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A B S T R A C T

Interfacial roughness plays an important role in nanoscale thermal transport, while this issue still lacks a
theoretical description due to the difficulty in quantifying the phonon scattering at the disordered interface. We
report an elastic wave model (EWM) that describes the phonon–interface interaction by the interface elasticity.
The transmissivity calculation based on the interfacial displacement and stress continuity incorporates the mode
conversion and nonlinear vibration spectra of phonon waves, and the resulting cut-off frequency. Compared
with the acoustic mismatch model that also assumes specular scattering of phonons waves, the applicable range
of EWM is extended to room temperature and shows better accuracy. Based on this model, we use a statistical
method with the Kirchhoff approximation and introduce the tangent plane slope distribution to determine
the phonon scattering at a Gaussian-distributed rough interface. And the effective transmission coefficient
is calculated by integrating the contributions of all points to the energy transmission. Calculated thermal
boundary conductance (TBC) by a Landauer formula agrees well with the experiments of Al/SiO2/Si and
Au/SiO2/Si rough interfaces. And the results show that the TBC of interface with sub-nanometer RMS roughness
(10−10 m) is close to that of the smooth interface. After this transition, the increasing 𝜎 can significantly impact
the interfacial heat transfer. Compared with existing models, the EWM can quantitatively estimate the effect of
roughness on TBC and give a transmission image of wave-like phonons at the interface. This work contributes
to an in-depth understanding of phonon wave effects in nanostructures.
1. Introduction

Interfacial heat transfer is essential and strongly affects the overall
thermal performance in many applications, e.g., integrated circuits,
multilayer thin films, superlattice structures, and other nanostructured
materials [1–4]. The efficiency of interfacial heat transfer is described
by the thermal boundary conductance (TBC), which is defined as the ra-
tio of the heat flow per unit area across the interface to the temperature
difference [5]. Previous works have demonstrated how the interfacial
factors, such as interfacial chemistry and bonding [6], interlayer [7,8],
mismatch of phonon spectra [9], and interfacial roughness [10–12],
can respectively influence the TBC. Among them, interfacial roughness
due to atomic disorder and defects commonly exists at interfaces and
generates a significant source of thermal resistance.

In recent years, several TBC studies have focused on interface prop-
erties that have a greater impact on thermal transport even than ma-
terial mismatch under certain conditions [13–18]. Experimentally, the
interfacial roughness can be controlled by interfacial processing meth-
ods, e.g., chemical etching [15,19], quantum-dot patterning [14], and
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interfacial-misfit array growth [20]. The surface roughness changes the
phonon transport mechanism in nanostructures by enhancing phonon–
interface scattering, which has been confirmed by molecular dynamics
simulations [21–23]. And the acoustic mismatch model (AMM) and
diffuse mismatch model (DMM) are commonly used to estimate the
phonon-dominated heat transfer at the interface [5,24], while they
fail to evaluate the effect of interfacial roughness on the TBC due to
their limit assumptions of phonons: complete specular scattering and
complete diffuse scattering, respectively. Despite the importance of
interfacial roughness, a void exists in the current knowledge of how
phonons interact with rough interfaces, and there is still a lack of
corresponding theoretical models that interpret the thermal transport
mechanism.

Moreover, wave scattering at rough surfaces has been extensively
studied in optics and acoustics. The influence of interfacial roughness
on the wave behavior of thermal phonons is also important in nanos-
tructured materials [25,26]. For instance, the superlattice is a good
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candidate for thermoelectric conversion materials, owing to its low
thermal conductivity. A number of studies demonstrate that the low
thermal conductivities of superlattices are due to phonon scattering at
interfaces caused by interfacial atomic disorder or other defects [22,
25,27]. In addition, novel bandgap materials that allow control of
thermal energy transport are based on the wave interference effects
of phonons [28], the specular scattering and phase maintaining of
phonons are critical for the coherent manipulation of heat, which is
currently a topic of great interest [25,29,30]. Although in previous
theoretical works advances have been made by treating phonons as
particles, the analytical models that explain their wave nature still
remain to be expanded [31,32].

This work aims to interpret the heat transfer dominated by phonons
at the metal–semiconductor interface by considering the wave char-
acteristics of phonons. We present an elastic wave model (EWM) for
predicting the TBC at the rough interface. In this model, the wave
scattering is statistically determined by an elastic Kirchhoff (or tan-
gent plane) approximation that is widely used to describe the rough
interface profile and wave scattering process [33]. The phonon trans-
mission coefficient 𝛼 on the tangent plane of each point is estimated
y frequency-dependent interfacial displacement and stress continuity
onditions, combined with the mode conversion and vibration spectra
f phonons. The angle- and frequency-dependent effective 𝛼 of the
ntire rough interface is computed, both to examine how phonons
ransmit across interfaces and to better understand the reduction of
eat transfer caused by the roughness. Further, we quantitatively ana-
yze the effect of roughness on amplitude and energy ratios of generated
aves to the incident wave, which gives microscopic information about
honon waves. And the discussion of discrepancies between the theory
nd experimental observations of TBC provides opportunities for future
nvestigation.

. Theory

The TBC is estimated by summation over all energy carrier bom-
ardment and transmission by using a Landauer formulation [5,34,35].
ssuming equilibrium of heat flow at the interface between solid 1 and
olid 2, a simplistic mathematical description of the TBC is given by

𝐾 = 1
2
∑

𝑗 ∫

𝜔𝑐

0 ∫

𝜋∕2

0
ℏ𝜔𝑣𝑔,𝑗 (𝜔)𝛼1→2,𝑗 (𝜃, 𝜔)𝐷𝑗 (𝜔)

×
𝜕𝑓 (𝜔, 𝑇 )

𝜕𝑇
cos 𝜃 sin 𝜃𝑑𝜃𝑑𝜔, (1)

here 𝑗 is the polarization (or mode), 𝜔 is the angular frequency of
given phonon, 𝜃 is the angle of incidence relative to the interface

ormal, 𝜔𝑐 is the cut-off frequency (the maximum phonon frequency
ransmitted across the interface, which will be discussed in detail
elow), ℏ is the reduced Planck’s constant, 𝐷𝑗 (𝜔) = 𝜔2

2𝜋2𝑣𝑔,𝑗 (𝜔)𝑣2𝑝,𝑗 (𝜔)
is

he density of states, where 𝑣𝑔,𝑗 is the group velocity and 𝑣𝑝,𝑗 is the
hase velocity; 𝑓 (𝜔, 𝑇 ) = 1

𝑒ℏ𝜔∕𝑘𝐵𝑇 −1
is the Bose–Einstein distribution

function, 𝑘𝐵 is the Boltzmann constant, and 𝛼1→2,𝑗 (𝜃, 𝜔) is the phonon
transmission coefficient from solid 1 to solid 2, which can be calculated
according to different assumptions (or models) [3,5].

