytical solution to the measured pressure transients (Pan
and Connell, 2012). The analytical solution obtained by Brace et al.
(1968) is valid when the pore volume of the sample is much smaller than
the gas reservoir volumes. Hsieh et al. (1981) and Dicker and Smits
(1988) extended Brace et al.’s solution and obtained a general solution
through Laplace transformation. Some modified pulse-decay methods
with various experimental designs have also been developed. Yang et al.
(2015) proposed a method where one end of the sample is connected to
the gas reservoir, while the other end is sealed. Metwally and Sondergeld
(2011) and Heller et al. (2014) evaluated the permeability by recording
the downstream pressure changes after increasing the upstream pressure
instantaneously and keeping it constant. All the pulse-decay methods
mentioned above share the same governing equation, and the differ-
ences lie in boundary and initial conditions. Although these methods
have been used in practice, a detailed theoretical analysis, especially the
investigation of the specific effects of the boundary and initial condi-
tions, is still insufficient.

In this study, we discuss in detail the three boundary conditions and
the two initial conditions widely used in pulse-decay methods. The
method of separation of variables is used to obtain the analytical solu-
tion and theoretically investigate the effects of boundary and initial
conditions. The essentiality of uniform initial pressure within the sample
and small initial pressure difference is also discussed. The theoretical
results are verified by numerical simulation and experimental data. The
influence of boundary and initial conditions on the time expenditure and
accuracy for pulse-decay tests are discussed in detail.

2. Theoretical analysis
a) Classification of boundary and initial conditions

The flow rate under a pressure gradient is described by Darcy’s Law:

v:_k‘ﬂa_P @
U ox

where v [mss™!] is the flow rate, kapp [m?] the apparent permeability of
the sample, u [Pa«s] the dynamic viscosity of the testing gas, and P(x, t)
[Pa] is the gas pressure (also referred to as the pore pressure) at position
x [m] and time ¢ [s].

According to the law of the conservation of mass, for every differ-
ential volume in the sample, the mass increase of gas stored in the pore
space should be equal to the difference between the inlet and outlet mass
flux:

0 0
= (p0)+ () =0 @

where p [kgem ™3] is the gas density and ¢ is the porosity of the sample.
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Combining Egs. (1) and (2), we have:

0 [ kyoP
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Eq. (3) is nonlinear because the variables in it are generally pressure-
dependent. For instance, the apparent permeability of the sample
change with gas pressure due to the poro-elastic and slippage effects
(Chen et al., 2019; Dong et al., 2010; Zoback and Byerlee, 1975). Since
the upstream and downstream pressures are different during the
pulse-decay measurement, these pressure-dependent variables vary
along the length of the sample. However, as pointed out by Brace et al.
(1968) that if the relative pressure difference between two ends of the
sample is very small, the variations of the pressure-dependent variables
induced by non-uniform pressure may be neglected and then Eq. (3) can
be simplified to a linear form:
0P kypy O°P

U g o @

where = dlnp/oP [Pa~!] is the gas compressibility. By performing
pulse-decay measurements on one core sample under a variety of pres-
sure differences, Walder and Nur (1986) proved that the linear gov-
erning equation applies when the relative pressure difference across the
sample is less than 10 %, which is now accepted by many researchers as
the experimental guideline to choose the pressure difference used in
pulse-decay tests (Akkutlu and Fathi, 2012; Bhandari et al., 2015; Bil-
liotte et al., 2008; Cui et al., 2009; Heller et al., 2014).

The linearity brings convenience to theoretical analysis. Eq. (4) has
been adopted by most studies, including the current one, as the starting
point to investigate the pulse-decay method. All the pressure-dependent
variables (kqp, @, f, 1) in Eq. (4) are regarded as constants, and their
values are taken under the mean pore pressure Pp,q,. Moreover, kg, and
¢ also depend on the confining pressure P, applied to the sample. In
summary, we have:

knpp :knpp(inamPc)v(p:(p(PmeamP(?)7ﬂ:ﬂ(Pn1ean)n“ = (vatan) (5)

and the detailed expression for kg (Pmean;Pc) can be determined by
performing pulse-decay measurements under different P, and P,
(Fink et al., 2017; Hu et al., 2020; Pang et al., 2017).

