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A B S T R A C T   

In this work, a lattice Boltzmann scheme is developed for numerical solution of the phonon Boltzmann equation 
under Callaway’s dual relaxation model in the hydrodynamic limit. Through a Chapman-Enskog expansion to the 
lattice Boltzmann equation with the resistive scattering term as an equivalent source term, we recover a phonon 
hydrodynamic equation which is reduced to the Guyer-Krumhansl heat transport equation and the Fourier’s law 
in the limit of dominant normal scattering and dominant resistive scattering respectively. The transition of heat 
transport from diffusive regime to hydrodynamic regime is modeled extensively by the present numerical 
scheme, which produces results in good agreement with the benchmark solutions and experimental measure
ment. Two well-known phonon hydrodynamic phenomena including the phonon Poiseuille flow and second 
sound propagation are well captured by the lattice Boltzmann scheme. This work will promote the numerical 
modeling and deeper understanding of the non-Fourier heat transport induced by phonon normal scattering.   

1. Introduction 

The classical Fourier’s law has been widely applied in modeling heat 
transport in conventional systems and processes [1,2]. In dielectric or 
semiconductor materials, heat transport is mainly mediated by phonons. 
The Fourier’s law is valid in diffusive regime where the intrinsic phonon 
resistive scattering dominates [3]. With the rapid development of micro- 
and nano-electronics in recent years, the Fourier’s law fails in 
extremely-small and ultra-fast heat transport [4–6] due to both spatial 
and temporal strong nonequilibrium effects [7,8]. Another situation 
where the Fourier’s law fails is in the hydrodynamic transport regime 
where the momentum-conserving phonon normal scattering dominates 
[9,10]. This situation is often relevant at extremely low temperature in 
most three-dimensional materials, and has drawn increasing attention in 
recent years because of the strong evidence of hydrodynamic phonon 
transport even near room temperature in low-dimensional materials like 
graphene [11–14] and carbon nanotubes [15]. 

The theoretical modeling of hydrodynamic phonon transport has an 
appreciably long history. The classical Guyer-Krumhansl (G-K) heat 
transport equation was derived through a solution of the linearized 
phonon Boltzmann equation during the exploration of second sound in 
the middle years of last century [9,10]. A classical simplification of the 
complex scattering term in the phonon Boltzmann equation is the 
Callaway’s dual relaxation model [16], which has been widely used for 
studying phonon hydrodynamic phenomena in three-dimensional 

dielectric crystals [8,17–19] as well as in low-dimensional materials 
[12–15,20,21]. As the Callaway model considers the normal and resis
tive phonon scattering separately, it is capable of describing heat 
transport in a broad range from the hydrodynamic regime to the diffu
sive regime. 

The numerical solution of the phonon Boltzmann equation under 
Callaway’s dual relaxation model remains, however, in its infancy. A 
discrete ordinate method (DOM) has been recently developed for the 
Callaway’s kinetic model to study heat transport in two-dimensional 
nanomaterials [13,21]. Yet the DOM solution of Boltzmann equation 
is known to be inefficient within the near-continuum regime as the 
spatial step and temporal step are required to be smaller than the mean 
free path (MFP) and relaxation time [20,22,23]. In this regime, the 
hydrodynamic equations of phonon Boltzmann equation provide a more 
practical theoretical description. In contrast to traditional numerical 
methods, the lattice Boltzmann scheme is a more efficient one for hy
drodynamic equations through an evolution of discrete Boltzmann 
equation with a linear advection term and an algebraic collision term 
[24–26]. A lattice Boltzmann scheme has been presented through a 
Chapman-Enskog expansion to the phonon lattice Boltzmann equation 
under the Callaway model [27] suggested by an earlier work on lattice 
Boltzmann model for phonon hydrodynamics with only normal scat
tering considered [28]. An interfacial boundary collision scheme was 
later devised for this lattice scheme to simulate the interfacial phonon 
transport between dissimilar materials [29,30]. These studies [27,29] 
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represent noticeable effort towards the development of lattice Boltz
mann scheme for the Callaway model, yet with still crucial issues to be 
tackled [8]: the phonon hydrodynamic equation has not been exactly 
recovered, such that the relation between mesoscopic numerical pa
rameters and macroscopic phonon properties remains ambiguous. The 
similar issues have been recently resolved in the lattice Boltzmann 
scheme for the phonon Boltzmann equation under single mode relaxa
tion time approximation [31]. However, a lattice Boltzmann scheme for 
the phonon Boltzmann equation under Callaway’s dual relaxation model 
in the hydrodynamic limit remains to be fully established. 