Determination of the transmission coefficient for rough interfaces
poses theoretical challenges in terms of phonon scattering mecha-
nism [19]. Here we describe the phonon–interface interaction by utiliz-
ing their wave characteristics that are essential to control the thermal
transport processes in semiconductor nanostructures [25,32]. Phonons
are dominant heat carriers at the metal–dielectric interface [36,37].
In the long wavelength limit, we can quantify the phonons as elastic
waves [38,39] and model the phonon–interface interaction by macro-
elasticity theory [40]. Moreover, the wave scattering at rough surfaces
has received considerable attention in fields, e.g., radar detection, sonar
2

research, and ultrasonic inspection [41]. i
Fig. 1. Wave scattering at a random rough surface in x–z plane. The mean plane 𝑧 = 0
is defined by <ℎ>= 0, 𝜃𝑖 and 𝜃𝑟 are the angles of incidence and reflection on the
angent plane, respectively.

.1. Kirchhoff approximation and rough interface parametrization

We start with the two-dimensional problem of random rough sur-
aces. In optical and acoustic studies, the typical methods that model
he expected scattering are based on the statistics of the surface profile.
s shown in Fig. 1, the profile of the rough surface is represented by
= ℎ(𝑥) and ℎ is the deviation of the surface height from the mean

lane 𝑧 = 0. The perturbation theory and Kirchhoff approximation are
idely used to determine the wave scattering at the rough surface [33,
1]. In the perturbation method the rough surface is regarded as the
ummation of multi-order perturbations of the mean plane 𝑧 = 0. This
ethod requires that the deviation of the surface ℎ is small compared
ith the wavelength 𝜆 of the incident wave and the surface slope (or
radient) 𝜒 is small too [42]. By contrast, the Kirchhoff approximation
nly requires the restriction on the change rate of the surface slope 𝜒
ut not limitation on magnitudes of 𝜒 and ℎ, which is more appropriate
or nanoscale rough interfaces prepared by surface treatment methods.
nder the Kirchhoff approximation, it is assumed that any point on the

ough surface profile is locally flat and the incident wave is specularly
eflected at this point, as shown in Fig. 1. And these points can be
alled the ‘‘specular points’’ [43,44]. In this case, the wave scattering
t a specular point is described by the reflection characteristics on
he tangent plane of the point, and the resulting scattered waves are
omposed of the contributions of all specular points along the interface.

For a rough interface that separates two elastic media by using the
irchhoff approximation, other details need to be considered. Acoustic
ystems generally consider a single medium, and the stress-free surface
nly allows the wave reflection (Fig. 1). At the rough interface, the
ncident wave will generate both reflected and transmitted waves, and
he scattering intensity is related to the elastic properties of the media
n both sides of the interface. In an isotropic scattering system, elastic
aves have three vibration polarizations (or modes): P — pressure (or

ongitudinal) wave, SV — shear (or transverse) wave within vertical
lane, and SH — shear wave within horizontal plane [40]. Fig. 2 shows
schematic of the scattering system of incident P, SV, and SH waves

t the rough interface, the vibration directions of SV and SH waves are
arallel and perpendicular to the x–z plane, respectively. We assume
hat the interface is infinitely thin and separates solid 1 and solid 2.
igorous consideration of the system includes the mode conversion of
aves [40]. The P and SV waves are coupled with each other, and
ny of them incident at the slip-free interface will generate four waves:
wo waves are reflected back and two waves are transmitted across the
nterface. In the process of interfacial scattering, the P and SV waves
an be convertible in between [40]. While the incident SH wave only
as the displacement components in horizontal direction and generates
wo waves: reflected SH wave and transmitted SH wave. The difference
etween elastic waves and acoustic waves mainly comes from the
olarization and mode conversion, and these factors are significantly

nfluenced by the interfacial roughness [45].
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Fig. 2. Reflection and transmission of incident P, SV and SH waves at a random rough interface between two elastic solids. When the wavelength of the incident wave 𝜆 is greater
than the correlation length 𝐿, the rough interface can be regarded as a smooth plane and the incident wave is specularly reflected and transmitted at the mean plane 𝑧 = 0. The
superscript (n) represents the type of waves: (0) — incident wave, (1) — reflected pressure wave, (2) — reflected shear wave, (3) — transmitted pressure wave, (4) — transmitted
shear wave. 𝜃𝑛 is the angle between the corresponding wave and the tangent plane normal, 𝜃 is the angle between the incident wave and the normal to the mean plane 𝑧 = 0,
and 𝜑 is the angle of inclination of the tangent plane.
The roughness of the interface is evaluated by the statistical de-
scription [33,41]. Assuming that the rough interface profile obeys the
Gaussian distribution, the probability density function of ℎ is:

𝑊ℎ (ℎ) =
1

√

2𝜋𝜎
𝑒𝑥𝑝

(

− ℎ2

2𝜎2

)

, (2)

where 𝜎 =
√

⟨ℎ2⟩ is the root-mean-square (RMS) roughness, which
is generally measured as the height parameter of the rough interface
in experiments [13–15]. The interface slope 𝜒 as the derivative of a
normal random function, is also Gaussian-distributed:

𝑊𝜒 (𝜒) = 1

𝛾
√

2𝜋
𝑒𝑥𝑝

(

−
𝜒2

2𝛾2

)

, (3)

where 𝛾 is the mean value of 𝜒 in the 𝑥 direction and defined by:
𝛾 = 𝜎∕𝐿 [33,46], 𝐿 is the correlation length and characterizes the
lateral variation of the height. To further estimate the transmission
coefficient 𝛼1→2,𝑗 (𝜃, 𝜔) in Eq. (1) by using the Kirchhoff approximation,
the distribution of the inclination angle 𝜑 is also required. According
to the relationship between continuous random variable 𝜒 and 𝜑: 𝜒 =
𝑡𝑎𝑛𝜑, we can derive the probability function of 𝜑:

𝑊𝜑 (𝜑) = 1

𝛾
√

2𝜋cos2𝜑
𝑒𝑥𝑝

(

−
tan2 𝜑
2𝛾2

)

. (4)

2.2. Elastic wave model

Based on the theory of elasticity [40], we can determine the por-
tion of incident energy transmitted through the tangent plane or the
3

smooth interface by imposing boundary conditions. In our previous
work [47], we presented an EWM for estimating the TBC across the
ideal smooth interface. Different from traditional TBC models [5],
the EWM estimates the transmission coefficient based on rigorous
interfacial displacement and stress continuity conditions. However, this
model cannot describe the effect of interfacial roughness due to the
specular scattering assumption. By using the above elastic Kirchhoff
approximation, we can solve this problem and extend the model to
different rough interfaces. Under the Kirchhoff approximation, when
a P, SV, or SH plane wave is incident at a specular point, the specular
reflection and transmission occur at the tangent plane (Fig. 2).