In order to obtain the analytical solution of Eq. (4), the boundary
conditions and the initial pressure distribution within the sample must
be defined. The three potential single-sided boundary conditions on the
upstream and downstream sides can be summarized as follows (Sander
et al., 2017):

Upstream: Downstream:
o Pk WO ky V,op
ot " PugL V, ox 0 ot|,_, " PupL V, ox L
., OP .. OP (6)
(ii) > T 0 (ii) > e
..., OP ... OP
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Here L [m] is the length of the cylindrical sample, A [m?] the sam-
ple’s cross-sectional area, V, = LAgp [m®] the sample’s pore volume, Vp
and Vy [m?] the volumes of the upstream and downstream reservoir,
respectively, and P,(0) and P4(0) [Pa] are the initial upstream and
downstream pressures, respectively.

The single-sided boundary conditions (i) in Eq. (6) are derived by
combining the mass conservation equation and Darcy’s law for reser-
voirs of finite volume on the upstream or downstream side. The single-
sided boundary condition (ii) applies when one end of the sample is
sealed, and (iii) applies when the pressure in one reservoir is kept con-
stant. Mathematically, the single-sided boundary condition (ii) and (iii)
can be regarded as the limiting cases of (i) where the reservoir volume is
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zero or infinite, respectively. Therefore, the boundary conditions used in
the pulse-decay test can be marked with the reservoir volumes (see
Table 1).

In theory, nine possible combinations can be constructed because
there are three single-sided boundary conditions for both upstream and
downstream. However, only five of these can be realized experimentally
and can be divided into three categories (see Table 1).

The two-element array enclosed in parenthesis in Table 1 denotes the
boundary conditions of the pulse-decay method, where the first element
represents the single-sided boundary condition on the upstream side and
the second element refers to the downstream one. Here, a = V,,/ V,, is the
ratio of sample pore volume to the upstream reservoir volume, and b =
Vp/Vq is the ratio of pore volume to the downstream reservoir volume.
Zero or infinite values indicate that the corresponding end of the sample
is sealed ("zero" reservoir volume) or kept at constant pressure (“infin-
ite” reservoir volume), respectively. Otherwise, the corresponding end is
connected to a reservoir of finite volume.

The initial conditions here refer to the pressure distribution within
the system immediately after the application of a pressure pulse. To
evaluate the permeability of the sample under different stress condi-
tions, a series of pressure pulses need to be applied. The prestressing and
other sample preparation works are considered to be completed prior to
the tests (Sander et al., 2017). Before applying a new pressure pulse, it is
required in many studies that the previous one has been eliminated and
the pressure within the sample is uniform (Heller et al., 2014). There-
fore, we have two initial conditions in pulse-decay methods,

Loaded:

W P = {30 Soaer @ Peo={7f) 2

The initial condition (I) is realized by increasing upstream pressure
and the initial condition (II) is realized by decreasing the upstream
pressure. In other words, the initial condition (I) represents applying a
“positive” pressure pulse to the upstream reservoir and the initial con-
dition (II) represents applying a “negative” one to the downstream.
Based on the initial amount of gas stored in the sample (see Fig. 2), in the
following discussions, the initial condition (I) and (II) are also denoted
as “Empty” and “Loaded”, respectively. Here we are interested in the
relative distribution rather than the absolute value of the pressure
within the system. Therefore, when comparing different initial condi-
tions, the initial upstream and downstream pressure is kept equal
respectively, and the relative pressure difference is assumed to be less
than 10 %. The case with a relative pressure difference of more than 10
% is discussed in section 3.2.

By combining the different boundary and initial conditions, eight
types of pulse-decay procedures can be realized experimentally (see
Table A-1 in the Appendix). In previous studies (Dicker and Smits, 1988;
Hsieh et al., 1981), Laplace transformation was used to solve the
equations and obtain the analytical solutions. However, in Laplace
transformation, the initial conditions are substituted into the boundary
conditions, so the specific effects of the boundary and initial conditions
cannot be separated. In this study, we chose the method of separation of
variables to investigate the specific effects of the boundary and the
initial conditions on the analytical solutions.