The main aim of the present work is to develop a lattice Boltzmann 
scheme for numerical solution of phonon Boltzmann equation under 
Callaway’s dual relaxation model within the near-continuum regime. 
Based on the lattice Boltzmann model, we also reveal the special phys
ical features of non-Fourier heat conduction induced by the collective 
effect of phonon normal scattering. The remainder of this article is 
organized as below: in Section 2, the mathematical and numerical 
methodology is provided in detail; in Section 3, a robust validation is 
demonstrated of the lattice Boltzmann scheme through both steady-state 
and transient heat transport from diffusive regime to hydrodynamic 
regime; concluding remarks are finally made in Section 4. 

2. Mathematical and numerical methodology 

In this section, we firstly present the hydrodynamic equation to the 
phonon Boltzmann equation under the Callaway model in Section 2.1. 
The lattice Boltzmann scheme for the Callaway model in the hydrody
namic limit is then developed in Section 2.2. Through a Chapman- 
Enskog expansion to the lattice Boltzmann equation, we recover the 
phonon hydrodynamic equation and obtain the quantitative relation 
between numerical parameters and phonon properties in Section 2.3. 
Finally the macroscopic variable calculation and boundary treatment 
are provided in Section 2.4 and 2.5 respectively. 

2.1. Phonon hydrodynamic equations 

The evolution of lattice Boltzmann equation corresponds to the nu
merical solution of the hydrodynamic equation of the continuous 
Boltzmann equation [24–26]. In the lattice scheme for the phonon 
Boltzmann equation under single mode relaxation time approximation, 
the hydrodynamic equation is the Fourier’s law [31]. Here we provide a 
derivation of hydrodynamic equation to the phonon Boltzmann equa
tion under Callaway’s dual relaxation model by a perturbation method 
[32]. 

The phonon Boltzmann equation under Callaway’s dual relaxation 
model is [16]: 

∂f
∂t

+ vg⋅∇xf =
f eq
N − f

τN
+

f eq
R − f

τR
, (1)  

where f ≡ f(t, x, k) is the phonon distribution function, with 
f(t, x, k)dxdk denoting the probabilistic number of phonons found within 
the spatial interval (x, x + dx) and wave vector interval (k, k + dk) at a 
specific time t. The phonon group velocity is determined from the 
phonon dispersion relation as: vg = ∇kω(k). The equilibrium distribu
tion functions for the normal scattering and the resistive scattering 
(usually including the umklapp phonon-phonon scattering, phonon- 
isotope scattering, phonon-impurity scattering, etc.) are the displaced 
Planck distribution and the Planck distribution separately: 

f eq
N =

1
exp[(ℏω − ℏk⋅u)/kBT] − 1

, (2)  

f eq
R =

1
exp(ℏω/kBT) − 1

, (3)  

where ℏ and kB are the reduced Planck constant and Boltzmann constant 

separately. The temperature T and phonon drift velocity u can be 
determined by the energy and momentum conservation relations: 

∫

ℏωfdk =
∫

ℏωfeq
R dk and 

∫
ℏkfdk =

∫
ℏkfeq

N dk. The phonon relaxation 
times for normal scattering (τN) and resistive scattering (τR) are usually 
dependent on the phonon frequency and lattice temperature [33]. As a 
first step, the isotropic gray Debye model is assumed for the derivation of 
hydrodynamic equation and lattice Boltzmann scheme. In other words, 
we consider linear phonon dispersion ω = vgk with constant group ve
locity, and constant effective phonon relaxation times around an 
average system temperature. When the heat transport is driven under a 
relatively small temperature difference, the displaced Planck distribu
tion is often linearized as [16]: 

f eq
N = f eq

R + T
∂f eq

R

∂T
k⋅u
ω . (4) 

The main idea of the perturbation method is an asymptotic expan
sion to the phonon Boltzmann equation (1) around a four-moment non- 
equilibrium distribution obtained by maximum entropy principle [17, 
32]: 

f4 = f eq
R +

3
CV v2

g

∂f eq
R

∂T
qαvgα, (5)  

where the subscript ‘4’ denotes its dependence on the four basic field 
variables (temperature and three components of heat flux). The Einstein 
summation convention is adopted hereafter, with α denoting the com
ponents (x, y, z) of cartesian coordinate. As this work is focused on the 
development of lattice Boltzmann scheme, here we only provide the 
final results of phonon hydrodynamic equations including an energy 
balance equation and a heat transport equation: 

CV
∂T
∂t

+∇⋅q = 0, (6)  

τR
∂q
∂t

+ q= −
1
3
CV v2

gτR∇T +
1
5
τCτRv2

g

[

∇2q+
1
3
∇(∇ ⋅ q)

]