Considering the mode conversion, the incident, reflected, and trans-
mitted waves need to satisfy four (P and SV waves) or two (SH wave)
interfacial displacement and stress continuity conditions. The proper-
ties of elastic wave propagated in isotropic solid 1 and solid 2 are
determined by the Lamé coefficients (𝜆1, 𝜇1 and 𝜆2, 𝜇2), as well as the
density of materials (𝜌1 and 𝜌2). According to these boundary condi-
tions, we can calculate the amplitude ratios of the generated wave to
the incident wave 𝐴𝑛∕𝐴0. The derivation of the stress and displacement
continuity equations is given elsewhere [40], the continuity equations
for incident P, SV, and SH waves here are written in matrix notation:

𝑃 ∶

⎡

⎢

⎢

⎢

⎢

⎢

⎢

− sin 𝜃1 −cos 𝜃2 sin 𝜃3 −cos 𝜃4
cos 𝜃1 − sin 𝜃2 cos 𝜃3 sin 𝜃4
sin 2𝜃1

𝑣𝐿
𝑣𝑇

cos 2𝜃2
𝜇𝐵𝑣𝐿
𝜇𝑣𝐵𝐿

sin 2𝜃3 − 𝜇𝐵𝑣𝐿
𝜇𝑣𝐵𝑇

cos 2𝜃4

−
𝑣2𝐿
𝑣2

cos 2𝜃2
𝑣𝐿
𝑣𝑇

sin 2𝜃2
𝜇𝐵𝑣𝐿𝑣𝐵𝐿
(

𝐵
)2 cos 2𝜃4

𝜇𝐵𝑣𝐿
𝜇𝑣𝐵

sin 2𝜃4

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎡

⎢

⎢

⎢

⎢

⎣

𝐴1∕𝐴0
𝐴2∕𝐴0
𝐴3∕𝐴0
𝐴4∕𝐴0

⎤

⎥

⎥

⎥

⎥

⎦

⎣ 𝑇 𝜇 𝑣𝑇 𝑇 ⎦
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𝜔
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𝛼

=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

sin 𝜃0
cos 𝜃0
sin 2𝜃0

𝑣2𝐿
𝑣2𝑇

cos 2𝜃2

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, (5)

𝑆𝑉 ∶

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

− sin 𝜃1 −cos 𝜃2 sin 𝜃3 −cos 𝜃4
cos 𝜃1 − sin 𝜃2 cos 𝜃3 sin 𝜃4

𝑣𝑇
𝑣𝐿

sin 2𝜃1 cos 2𝜃2
𝜇𝐵𝑣𝑇
𝜇𝑣𝐵𝐿

sin 2𝜃3 − 𝜇𝐵𝑣𝑇
𝜇𝑣𝐵𝑇

cos 2𝜃4

−
(

𝜆+2𝜇cos2𝜃1
)

𝑣𝑇
𝜇𝑣𝐿

sin 2𝜃2
(

𝜆𝐵+2𝜇𝐵cos2𝜃3
)

𝑣𝑇
𝜇𝑣𝐵𝐿

𝜇𝐵𝑣𝑇
𝜇𝑣𝐵𝑇

sin 2𝜃4

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎢

⎣

𝐴1∕𝐴0
𝐴2∕𝐴0
𝐴3∕𝐴0
𝐴4∕𝐴0

⎤

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎣

−cos 𝜃0
sin 𝜃0

−cos 2𝜃0
sin 2𝜃0

⎤

⎥

⎥

⎥

⎥

⎦

, (6)

𝐻 ∶

[

1 −1
cos 𝜃0

𝑣𝑇 𝜇𝐵

𝑣𝐵𝑇 𝜇
cos 𝜃4

]

[

𝐴2∕𝐴0
𝐴4∕𝐴0

]

=
[

−1
cos 𝜃0

]

, (7)

here 𝑣𝐿, 𝑣𝑇 and 𝑣𝐵𝐿, 𝑣𝐵𝑇 are the velocities of longitudinal and trans-
erse waves in solid 1 and solid 2, respectively. The angles of generated
aves 𝜃𝑛 satisfy the Snell’s law: 𝑣0 sin 𝜃𝑛 = 𝑣𝑛 sin 𝜃0. Note that 𝜃0 is the
ctual angle of incidence on the tangent plane. Using the relations 𝑣2𝐿 =
𝜆 + 2𝜇) ∕𝜌 and 𝑣2𝑇 = 𝜇∕𝜌, the Lamé elastic constants can be expressed
n terms of the density and displacement velocities. By introducing
aterial parameters of two solids into Eqs. (5)–(7), the amplitude ratios
𝑛∕𝐴0, which depend on the angle of incidence 𝜃0, can be numerically
etermined.

The transmission coefficient in Eq. (1) is the total energy transmitted
o solid 2 through the interface: 𝛼1→2,𝑃 𝑜𝑟 𝑆𝑉 = 𝐸3∕𝐸0 + 𝐸4∕𝐸0 and
1→2,𝑆𝐻 = 𝐸4∕𝐸0, where 𝐸𝑛 = 𝜂𝑛𝛥𝑆𝑛 is the average energy transmission
f the corresponding wave [denoted as (n) in Fig. 2], 𝜂𝑛 is the time-

average power per unit area and 𝛥𝑆𝑛 is the cross-sectional area of the
beam. The average energy transmissions per unit area for longitudinal
and transverse waves are generally determined by:

𝜂𝐿𝐴 = 1
2
𝜌𝑣𝐿𝐴𝜔

2𝐴2, (8)

𝜂𝑇𝐴 = 1
2
𝜌𝑣𝑇𝐴𝜔

2𝐴2. (9)

The relation between the cross-sectional area of waves is repre-
ented by 𝛥𝑆𝑛 cos 𝜃0 = 𝛥𝑆0 cos 𝜃𝑛, and the transmission coefficients
1→2,𝑗 (𝜃0) of P, SV, and SH waves are expressed as:

1→2,𝑃 (𝜃0) =
(

𝐴3
𝐴0

(

𝜃0
)

)2 𝜌𝐵𝑣𝐵𝐿 cos 𝜃3
𝜌𝑣𝐿 cos 𝜃0

+
(

𝐴4
𝐴0

(

𝜃0
)

)2 𝜌𝐵𝑣𝐵𝑇 cos 𝜃4
𝜌𝑣𝐿 cos 𝜃0

, (10)

𝛼1→2,𝑆𝑉 (𝜃0) =
(

𝐴3
𝐴0

(

𝜃0
)

)2 𝜌𝐵𝑣𝐵𝐿 cos 𝜃3
𝜌𝑣𝑇 cos 𝜃0

+
(

𝐴4
𝐴0

(

𝜃0
)