Empty:
x<L 7
L

b) The method of separation of variables

Table 1
Three categories of boundary conditions.
Category Description Boundary
conditions
1 Two reservoirs of finite volume (a,b)
2 One side of the sample kept at constant pressure  (a, o) , (c0,b)

3 One side of the sample sealed (a,0), (b,0)
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Fig. 2. Scheme of the two initial conditions used in pulse-decay test. The initial
pressure within the sample is either equal to the initial upstream pressure P,(0),
or the initial downstream pressure P4(0). These two initial conditions are
denoted as “Loaded” and “Empty”, respectively.

The method of separation of variables is a powerful tool in solving
partial differential equations (Riley et al., 2002). The essential feature of
this method is to replace the partial differential equation with a set of
ordinary differential equations, which are then solved subject to the
boundary and initial conditions.

For ease of derivation, the following dimensionless variables with
subscript D are defined,

X kappt P—P,;(0) LAg

Xp =75 Ip :ﬁﬂqoL” D= a=

= P.0) ®

LAy
3 5 b=—-
— P4(0) Vu Vu

where xp, tp, Pp represent the dimensionless counterpart of x, t, P,
respectively, and a, b represent the ratios of pore volume to upstream
and downstream reservoir volume, respectively. With these dimen-
sionless variables, the dimensionless form of the governing equation (4)
is obtained,

0P, Py

—_Lb_ 9
al’n 0)(% ( )

The method of separation of variables assumes that the unknown Pp,
which depends on xp and ¢, has a product form,

Pp(xp,tp) =X (xp)T(tp) (10)

Substituting this product into Eq. (9), and the partial differential
equation separates into two ordinary differential equations,
T’ b
Lt __p 11
T X m an
where —¢2 is called the separation constant. The solutions of the ordi-
nary different equations in Eq. (11) are

T=e¢ %" X=Asin(0,xp) + B cos(f,xp) (12)

where A and B are arbitrary constant. It is noted that the negative sign in
the separation constant helps to prevent T from growing to infinity over
time.

Then Eq. (10) is substituted into the boundary conditions. Without
loss of generality, the boundary conditions of finite volume reservoirs
(Category 1 in Table 1) are considered here,

6PD ()PD

il ) =2 X(0)T =aX (0)T 1
o, S WO@ (0) aX (0) 13)
oPp oPp, , ,

=2 =_p 2 X()T = —-bX ()T 14
ol o anﬁ 1) (€] as

Combining Egs. (12)-(14), we have,

—0,,B = aA (15)
b)0,,
tan 6,, = (Z:r_ 3117 (16)



Y. Wang et al.

Eq. (16) has an infinite number of roots and 6,, is denoted as the mt
non-negative one. It is easy to check that 6, = 0. Noting that 6,, (m> 1)
are solely determined by the volume ratios between pore and reservoirs
(a and b) that appear in the boundary conditions, since the initial con-
dition has not been used yet.

By leaving out the arbitrary multiplicative constant, a series of so-
lutions (called eigenfunctions) with the product form and satisfying the
governing equation and boundary conditions are obtained,

Py=1, P, =10, sin(0,xp) +a cos(meD)]e’”%"" (m>1) a7

To find the solution satisfying the initial condition, all the eigen-
functions in Eq. (17) are superposed linearly,

Pp(xp,tp) =Ao + ZAM [0 sin(0xp) +a cos(()mxu)]e’”%"” (18)

m=1

where A, (m> 0) are constants to be determined. By letting tp, = 0, Eq.
(18) becomes,

Pp(xp,0)=Ag+ > Aul0y sin(0,xp) +a cos(6,xp)] (19)

m=1

The left-hand side of Eq. (19) is the initial condition, and the right-
hand side is the orthogonal expansion of the initial condition in terms
of the eigenfunctions. The orthogonality between two eigenfunctions is
defined as

1
ab/Pn(xD,O)Pm(xD,O)de+aPn(l,O)Pm(l,O)erP,,(O,O)Pm(0,0):0(n75m)

0

(20)

Then the constants A, (m>0) can be calculated through the initial
condition as:

~ab [y Po(xp,0)P,(xp,0)dxp + aPp(1,0)P,,(1,0) + bPp(0,0)P,,(0,0)
B ab [} [Po(xp, 0)*dxp + a[P,,(1,0)]> + b[P,,(0,0)]?