, (7)  

where the overall phonon relaxation time is defined as: 1/τC = 1/τN +

1/τR. The details of the derivation of phonon hydrodynamic equations 
are given in Appendix A. Note two similar field equations as Eq. (6) and 
Eq. (7) have been obtained in Ref. [34] in the framework of 
nine-moment phonon hydrodynamic equations. However, there is a 
subtle difference that they were derived in the limit of small overall 
Knudsen number KnC but large resistive Knudsen number KnR (KnR or 
KnN, defined as the ratio of the phonon MFP of resistive scattering or 
normal scattering to the characteristic length, and 1/KnC = 1/KnR +

1/KnN), i.e. KnC ≈ KnN ≪ KnR or τC ≈ τN ≪ τR (c.f. the derivation of Eq. 
(52) in Ref. [34], or a more detailed derivation in the limit of small τN in 
Section 5.2.2 of Ref. [17]). In other words, they concern the case of 
dominant normal scattering over resistive scattering. Actually, the two 
field equations in Ref. [34] were asserted therein to be equivalent to the 
original G-K heat transport equation (except a factor difference) which 
was derived in the limit of dominant normal scattering [9,35]. In this 
work, we are concerning the hydrodynamic equation for more general 
situation including the entire transition from dominant normal scat
tering to dominant resistive scattering. In addition, we provide a 
quantitative validation of Eq. (6) and Eq. (7) through a comparison to 
the direct DOM solution of phonon Boltzmann equation under the 
Callaway model [13] as given in Appendix A. 

In the limit of dominant normal scattering over resistive scattering 
(1/τN ≫ 1/τR), the overall phonon relaxation time becomes 1/τC ≃ 1/τN. 
Then Eq. (7) is reduced to the classical G-K heat transport equation [8,9, 
34]: 

τR
∂q
∂t

+ q= −
1
3
CV v2

gτR∇T +
1
5
τNτRv2

g

[

∇2q+
1
3
∇(∇ ⋅ q)

]

. (8) 

A slightly different coefficient ‘2’ in the nonlocal term of heat flux in 
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the original G-K heat transport equation [9] from a coefficient ‘1/3’ in 
Eq. (8) has been attributed to their approximate treatment of the inverse 
of the normal process collision matrix [35]. In the limit of dominant 
resistive scattering over the normal scattering (1/τR ≫ 1/τN), the overall 
phonon relaxation time becomes 1/τC ≃ 1/τR. Eq. (7) is then reduced to 
the recent phonon hydrodynamic equation for nanoscale heat transport 
at ordinary temperatures [32,36]: 

τR
∂q
∂t

+q= −
1
3

CV v2
gτR∇T +

1
5
Λ2

R

[

∇2q+
1
3
∇(∇ ⋅ q)

]

, (9)  

where the phonon MFP for resistive scattering is computed as: ΛR =

vgτR. Eq. (9) will be further reduced to the Fourier’s law in the diffusive 
limit where both the memory and nonlocal effects due to the finite 
relaxation time and MFP are negligibly weak. Although Eq. (9) has the 
same mathematical form as Eq. (8), the nonlocal terms of heat flux hold 
very different physical meaning [32]: (i) the transfer of phonon 
quasi-momentum through the momentum-conserving normal scattering 
in Eq. (8); (ii) representative of spatial non-equilibrium effects from 
phonon-boundary scattering or large spatial thermal variation in Eq. (9). 

Based on the general principle of kinetic theory [37,38], the tem
perature and heat flux boundary conditions for the phonon hydrody
namic equation (7) are developed as: 

Ts − T = −
2
3
ΛR

(
∂T
∂n

)

s
, (10)  

qs =
8
15

ΛC

(
∂q
∂n

)

s
, (11)  

with the overall phonon MFP defined as: ΛC = vgτC, and the subscript ‘s’ 
denoting the boundary surface. The detailed derivation of Eq. (10) and 
Eq. (11) is given in Appendix A. Here we assume the fully diffuse 
boundary scattering, which is usually valid since the dominant phonon 
wavelength is quite small [4]. More general boundary scattering 
schemes dependent on the surface roughness could be considered 
straightforwardly by a specularity parameter, as shown in previous work 
[32,39,40]. In the limit of dominant normal scattering, Eq. (11) will be 
reduced to the heat flux slip boundary condition for G-K heat transport 
equation (8) [34]. In the limit of dominant resistive scattering, Eq. (11) 
will be reduced to the heat flux tangential retardant boundary condition 
for the phonon hydrodynamic equation (9) [32]. Therefore, the present 
phonon hydrodynamic equation (7) together with the boundary condi
tions Eq. (10) and Eq. (11) is able to describe the entire transition of heat 
transport from the hydrodynamic regime to the diffusive regime (the 
quantitative validation is shown in Appendix A). 