)2 𝜌𝐵𝑣𝐵𝑇 cos 𝜃4
𝜌𝑣𝑇 cos 𝜃0

, (11)

𝛼1→2,𝑆𝐻 (𝜃0) =
(

𝐴4
𝐴0

(

𝜃0
)

)2 𝜌𝐵𝑣𝐵𝑇 cos 𝜃4
𝜌𝑣𝑇 cos 𝜃0

, (12)

where the amplitude ratios 𝐴𝑛∕𝐴0 are computed by Eqs. (5)–(7). And
the transmission calculations [Eqs. (10)–(12)] are applicable for the
smooth interface and tangent planes of rough interface as they spec-
ularly scatter elastic waves. Note that the AMM also assumes that
phonons are specularly scattered at the interface, while it uses a sim-
plification that the transmission coefficient 𝛼1→2,𝑗

(

𝜃0
)

is determined by
the acoustic impedances of two solids [3,48]:

𝛼1→2,𝑗
(

𝜃0
)

=
4𝑧𝑗𝑧𝐵𝑗 cos 𝜃0 cos 𝜃𝐵

(

𝑧𝑗 cos 𝜃𝐵 + 𝑧𝐵𝑗 cos 𝜃0
)2

, (13)

here, 𝑗 = 𝐿𝐴 and 𝑇𝐴, 𝑧𝑗 = 𝜌𝑣𝑗 and 𝑧𝐵𝑗 = 𝜌𝐵𝑣𝐵𝑗 are the acoustic
impedances of solid 1 and solid 2, respectively, where 𝑣𝐵𝑗 is determined
y Snell’s law: 𝑣𝐵 sin 𝜃 = 𝑣 sin 𝜃𝐵 . The main difference from EWM is
4
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that AMM neglects the mode conversion between pressure wave (P) and
shear wave (S) and only considers the P–P and S–S transmissions. The
contribution of two polarized transmitted waves to the transmission
coefficient should be considered due to the coupling of P and SV waves
[Eqs. (10)–(12)]. Meanwhile, this will also affect the cut-off frequency
of the transmission process [Eq. (1)].

2.3. Phonon dispersion relations

To fully describe the frequency-dependent characteristics of phonons
that are important for both acoustics and heat transfer issues, it is
necessary to consider lattice vibrational properties of materials. At low
temperatures (𝑇 < 20 K), the phonon (or wave) dispersion relations
(𝑘) can be simplified into a linear by Debye approximation. However,
Hz phonons dominate the heat transfer at high temperatures and
ebye linear approximation cannot accurately describe the vibration
haracteristics of them, as shown in Fig. 3. It has been demonstrated
hat the AMM and DMM with Debye linear dispersions (𝑣𝑗 is in-

dependent of 𝜔) well predict the low-temperature TBC [2], while
they overestimate the TBC at high temperatures [3,47]. Therefore, we
incorporate the nonlinear phonon dispersions 𝜔(𝑘) in EWM.

We take silicon and aluminum as example materials, as they are
typical media of interest [51–54]. For an Al/Si interface, we specify
the real dispersion relations of the Al film and the Si substrate by
fitting polynomials to the measured curves of acoustic branches [55,
56]. Since the group velocities of the optical dispersion branches of
phonons are small, their contribution to the heat transfer is generally
negligible [54]. We assume that the crystals are isotropic and utilize
the measured acoustic dispersions along the [100] crystal orientation.
Fig. 3 shows the fitting of one-dimensional phonon dispersions in the
[100] direction using polynomials: 𝜔(𝑘) = 𝑎4𝑘4 + 𝑎3𝑘3 + 𝑎2𝑘2 + 𝑎1𝑘+ 𝑎0
(for TA), and 𝜔(𝑘) = 𝑏3𝑘3 + 𝑏2𝑘2 + 𝑏1𝑘 + 𝑏0 (for LA). The group
velocities 𝑣𝑔,𝑗 (𝜔) = 𝜕𝜔∕𝜕𝑘 and phase velocities 𝑣𝑝,𝑗 (𝜔) = 𝜔∕𝑘 change
from constants (Debye approximation) to frequency-dependent values.
In addition, the specular reflection and transmission of the interface
do not change the frequency of phonons or elastic waves [40,54]. And
we can introduce the frequency-dependent velocities of Al and Si from
dispersions into the sets of continuity equations (5)–(7), and obtain the
frequency-dependent interfacial boundary conditions that can illustrate
the vibration spectra of two solids. By solving these equations, we
determine the amplitude ratios of generated waves to the incident wave
𝐴𝑛∕𝐴0(𝜃0, 𝜔). In this case, the transmission coefficients calculated by
Eqs. (10)–(12) depend on the mode, angle of incidence, and frequency
of phonons. And the transmission coefficients 𝛼1→2,𝑗

(

𝜃0, 𝜔
)

of P, SV,
and SH waves that are specularly scattered on the tangent plane (Fig. 2)
can be rewritten as:

𝛼1→2,𝑃 (𝜃0, 𝜔) =
(

𝐴3
𝐴0

(

𝜃0, 𝜔
)

)2 𝜌𝐵𝑣𝐵𝐿 (𝜔) cos 𝜃3
𝜌𝑣𝐿 (𝜔) cos 𝜃0

+
(

𝐴4
𝐴0

(

𝜃0, 𝜔
)

)2 𝜌𝐵𝑣𝐵𝑇 (𝜔) cos 𝜃4
𝜌𝑣𝐿 (𝜔) cos 𝜃0

, (14)

1→2,𝑆𝑉 (𝜃0, 𝜔) =
(

𝐴3
𝐴0

(

𝜃0, 𝜔
)

)2 𝜌𝐵𝑣𝐵𝐿 (𝜔) cos 𝜃3
𝜌𝑣𝑇 (𝜔) cos 𝜃0

+
(

𝐴4
𝐴0

(

𝜃0, 𝜔
)

)2 𝜌𝐵𝑣𝐵𝑇 (𝜔) cos 𝜃4
𝜌𝑣𝑇 (𝜔) cos 𝜃0

, (15)

𝛼1→2,𝑆𝐻 (𝜃0, 𝜔) =
(

𝐴4
𝐴0

(

𝜃0, 𝜔
)

)2 𝜌𝐵𝑣𝐵𝑇 (𝜔) cos 𝜃4
𝜌𝑣𝑇 (𝜔) cos 𝜃0

. (16)

Note that, the cut-off frequency 𝜔𝑐 = 4.486 THz (Fig. 3), which
determines the upper limit of the integral in Eq. (1), is defined as
the minimum of four maximum frequencies 𝜔𝑚𝑎𝑥,𝑗 at the edge of the
first Brillouin zone of Al and Si. Other high-frequency incident waves
from solid 1 lacking a corresponding state of transmitted waves in solid
2 cause the breaking of interfacial boundary conditions [54]. These
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Fig. 3. The phonon dispersions of aluminum (left) and silicon (right) along the [100] direction. The measured longitudinal acoustic (LA) and transverse acoustic (TA) dispersion
curves are represented by squares and circles, respectively [49,50]. The solid line is the polynomial fitting result of the real dispersions in this work. The dashed lines are the
linear dispersion relations using Debye approximation.
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incident waves cannot be transmitted and will be totally reflected [19].
This is similar to the total internal reflection phenomenon that occurs
when the angle of incidence is greater than the critical angle 𝜃0 > 𝜃𝑐 .