Am

Substituting the detailed form of initial condition Pp(xp,0) into Eq.
(21), the expressions of Ap, (m > 0) and therefore that of Pp(xp, tp) in Eq.
(18) can be obtained. It is easy to check that A, is the dimensionless
equilibrium pressure. The analytical solutions of various pulse-decay
methods with different boundary and initial conditions are listed in
Table A-1 of the appendix.

Combining Egs. (16) and (21), we can conclude the effects of the
boundary and initial conditions on the analytical solutions of the pulse-
decay methods:

(1) The boundary conditions solely determine 6,, (m> 1) and affect
Apn (m>0).
(2) The initial condition only affects A, (m> 0).

In practice, the pressure difference, rather than the single upstream
or downstream pressure, is usually used for permeability evaluation,
* 02k

APp(t) =Pp(0,1) — Pp(1,1) = ZAm(a — 0, sin 0, — a cos O,,)e '

m=1

(22)

Though the solution (22) is valid at any time, it is not easy to be used
directly due to its complex form of an infinite series. Noting when time t
is large, the high order terms with m > 2 become negligible and only the

7(m
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first term remains. Therefore, Eq. (22) can be simplified at the late-time
stage of the test,

%k

APy (1) ~ Aj(a— 6, sin 0, —a cos 0, )efml (23)

which is referred to as the late-time solution in the literature (Jones and
Owens, 1980; Jones, 1997).

Shown in Fig. 3(a) are graphs of the dimensionless pressure tran-
sients in the upstream and downstream compartments for a pulse-decay
test where a = b = 1. The graphs of the full general solution Eq. (22)
and the late-time solution Eq. (23) in terms of the differences of the
dimensionless pressures are superimposed in Fig. 3(b) and (c) (semi-
logarithmic plot). It is found that the late-time solution is a good
approximation of the full general solution shortly after the start of the
test. Only a small deviation is observed in the semi-logarithmic plot for
tp < 0.05.

Taking logarithm of Eq. (23), we have

InAPp(f) =f + at @4
where
f=In[A;(a— 6, sin 6, —acos 6,)] (25)
G%kapp
I 2
a Bupl? (26)

Eq. (24) indicates that in the late-time stage, the logarithm of the
pressure difference decreases linearly along time with the slope a and
the intercept f (see Fig. 3(c)). The expressions for f and a are given in
Egs. (25) and (26), respectively.

By transforming Eq. (25), we find that the slope a can be used to
evaluate the permeability coefficient, while the intercept f plays no role:

0) 1)

apupl’

Kapp (Prneans Pe) =
‘pp 9%

(27)

Comparing Egs. (25) and (26), we note that except for the physical
properties of the sample (kqpp, @, L) and test fluids (5, x), the slope a only
depends on 6;, which is determined by the pore volume/reservoir vol-
ume ratios (a and b) that appearing in the boundary conditions (see Eq.
(16)). However, the intercept f is a function of A; and 6,, and thus de-
pends on both the boundary and initial conditions. Therefore, if the
physical properties of the sample and testing fluid are given and the
requirement of small pressure difference is met, the influence of the
boundary and initial conditions on the plot of logarithmic differential
pressure versus time plot (InAP vs. t) can be concluded as:

(1) The boundary conditions affect slope a and the intercept f.
(2) The initial condition only affects the intercept f.

3. Implications
3.1. The non-uniform initial pressure distribution

The previous studies (Brace et al., 1968; Tinni et al., 2012) usually
require the last pulse to be eliminated and the pressure within the
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tp Fig. 4. Numerical simulation of pulse-decay permeability tests with different

initial conditions. The downstream pressure is kept constant. (a) The initial
conditions corresponding to case 1 to 3. (b) Upstream and downstream pressure
transients for the three cases. (c) Logarithm of the differential pressure over
time for the three cases.

Fig. 3. Comparison of the full general solution (22) and the late-time solution
(23) with a =b = 1. (a) Transients of dimensionless upstream and downstream
pressures. (b) Decline of the dimensionless pressure difference (upstream —
downstream) with time. (c) Logarithm of the pressure difference as a function
of time. The expressions for the slope a and the intercept f are given by Egs.
(25) and (26), respectively.
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sample to be uniform before the application of a new pressure pulse (see
the two initial conditions in Eq. (7)). Our analysis implies that this is not
is a necessary requirement for the late-time data processing, because
only the slope rather than the intercept is used for permeability evalu-
ation and the former is insensitive to the pressure distribution in the
sample when the pressure difference between two ends of the sample is
less than 10 %.

To illustrate this point, the pressure variations in pulse-decay
methods with the same boundary conditions while with three different
initial conditions are solved using MATLAB and the results are shown in
Fig. 4. All the variables in the simulation were dimensionless. The
governing equation, together with the boundary and initial conditions,
are discretized by the finite difference method using the Crank-Nicolson
scheme (Crank and Nicolson, 1947). Only the results for the boundary
conditions (a, o), where the downstream pressure is kept constant, are
shown here, but similar results can be obtained from the other categories
of boundary conditions.

Fig. 4(a) gives the initial conditions in the three simulation cases,
among which case 3 has a non-uniform pressure distribution and thus
moderate initial gas storage within the sample, while case 1 (Empty) and 2
(Loaded) are uniform within the sample and have low and high initial gas
storage, respectively. Fig. 4(b) shows the upstream and downstream
pressure variations with time. In the three cases, the upstream pressures
decrease as time increases until they equal to the downstream pressures,
but for any given moment, the case with the higher initial gas storage have
the higher upstream pressure (i.e. P52 (tp) > P53 (tp) > PS5l (1p)).
Fig. 4(c) gives the variations of logarithmic differential pressures over
time for the three cases. The results show that with different initial con-
ditions, thelogarithmic differential pressures in the three cases decay with
the same slope but different intercepts shortly after the start of the test.

The numerical simulation results shown in Fig. 4, on the one hand,
validate our conclusion in section 2 that when the relative pressure
difference is less than 10 %, the intercept f is affected by the initial
conditions while the slope « is not. On the other hand, it proves that the
requirement that the pressure in the core must be uniform before
applying a pressure pulse is unnecessary, because both uniform and non-
uniform initial pressure lead to the same slope value, and experimentally
only the slope « rather than the intercept f is needed to evaluate the
permeability.

3.2. The magnitude of initial pressure difference

Walder and Nur (1986) proved that if the relative pressure difference
in the test is less than 10 %, the linear governing equation (4) is valid.
Then the permeability of the sample can be evaluated through the slope
of the logarithmic differential pressure versus time plot. However, the
restriction on the pressure difference has not been strictly observed.
Many pulse-decay measurements with pressure differences of more than
10 % have been reported (Metwally and Sondergeld, 2011; Trimmer
et al., 1980; Walder and Nur, 1986; Wang et al., 2015), while the
determination of permeability coefficients from such experimental data
has not been discussed before, to the best of authors’ knowledge.

When the initial pressure difference is more than 10 %, the linear
governing equation may be invalid, and so is our linear analysis. How-
ever, as time increases, the pressure difference continues to decrease.
When the pressure difference reduces to 10 %, the linear governing
equation becomes valid, and so does our linear analysis. We can take
that time as the starting point and analyze whether the subsequent
pressure data can be used for permeability evaluation.

Fig. 5 gives a scheme of pulse-decay tests with a relatively large
initial pressure difference. Fig. 5(a) shows the upstream and down-
stream pressure transients (Py(t), Py(t), t > 0). At the beginning of the
test (t = 0), the pressure difference between upstream and downstream
is more than 10 %, but as time increases, the pressure difference grad-
ually decreases. After a certain moment (t = 7), the pressure difference
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Fig. 5. Scheme of pulse-decay test with a large initial pressure difference. (a)
Upstream and downstream pressure transients. Before t = 7, the pressure
difference is more than 10 % (dashed line), and after that, the pressure dif-
ference becomes smaller than 10 % (solid line). (b) Pressure distribution within
the system at t = 0 (dashed line) andt = 7 (solid line).

reduces to less than 10 %. Fig. 5(b) gives a scheme of the pressure dis-
tribution in the system at t = 7. Since the pulse-decay test has been going
on for some time, the pressure distribution within the sample at t =7
must be non-uniform.

We can regard the pressure transients after time 7z (Py(t), P4(t), t > 7)
as the pressure data from a “new” pulse-decay test, which is conducted
at time 7 and takes the non-uniform pressure distribution in Fig. 5(b) as
its initial condition. In the supposed “new” test, the pressure difference
is less than 10 %, so the linear governing equation (4) is valid. Based on
the linear governing equation and method of separation of variables, we
have proved that the non-uniform initial condition has no effects on the
linear decline characteristic of logarithmic differential pressure versus
time in sections 2 and 3.1. So, if we plot the logarithm of pressure dif-
ference after time 7 (InAP(t), t > 7) against time, a straight line can still
be obtained, and its slope can be used to evaluate the permeability.