Moreover, Fig. 2 has shown other frequency limitations caused by
the characteristic length in this problem. In the frequency integration
interval of Eq. (1), 0 < 𝜔 < 𝜔𝑐 , it is necessary to compare the wave-
length of phonon waves 𝜆 = 1∕𝑘 = 𝑣𝑝∕𝜔 with the lateral parameters
of interface roughness 𝐿 [45]. For phonons with wavelength 𝜆 > 𝐿,
the rough interface can be regarded as a smooth interface, and simple
specular reflection and transmission process occurs (Fig. 2) [33]. On
the contrary, when the wavelength 𝜆 is comparable with or smaller
than the correlation length 𝐿, the incident waves are scattered by the
rough interface, which is determined by the Kirchhoff approximation.
It is worth noting that according to the cumulative TBC, ∫ 𝜔

0 ℎ𝐾 (𝜔) 𝑑𝜔
(the superposition of the contribution of phonons with frequencies
from 0 to a certain value 𝜔) [57], thermal transport at Si-substrate
interface is carried by phonons with sub-THz and THz frequencies (or
wavelength 𝜆 ≤ 10 nm). The thermal transport contribution of phonons
with wavelengths 𝜆 > 10 nm is less than 1% and could be ignored. These
two cases need to be taken into account when evaluating the frequency
integral of Eq. (1) in the next section.

2.4. Effective transmission coefficient

In Eqs. (14)–(16) the angle 𝜃0 is the actual angle of incidence at a
specular point (Fig. 2), while in the Landauer formula [Eq. (1)], the
transmission coefficient 𝛼1→2,𝑗 (𝜃, 𝜔) is dependent on the angle 𝜃, which
is defined as the angle of incidence relative to the mean plane 𝑧 = 0
of the random rough interface. We need to estimate the transmission
coefficient 𝛼1→2,𝑗 (𝜃, 𝜔) of rough interface based upon Eqs. (14)–(16). By
introducing the relation of angles 𝜃0 = 𝜃0(𝜃, 𝜑) from interface geometry
(described in detail below) into Eqs. (14)–(16), we can determine the
‘‘specular’’ transmission coefficient 𝛼1→2,𝑗 (𝜃, 𝜑, 𝜔) at each point of the
rough interface. This specular transmission coefficient 𝛼1→2,𝑗 (𝜃, 𝜑, 𝜔) is
a function of the continuous random variable 𝜑. Based on the distribu-
tion function 𝑊𝜑(𝜑), we calculate the expected value of 𝛼1→2,𝑗 (𝜃, 𝜑, 𝜔)
or the entire rough interface and regard it as the effective transmission
oefficient 𝛼1→2,𝑗,𝑒𝑓𝑓 (𝜃, 𝜔). In other words, the dependence of specular
ransmission coefficient 𝛼1→2,𝑗 (𝜃, 𝜑, 𝜔) on the angle of inclination 𝜑 is
5

numerically eliminated. And this quantitative calculation is determined w
by the roughness of interface. Therefore, an ensemble averaging is
performed numerically to obtain the expected transmission coefficient
of the rough interface:

𝛼1→2,𝑗,𝑒𝑓𝑓 (𝜃, 𝜔) = ∫

𝜑𝑚𝑎𝑥

𝜑𝑚𝑖𝑛

𝛼1→2,𝑗 (𝜃, 𝜑, 𝜔)𝑊𝜑 (𝜑) 𝑑𝜑, (17)

here, the probability density function 𝑊𝜑 (𝜑) of 𝜑 is given by Eq. (4).
t is seen from Eq. (17) that when 𝜑 = 0, 𝛼1→2,𝑗,𝑒𝑓𝑓 (𝜃, 𝜔) = 𝛼1→2,𝑗 (𝜃, 𝜔),
hich represents a completely specular wave scattering at the smooth

nterface. When the tangent plane of a certain point is parallel to the
ean plane 𝑧 = 0, its angle of inclination 𝜑 is regarded as zero. As a

esult, Eq. (17) is valid for both the smooth interface and the tangent
lane. By substituting 𝜃0 = 𝜃 into Eqs. (14)–(16), we can directly
ompute the transmission coefficient at the smooth interface.

In addition, the range of the Gaussian-distributed interface gradient
s infinity. In order to numerically calculate Eq. (17), we need to deter-
ine the integral range of the slope angle (𝜑𝑚𝑖𝑛 and 𝜑𝑚𝑎𝑥). As is well

nown, almost all values (99.7%) of Gaussian distribution are within
hree standard deviations of the mean [−3𝜎, 3𝜎], which is the so-called
hree-sigma rule in statistics [58]. The slope angle 𝜑 is not Gaussian
istributed and in Fig. 4(a) we plot the probability distribution of 𝜑
alculated by Eq. (4). For the roughness 𝜎 = 1, 5, and 10 nm and the
orrelation length 𝐿 = 15 nm considered in this work, it is clear that
early all values lie within the range of −𝜋∕2 ≤ 𝜑 ≤ 𝜋∕2. Therefore, we
ake the values 𝜑𝑚𝑖𝑛 = −𝜋∕2 and 𝜑𝑚𝑎𝑥 = 𝜋∕2 in numerical calculations,
nd the deviation could be ignored. For some rough interfaces with
arge gradient and change rate of slope angle, additional consideration
f the numerical integration range Fig. 4(a) is required, while this
as little impact on practical problems of nanoscale interfacial heat
ransfer.

Further, we determine the actual incident angle 𝜃0 of a wave in
rbitrary direction 𝜃 at a certain point with slope angle 𝜑. This angular
elationship can be denoted as 𝜃0 = 𝜃0 (𝜃, 𝜑). In the TBC model [Eq. (1)],
he angle of incidence 𝜃 varies from 0 to 𝜋∕2, and the range of 𝜑 has
een stated above: −𝜋∕2 ≤ 𝜑 ≤ 𝜋∕2. Fig. 4(c) shows three cases of the
ave incident in different directions at a certain point on the rough

nterface. We emphasize that as 𝜑 increases and 𝜑 ≥ 𝜋∕2 − 𝜃, it is
bvious that the incident wave will ‘‘miss’’ the point, and no energy
s transmitted through this point [33]. This is equivalent to the case of
ave glancing on the interface, 𝜃 = 𝜋∕2, and this point belongs to the
0
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Fig. 4. (a) Probability distribution of the slope angle 𝜑 at the rough interface, when 𝜎 = 1, 5, and 10 nm and 𝐿 = 15 nm. (b) Calculated actual angle of incidence 𝜃0 as a function
of the slope angle 𝜑: 𝜃0 = 𝜃0 (𝜃, 𝜑), when 𝜃 = 0, 𝜋∕6, 𝜋∕4, 𝜋∕3, and 𝜋∕2, respectively. (c) Schematic of three cases of actual incident angle 𝜃0 on the tangent plane, the ranges of
𝜃 and 𝜑 are 0 ≤ 𝜃 ≤ 𝜋∕2 and −𝜋∕2 ≤ 𝜑 ≤ 𝜋∕2, respectively.
‘‘shadow area’’, as shown in Fig. 2. In Fig. 4(b) we plot the curves of
𝜃0 = 𝜃0(𝜃, 𝜑) by taking 𝜃 = 0, 𝜋∕6, 𝜋∕3, 𝜋∕4, and 𝜋∕2 as examples. In
numerical calculations, we integrate 𝜃 from 0 to 𝜋∕2. By introducing
𝜃0 = 𝜃0(𝜃, 𝜑) into Eqs. (14)–(16) and using Eq. (17), we determine the
effective transmission coefficient 𝛼1→2,𝑗,𝑒𝑓𝑓 (𝜃, 𝜔) of the random rough
interface. Ultimately, the TBC is calculated by substituting the effective
transmission coefficient 𝛼1→2,𝑗,𝑒𝑓𝑓 (𝜃, 𝜔) into Eq. (1).

3. Results and discussion

Now we turn into a TBC calculation to examine applicability of
the theoretical model. This section contains numerical results and
discussion of the transmission spectra, amplitude and energy ratios of
generated waves to the incident wave, and the TBC at rough Al/SiO2/Si
and Au/SiO2/Si interfaces.

3.1. Angle- and frequency-dependent transmission spectrum

In order to rigorously understand the thermal transport of phonons
at the interface, an accurate description of the phonon scattering is nec-
essary. We calculate the effective transmission coefficient 𝛼1→2,𝑗,𝑒𝑓𝑓 (𝜃, 𝜔)
by Eq. (17) at perfect smooth (𝜎 = 0) and rough (𝜎 = 1, 5, and 10 nm)
Al/Si interfaces, respectively. In these calculations we use the Gaussian-
distributed rough interface with correlation length 𝐿 = 15 nm. For the
interface in heat flow equilibrium, the TBC calculated from the solid on
either side should be the same [24]. In order to avoid considering the
total reflection at the interface and simplify the calculation, we regard
Si as solid 1, which has higher velocities than Al (solid 2). The contour
plots of angle- and frequency-dependent transmission spectra of P, SV
and SH modes are shown in Fig. 5.

Clearly, Fig. 5 indicates that both the phonon frequency and angle of
incidence significantly influence the transmission coefficient at sample
6

interfaces. The transmissions of incident SV and SH waves have a
clear drop when their frequency is higher than 3 THz, while the trend
of P wave in the entire frequency range is flat. This phenomenon is
attributed to the low velocities for transverse polarizations 𝑣𝑔,𝑇𝐴 (𝜔) at
the edge of the first Brillouin zone, as shown in Fig. 3. In the THz fre-
quency regime, the contribution of low-frequency phonons is generally
higher than that of high-frequency phonons. These results suggest that
the phononic mismatch between two materials (the cut-off frequency
and the frequency-dependent velocities determined by the dispersions
of solids 1 and 2) significantly impacts the spectral contribution to
interfacial thermal transport. While the phonon flux determines the
magnitude of TBC at a certain interface, the transmission coefficient
𝛼1→2,𝑗 (𝜃, 𝜔) directly affects the phonon frequencies at which energy is
transferred across the interface.

On the other hand, the model provides a description of the oblique
incidence of phonons. In Fig. 5, when the angle of incidence 𝜃 is
small and close to normal incidence, the phonons have nearly 100%
transmission. And the transmission coefficient decreases with increas-
ing 𝜃. As the angle of incidence 𝜃 approaches the maximum value
𝜋∕2, the propagation directions of phonons are nearly parallel to the
interface and the transmission coefficient decreases to zero, which is
similar to the grazing incidence of the wave. These results highlight the
importance of angle dependence of the transmission coefficient, which
is ignored in commonly used DMM that assumes the diffuse scattering
of phonons and calculates the transmission coefficient by the energy
conservation of the scattering process [24,57]. That is, the transmission
coefficients of all phonons with various incident angles are the same. In
addition, the interface specularity parameter 𝑝 = exp

(

−16𝜋2𝜎2∕𝜆2
)

rep-
resents the fraction of phonons experiencing specular scattering at the
interface [59]. This parameter is used in TBC calculations [9,27,60] to
estimate the transmission coefficients of rough interfaces by assuming
that phonons are partially specularly and partially diffusely scattered
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Fig. 5. Contour plots of transmission coefficient 𝛼1→2,𝑗 (𝜃, 𝜔) as a function of angle of incidence and frequency for P, SV, and SH waves incident at different Al/Si interfaces: (a)
ideal smooth, (b) RMS roughness 𝜎 = 1 nm, (c) 𝜎 = 5 nm and (d) 𝜎 = 10 nm. The values of transmission coefficients (0 to 1) are indicated on the right scale.
at the interface. Since it assumes normal incidence and ignores the
mode conversion, the specularity parameter has been found to differ
from the predictions of boundary perturbation and Green’s function
approaches [61].

The EWM also gives insights on the variation of phonon–interface
interaction with interfacial roughness. As shown in Fig. 5, the overall
trend of transmission coefficient decreases with increasing roughness,
especially for phonons near normal incidence. While it is worth noting
that when the RMS roughness 𝜎 is less than 1 nm, transmission coef-
ficients of the rough and smooth interfaces for all three polarizations
should be very close. This indicates that in the TBC calculation, the
EWM of the perfect interface ignoring the interfacial irregularities is
also applicable to the prediction of the atomically smooth interface
(the magnitude of 𝜎 is sub-nanometers, 10−10 m). In addition, the
Al/Si transmission coefficient profile versus the phonon frequency (or
wavelength) indicates that as the interface gets rougher, phonons with
frequencies 𝜔 < 4 THz are more likely to be reflected. This intuitive
image is consistent with the experimental conclusion [62].