In summary, for the pulse-decay test with a relatively large initial
pressure difference, the permeability can still be calculated through the
slope of logarithmic differential pressure versus time, as long as we
select the data after the pressure difference drops to 10 %. Therefore, the
restriction on the pressure difference can be relaxed to some extent.
However, technically, an excessive pressure difference should be avoi-
ded to protect the core sample from irreversible damage.

4. Experimental validations
Three groups of pulse-decay measurements were conducted to vali-

date the above theoretical analysis. The setup and the experimental
protocol have been described in detail in our previous studies (Gaus
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Fig. 6. The setup and the sample used in the pulse-decay measurements. (a)
Scheme of the experimental setup. (b) The Broad Ion Beam-Scanning Electron
Microscopy (BIB-SEM) image of the ceramic disk. The dark gray and black parts
represent the pore space, and the light gray parts represent the Al;O3 matrix
(Nolte et al., 2021).

Table 2
Parameters of the measurements.

Core sample Ceramic disk

Testing gas Helium
Sample length (m) 7.50 x 1073
Sample cross section area (m?) 1.14 x 1072
Sample porosity (%) 29
Confining pressure (bar) 200
Equilibrium pore pressure (bar) 1
Temperature (°C) 35

et al., 2019; Nolte et al., 2019; Shabani et al., 2020). The scheme of the
setup is shown in Fig. 6(a), and the parameters of the measurements are
summarized in Table 2. The sample used in the measurements was a
ceramic disk (>99 % AlyO3) that is highly homogeneous. The pore
structure of the sample was thoroughly characterized by combining
low-pressure nitrogen sorption (LPNS) and mercury intrusion porosim-
etry (MIP). The results are in good agreement and show a narrow and
unimodal pore size distribution (with the prominent pore diameter ~70
nm). Fig. 6(b) presents the Broad Ion Beam-Scanning Electron Micro-
scopy (BIB-SEM) image of the ceramic disk. For details of the sample
characterization, readers can refer to our previous work (Nolte et al.,
2021).

The measurements on the ceramic disk were conducted under the
same boundary conditions (a, o) (category 2 in Table 1) but with three
different initial pressure differences (denoted as test 1 to test 3 in Fig. 7).
The parameteres of measurements are shown in Table 2. In all tests, the
downstream side of the sample was directly open to the atmosphere
(constant downstream pressure of 1 atm). The initial pressure differ-
ences were realized by increasing the initial upstream pressure to
different levels. To ensure the repeatability of the results, four mea-
surements were conducted with the same initial pressure difference. The
ceramic disk used here has a very high Young’s modulus and is
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Fig. 7. Pulse-decay tests on a ceramic disk with three different initial pressure
differences. (a) The initial pressure distribution of the three tests (b) The
changes of upstream pressure over time (c) The selected logarithmic differential
pressure data versus time. The solid line denotes the linear fit of the experi-
mental results (scattered points).
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insensitive to the effective stress changes during the experiments (Nolte
et al., 2021).

Fig. 7(a) gives the initial pressure distribution of the three tests.
Except for test 1, the initial pressure differences were more than 10 %.
Fig. 7(b) shows the changes of upstream pressure along with time in one
series of experiments. As time increased, the upstream pressure in each
test finally decreased to the downstream pressure. The logarithms of the
differential pressures for selected measurements are plotted versus time
in Fig. 7(c), based on which the permeability coefficients can be eval-
uated (~900 pD).

From test 1 to test 3, the number of data points shown in Fig. 7(c)
decreases because for the permeability evaluation we only use the data
after the relative pressure difference had dropped to 10 %. According to
the theoretical analysis in section 3.2, the selected pressure difference
data should decline linearly with time in the semi-logarithmic plot, and
the slope is proportional to the permeability coefficient. Since the three
tests were conducted on one sample with the same final stress condition,
their permeability coefficients (and thus slope values) should be the
same. In Fig. 7(c), the selected data points of all the three tests showed
good linearity and had the same slope, which provides the experimental
validation of our theoretical analysis. Because the difference in the in-
tercepts was relatively small, the three sets of data lie essentially on the
same line.