3.2. Wave characteristics of phonons

To illustrate the magnitude of mode conversion and the angle-
dependent scattering of phonons or waves, we compute the ampli-
tude and energy ratios of generated waves to the incident wave of
the Al/Si system. Instead of frequency-dependent velocities calcu-
lated by nonlinear dispersions (Fig. 3), we use constant longitudinal
and transverse wave velocities of 8970 m/s, 5332 m/s for Si and
6240 m/s, 3040 m/s for Al [5] to compute the continuity equa-
tions (5)–(7). And the amplitude ratios 𝐴𝑛∕𝐴0(𝜃0, 𝜑) of each point
on the rough profile are obtained. Analogous to Eq. (17), we can
determine the ensemble average of amplitude ratios at the rough
interface by 𝐴𝑛∕𝐴0 (𝜃) = ∫ 𝜑𝑚𝑎𝑥

𝜑𝑚𝑖𝑛
𝐴𝑛∕𝐴0 (𝜃, 𝜑)𝑊𝜑 (𝜑) 𝑑𝜑. Using Eqs. (8)

and (9), the expected energy ratios of reflected and transmitted waves
are calculated by 𝐸𝑛∕𝐸0 (𝜃) = ∫ 𝜑𝑚𝑎𝑥

𝜑𝑚𝑖𝑛
𝐸𝑛∕𝐸0 (𝜃, 𝜑)𝑊𝜑 (𝜑) 𝑑𝜑. Fig. 6

shows the quantitative influence of interfacial roughness on the energy
7

distribution of generated waves. The value of transmission coefficient is
the summation of energy ratios of transmitted P wave and transmitted
SV wave: 𝛼 = 𝐸3∕𝐸0 + 𝐸4∕𝐸0.

In Fig. 6, the transmission coefficient 𝛼(𝜃) is close to 1 when the
wave is near normal incidence (small 𝜃). As the RMS roughness 𝜎
increases, 𝛼(𝜃) decreases rapidly within the range of 𝜃 from 𝜋∕4 to 𝜋∕2.
The results indicate that interfacial irregularity reduces the proportion
of transmitted waves and enhances the reflection of the incident wave,
especially for the reflected P–P mode (𝐸1∕𝐸0 curves in Fig. 6). It
can be seen that the variation of transmission coefficient 𝛼(𝜃) with
incident angle and roughness for P wave is consistent with Fig. 5. The
roughness has a greater influence on the scattering angles cos𝜃𝑛/cos𝜃0
in Eqs. (10)–(12) than that on amplitude of waves. As a consequence,
the increase of 𝜎 has a weak effect on the trend and magnitude of 𝐴𝑛∕𝐴0
curves, while the curves of energy ratios 𝐸𝑛∕𝐸0 has been significantly
changed. Waves obliquely incident on nanostructures with rough in-
terfaces have a lower transmission coefficient than normally incident
waves, and dissipate faster as the transmission distance increases.

3.3. Thermal boundary conductance at rough interfaces

To quantify and analyze the effect of roughness on interfacial heat
transfer, we compute the TBC as a function of temperature for smooth
and rough Al/Si interfaces by the EWM. In Fig. 7, the theoretical results
of TBC (solid lines) are compared with the measurement (circles) [63].
In the experiment the interfacial roughness is not characterized, while
high purity natural Si wafers is used and the natural oxide of the
wafer is removed by HF etching before Al evaporation [63]. The Al/Si
interface measured in this work can be regarded as atomically or
nominally smooth [15]. The dashed lines in Fig. 7 represent the TBC
values predicted by AMM and DMM calculations. Instead of the Debye
approximation, here we use nonlinear dispersion relations in the AMM
and DMM, which have higher accuracy at high temperatures [24].

The ideal EWM for smooth interface [Eqs. (14)–(16)] agrees well

with the measurement within 5% over a wide temperature range
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Fig. 6. Calculated amplitude and energy ratios of generated waves as a function of angle of incidence for the P wave incident at different Al/Si interfaces. The transmission
oefficient 𝛼 is the summation of energy ratios of transmitted P wave (3) and transmitted SV wave (4).
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Fig. 7. Calculated TBC by the EWM as a function of temperature at smooth and rough
Al/Si interfaces (solid lines). Our results are compared with the measurement at the
atomically smooth interface (circles) [63] and the theoretical predictions of AMM and
DMM (dashed lines).

(30–300 K). At temperatures T > 100 K, the EWM achieves better
predictions compared with the AMM and DMM. Note that for higher
temperatures (T > 400 K), the influence of the inelastic process needs to
be considered [64], and Eq. (1) may require estimating the equivalent
equilibrium temperature for highly-matched interfaces [65]. For the
EWM-predicted TBC at rough interfaces, results in Fig. 7 show that as
𝜎 less than 0.5 nm, the interfacial roughness has small impact on the
TBC and the curves are close to the smooth interface. This explains why
the ideal EWM without consideration of interfacial irregularities agrees
well with the TBC measurement of the atomically smooth interface. The
overestimation of phonon scattering and deviation from the measured
result of DMM at T > 100 K are due to its assumption of completely
diffuse scattering. However, in Fig. 7 the DMM agrees well with the
EWM predictions of interfaces with RMS roughness from 1 nm to 5 nm,
8

indicating that the DMM can give a good prediction for the interface
with a certain roughness. In addition, as mentioned in Section 2.2, the
AMM neglects the mode conversion and overpredicts the transmission
of waves, while it can well predict the TBC at low temperatures (T <
30 K) [2]. More importantly, the AMM and DMM are currently unable
to evaluate the impact of roughness on TBC. Our quantitative analysis
verifies the above general conclusions about the existing theoretical
models [24].

It is worth noting that at the Al/Si interface in Fig. 7, the room-
temperature TBC decreases monotonically about 47% from
370 MWm−2K−1 for smooth interface to 197 MWm−2K−1 for rough
nterface with 𝜎 = 10 nm. For T = 40 K, and within the same 𝜎 rising
ange, the TBC decreases from 47 MWm−2K−1 to 29 MWm−2K−1 with
nly 38% change. Compared with the smooth interface, the rise of the
BC curve of rough interface is relatively flat. We conclude that as
omain carriers at high temperatures, short-wavelength phonons are
ore significantly scattered by rough interfaces.

To further validate the model, we compute the room-temperature
BC as a function of interfacial roughness and compare it with the
xperimental studies [13–15]. For comparison, another factor that
eeds to be considered is the thermal resistance 𝑅𝑜𝑥𝑖𝑑𝑒, which is caused
y the native oxide layer (SiO2) on the Si-substrate surface. This
hermal resistance is generally approximated as the native-oxide-layer
hickness divided by its thermal conductivity [15,66], and the thermal
onductance of this layer can be expressed by:

𝑜𝑥𝑖𝑑𝑒 = 𝑅−1
𝑜𝑥𝑖𝑑𝑒 =

𝜅𝑜𝑥𝑖𝑑𝑒
𝑑𝑜𝑥𝑖𝑑𝑒

, (18)

where, the native-oxide-layer thickness 𝑑𝑜𝑥𝑖𝑑𝑒 on the sample surface
is approximately 2 nm measured by transmission electron microscopy
[13–15], and its thermal conductivity 𝜅𝑜𝑥𝑖𝑑𝑒 is commonly assumed as
the thermal conductivity of the bulk material. Considering the influence
of size effect, here the thermal conductivity 𝜅𝑜𝑥𝑖𝑑𝑒 is given by the
measured value of SiO2 thin film and 𝜅𝑜𝑥𝑖𝑑𝑒 = 0.952 Wm−2K−1 [67].
The effective TBC at the interface with a native oxide layer is given by

ℎ =
(

ℎ−1 + ℎ−1
)−1

. (19)
𝐾 𝐾,𝐸𝑊𝑀 𝑜𝑥𝑖𝑑𝑒
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Fig. 8. (a) Calculated and measured room-temperature TBC of rough Al/SiO2/Si interfaces as a function of RMS roughness 𝜎. In experiments, the rough surfaces of Si substrate
are prepared by chemical etching (diamonds and squares) [13,15] and quantum dot (circles) [14], respectively. The inset shows the contribution of P, SV, and SH waves to the
total TBC. (b) Calculated and measured TBC [68] of Au/SiO2/Si interfaces with RMS roughness 𝜎 = 0.52 nm and 1.38 nm. The solid and dashed lines represent the theoretical
results with the correlation length L = 10 nm and 5 nm, respectively.
The room-temperature TBC of the rough Al/SiO2/Si interface is
calculated by Eq. (19) for RMS roughness 𝜎 from 0 to 12 nm and
correlation length 𝐿 = 15 nm. The maximum value of 𝜎∕𝐿 is 0.8,
which is within the reasonable range of 𝜎∕𝐿 in the experiment [46].
Fig. 8(a) shows the comparison between the theoretical and measured
TBC values. In experiments, the rough Al/Si interfaces are prepared by
different processing methods [13–15]. The plot shows the quantitative
agreement between theory and measurement within the uncertainty
range. From the work [67], the measured room-temperature thermal
conductivities of SiO2 layers with thickness 6.5 nm, 11.8 nm, and
5 nm are 0.952 Wm−1K−1, 1.049 Wm−1K−1 and 1.265 Wm−1K−1,

respectively. Although the thermal conductivity of thick layers of ther-
mally grown SiO2 with thickness 25 nm are essentially identical with
the bulk SiO2 (1.289 Wm−1K−1). The thermal conductivity 𝜅𝑜𝑥𝑖𝑑𝑒 =
0.952 Wm−1K−1 used in Eq. (18) still overestimate the value of the SiO2
interlayer with a thickness of 2 nm, which may lead to an increase
in the predicted value of the total TBC. The agreement between the
predicted and measured TBC indicates that the EWM is a feasible model
to interpret the heat transfer at the rough interface.

The inset in Fig. 8(a) shows a difference between the contributions
of SV and SH waves to the TBC by using the EWM. However, in
some theoretical studies it is assumed that two transverse modes of
phonons have the same contribution to heat transfer [24]. The result
also shows that when the RMS roughness 𝜎 is less than 1 nm, it has a
weak impact on the TBC at the Al/SiO2/Si interface. As the interface
roughness increases further, the TBC will be significantly reduced.
As the roughness rises to 12 nm, the TBC decreases approximately
30%. Furthermore, these results demonstrate the transition between
two interface states based on the roughness. When the roughness is
at sub-nanometers (10−10 m), the TBC is almost constant as a certain
temperature, and its value is close to that of the corresponding smooth
interface. This conclusion is consistent with the molecular dynamics
simulations [23], verifying the possibility of systematically controlling
the overall thermal conductivity of composite materials by changing
the interfacial roughness.

For further verification, we compare the model with the TBC ex-
perimental data of Au/SiO2/Si interfaces with roughness 𝜎 = 0.52 nm
and 1.38 nm [68], as shown in Fig. 8(b). The thickness of SiO2 layer
between the Au/Si interface is 2 nm [68], and the results of EWM
with correlation length 𝐿 from 5 nm to 10 nm are consistent with
experimental values. This indicates that the elastic process dominates
the interface with nano-scale roughness, and the continuum model
shows the feasibility of quantifying the roughness effect on TBC in
this regime. Same as most multilayer nanostructures [69–71], the
studied Al/SiO /Si and Au/SiO /Si interfaces are prepared by epitaxial
9
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growth [14,20] or atomic layer deposition [13,68]. The high interface
quality avoids the larger interface defects (e.g., porosity) [67,72],
which needs to be taken into account as the characteristic size of the
structure is much larger than the wavelength of the phonon wave [73].

In addition, several numerical studies attribute the difference be-
tween DMM predictions and the experiments to the electron–phonon
energy transfer pathway [74,75], while recent study shows that elastic
phonon transport dominates the interfacial heat transfer for various
epitaxial metal/sapphire interfaces, and other mechanisms are negligi-
ble [37]. The influence of electron–phonon coupling on the heat trans-
fer at the metal–nonmetal interface is still controversial. In this work,
the presence of a SiO2 intermediate layer in the samples could inhibit
the effect of this electron–phonon mechanism. At higher temperatures
or for highly dissimilar materials, inelastic phonon processes and other
energy transport mechanisms may need to be considered [76–79]. Fur-
thermore, the EWM based on the wave characteristics could effectively
quantify the influence of interfacial roughness on coherent phonons
that maintain the phase continuity in the periodic structures [69].

4. Conclusion

In summary, we present an analytical model for the TBC at rough
interfaces based on the elastic wave theory. In particular, this model in-
terprets the interfacial heat transfer of phonons by utilizing their wave
nature. This approach combines a statistical description of interfacial
scattering using Kirchhoff approximation with the accurate estimation
of transmission coefficients based on the interface elasticity. The nu-
merical results of transmission coefficients and TBC in a wide range
of roughness confirm the validity of this framework for estimating
interfacial heat transport. Compared with the traditional models, the
EWM gives more in-depth physical images of phonon transmission and
their wave characteristics. These considerations can provide guidance
for the optimization of heat transfer in nanostructures based on the
phonon wave effects. In addition, our calculations verify the transition
of TBC values from a smooth interface to a nanoscale rough interface
and also the influence of interlayer on thermal transport. Inserting an
interlayer is also a common method to control the interfacial ther-
mal transport. Based on the EWM, sandwich-structured composite and
other multilayer periodic nanostructures can be further studied by the
scattering of coherent phonons in layered media. The elastic wave or
continuity theory has shown broad prospects in inspiring and guiding
the design of extreme thermal conductivity materials.
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