5. Discussion

In this section, the influence of the boundary and initial conditions
on the time consumption and accuracy of the pulse-decay tests are
discussed.

a) Duration of pulse-decay tests

The pulse-decay test starts with applying the pressure pulse and
terminate when the pressure difference between the two sides of the
sample becomes negligible. To quantitatively investigate the duration of
the pulse-decay test, a definite end criterion of the test and an explicit
expression for the duration time I" are both needed. To focus on the
influence of the boundary and initial conditions, the physical properties
of the rock sample and the testing fluids are all assuming constant.

Here, we define the end of the tests when the dimensionless differ-
ential pressure across the sample reduces to 0.05, i.e.

P,(Ioos) — Pa(Io0s)

PO P0) @8

APp(Lops) =

where Iy g5 is the dimensionless duration of the pulse-decay test, and the
subscript 0.05 denotes the chosen end criterion.

As shown in Fig. 3, the late-time solution (24) approximates the full
solution shortly after the start of the test. Substituting Eq. (24) into Eq.
(28) and taking the logarithm, we have

InAPp(Foos) = f — 6 1005 = In(0.05) ~ —2.996 (29)

where f and —6? are the intercept and slope of the plot of the logarithm
of the differential pressure versus time (InAPp vs. tp) respectively.
Transforming Eq. (29) yields the expression for I ¢s:

f+2.996

30)
o

Toos =

Note that 6% in the denominator of Eq. (30) depends only on the
boundary conditions (pore volume/reservoir volume ratios a and b, see
Eq. (16)), while f in the numerator rests with both the boundary and
initial conditions (see Eq. (25)). The constant 2.996 appearing in the
numerator depends on the end criterion of the test, so its value is not
unique. For example, the constant will be 4.605 if the pulse-decay test is
stopped at a dimensionless differential pressure of 0.01. However, the
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Fig. 8. Duration of the pulse-decay tests with different boundary and initial
conditions, where a and b are denoted in Table 1.

value 2.996 here is a good estimate of the order of magnitude.

For pulse-decay tests with different boundary and initial conditions,
the durations I'g o5 are calculated through Eq. (30), and the results are
shown in Fig. 8. Without loss of generality, we only consider the cases
where the upstream reservoir has a finite volume, and the downstream
reservoir volume can be zero, finite and infinite. The two-element arrays
in parentheses in Fig. 8 denote not only the category of boundary con-
dition (see Table 1) but also the relative size of the upstream reservoir to
downstream reservoir (e.g. (a,bs) means b = 5a).

Fig. 8 shows that the volume reduction of either the upstream or the
downstream (increase of a or b) will shorten the duration of the pulse-
decay tests, regardless of the initial condition. Changing the initial
condition may increase or decrease the experimental duration,
depending on the relative size of the upstream reservoir to the down-
stream one. Besides, the influence of initial conditions on the duration is
only observable when the pore volume/reservoir volume ratios are large
but can be ignored when the volume ratios are small (this is usually the
case for tight rock measurements).

b) Accuracy of pulse-decay tests

The permeability evaluation in pulse-decay methods needs pore
volume/reservoir volume ratios (a and b) as the input (see Egs. (16) and
(27)). Therefore, errors in the pore and reservoir volume measurements
will cause errors in the calculation of a and b (abbreviated as volume
ratio error). Then the volume ratio error will be transmitted to the
permeability evaluation, and such errors are usually non-negligible for
tight rocks because their pore volumes are hard to assess accurately. In
this section, the error in permeability evaluation in pulse-decay methods
due to the volume ratio error is investigated.

The error in permeability measurements is defined as

kermr - krea
Permeability error — Jerror T Breal  100% 31

real

where Keror [m?] is the permeability evaluated through volume ratios
with error and kyeq [m?] is the permeability evaluated through the real
volume ratios. It is noted that the volume ratios only appear in the
boundary conditions (see Eq. (6)), rather than the initial conditions.
Therefore, the pulse-decay methods with different categories of
boundary conditions but the same initial condition are considered here.
Without loss of generality, the upstream reservoir in our simulation has
a finite volume while the downstream one can be of zero, finite, or
infinite volume, and the simulation results are shown in Fig. 9. It is
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Fig. 9. The permeability error caused by volume ratio error. The results for
three boundary conditions and three volume ratios are compared.

found that despite the boundary condition, the permeability error is
positive when the volume ratio error is positive, and vice versa. The
absolute value of the permeability error increases as that of the volume
ratio error increases. Besides, with the same volume ratio error, when
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the pore to reservoir volume ratios (a and b) become larger, i.e. smaller
gas reservoirs are used, the permeability error will decrease. Therefore,
when the upstream reservoirs are kept the same, the boundary condition
(a, ), where a reservoir of “zero” volume is used on the downstream
side, always has a smaller permeability error compared with the other
two boundary conditions, where a downstream reservoir of finite or
“infinite” volume is used.

6. Conclusions

In this study, a comprehensive analysis of the pulse-decay methods
has been carried out from the perspective of the boundary and initial
conditions. Three different typical boundary conditions and two
different initial conditions used in previous studies have been analyzed
systematically. The testing gas is assumed to be inert to minimize the
effect of adsorption. The separation of variables method was applied to
obtain the analytical solutions of the pulse-decay process and investigate
the influence of the boundary conditions and initial conditions for the
first time. The results show that the general solutions of the pulse-decay
methods have the forms of infinite series. If the logarithm of the dif-
ferential pressure is plotted against time, a straight line is obtained at the
late-time stage. When the pressure difference between two ends of the
sample is less than 10 %, the slope of this line is uniquely determined by
the boundary conditions, and the intercept depends on both the
boundary and initial conditions.

The results also show that when the restriction on the pressure dif-
ference is met, the requirement for the pressure in the sample to be
uniform before applying a pressure pulse, which has commonly been
adopted in previous studies, is not essential for permeability evaluation.
For pulse-decay tests starting with a pressure difference of more than 10
%, the experimental data after the decline of the pressure difference to
10 % can still be used for permeability evaluation, but excessive pressure
differences should be avoided to protect the sample from irreversible
damages. Numerical simulations and experimental results have been
used to verify the above statements.

The duration and accuracy of the pulse-decay methods have also
been investigated. We find that for lower pore volume/reservoir volume
ratios, i.e. when larger reservoirs are used, the duration of the pulse-
decay tests increases. The influence of the initial conditions on the
duration is significant when the pore volume/reservoir volume ratios
are large, but it decreases as the pore volume/reservoir volume ratios
decrease. In pulse-decay methods, the permeability evaluation needs
volume ratios as input parameters, so the measurement error of the
volume ratios induces a corresponding error in the permeability coef-
ficient. The analysis shows that the smaller the gas reservoirs, the less
sensitive the permeability to volume ratio errors. Therefore, using small
gas reservoirs can help to shorten the duration and increase the accuracy
of the pulse-decay tests.
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Appendix

Table A-1
Analytical solutions of the pulse-decay method

No. Boundary conditions Initial condition Analytical solution Om
1 (a,b) Empty AP, —2 S (a6 + ab?) + (b6% — ab?)/cos b o an Gy = (a+b)om
w108 + (a2 + b2 +a+b)6% +ab(ab + a+b) 0% —ab
2 (a,b) Loaded APy =29 (b62 + a®b) + (aefnz— @b)/cosbn gy, an 6y, — (a+b)0m
w2 0%+ (a2 +b% +a+b)6% +ab(ab +a+b) 0% —ab
3 (@,0) Empty APy =23 L o tan O, = Hi
mo16y +a% +a m
4 (a,0) loaded . &, a g, _a
’ AP, =2 [ tan O, = —
P mgl (62 + a2 + a)cos On, " Om
5 (0,b) Empty -« &, b ey b
AP, =2 ——¢ 'm® tan 0, = —
b mgl (62, + b2 + b)cos O an Om Om
6 (0,b) Loaded « & b ey, b
AP}, =2 nto tan O = —
(P Y SN nom =
7 (a, ) Empty APy = i a R tan O, = — Om
mo16y +a? +a a
8 (c0,b) Loaded . & b e, Om
AP, =23 ——————e n? tan G, = — -~
P rnX::l I+ b2 +b m b

.

AP}, = Pyp(tp) — Pap(tp), AP, = Pup(tp) — Pup(00).APL™ = Pap(0) — Pap(tp)
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