2.2. Phonon lattice Boltzmann equation 

In this sub-section, a lattice Boltzmann scheme will be developed for 
the solution of hydrodynamic equations of the phonon Boltzmann 
equation (1) under the Callaway model, which is rewritten into the 
following form: 

∂f
∂t

+ vgα
∂f
∂xα

=
f4 − f

τC
−

3
τRCV v2

g

∂f eq
R

∂T
vgαqα, (12)  

where the displaced Planck distribution function Eq. (4) has become 
identical to the non-equilibrium distribution Eq. (5) with the help of the 
relation q = CVTu/3 from the quasi-momentum conservation principle 
for phonon normal scattering process [8]. Therefore, the phonon 
Boltzmann equation under Callaway’s dual relaxation model is refor
mulated into an equation under an effective single relaxation model 
with an equivalent source term. The effective single relaxation scat
tering term will obey both the energy and quasi-momentum conserva
tion principles. The equivalent source term can be understood as the 
transport resistance caused by the momentum-destroying phonon 

resistive scattering. 
Then the following lattice Boltzmann equation is devised for Eq. (12) 

in form of phonon energy density distribution: 

ei(x + ciΔt, t + Δt) − ei(x, t) =
1
τ [e

eq
i (x, t) − ei(x, t) ] + ΔtSi(x, t), (13)  

where τ is a non-dimensional relaxation time related to the overall 
relaxation time τC and the time step Δt, with the relation to be deter
mined later. The subscript ‘i’ (i = 1,2, …, 8) represents the index of 
different lattice directions in the typical D2Q8 lattice structure as shown 
in Fig. 1. The lattice velocities in two-dimension are expressed as: 

ci =

{
( ± 1, 0)c, (0,±1)c, i = 1, 2, 3, 4
( ± 1,±1)c, i = 5, 6, 7, 8 , (14)  

where c is the lattice speed related to phonon group speed vg. The 
central-point component in the usual D2Q9 lattice structure is not 
considered because of the special feature of phonon dynamics [31]. The 
present theoretical derivation can be extended to the one-dimensional 
(D1Q2) and three-dimensional (D3Q14) lattice structures [31] in a 
straightforward way, which is not dealt with here due to the length of 
article. 

The form of discrete equilibrium energy density distribution can be 
inferred from the four-moment nonequilibrium distribution f4 in Eq. (5) 
as: 

eeq
i (x, t) = ωiCV T(x, t) +

5aiciαqα(x, t)
3c2 . (15) 

The source term in the lattice Boltzmann equation (13) is defined as: 

Si(x, t) = −

(

1 −
1
2τ

)
5aiciαqα(x, t)

3τRc2 , (16)  

where the coefficient (1 − 1 /2τ) is introduced to eliminate the discrete 
error in the lattice Boltzmann scheme with source term [41]. The weight 
coefficients in Eq. (15) and Eq. (16) are given as below: 

Fig. 1. Schematic of D2Q8 lattice structure in the lattice Boltzmann scheme for 
phonon hydrodynamic equation. 
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ωi =

⎧
⎪⎪⎨

⎪⎪⎩

2
9
, i = 1, 2, 3, 4

1
36
, i = 5, 6, 7, 8

, (17)  

ai =

⎧
⎪⎪⎨

⎪⎪⎩

1
5
, i = 1, 2, 3, 4

1
20
, i = 5, 6, 7, 8

. (18) 

In principle, the weight coefficients in Eq. (17) and Eq. (18) are 
unknown at this step, and will be determined after recovering the 
phonon hydrodynamic equation through Chapman-Enskog expansion in 
the next sub-section. For a clearer interpretation of the physics of 
phonon transport, we present the final results firstly and verify them in 
recovering the hydrodynamic equations. In contrast to the same set of 
weight coefficients in the discrete equilibrium distribution and the 
forcing term in classical lattice Boltzmann scheme [41], we adopt a 
different set of weight coefficients in Eq. (17) and Eq. (18) to correctly 
recover the special ratio of ‘1/3’ between the terms ∇(∇ ⋅q) and ∇2q in 
the phonon hydrodynamic equation (7). 

To sum up, we obtain a lattice Boltzmann equation (13) with the 
discrete equilibrium distribution Eq. (15) and the source term Eq. (16). 
Note the classical lattice Boltzmann equation can be directly derived 
from the BGK-Boltzmann equation using the Gauss-Hermite quadrature 
[42,43] attributed to the Gaussian form (exp (-x2)) of the 
Maxwell-Boltzmann equilibrium distribution. As the Bose-Einstein 
equilibrium distribution Eq. (3) of phonons no longer has such a 
Gaussian form, it is difficult to construct the phonon lattice Boltzmann 
equation through a similar procedure. 

Similar to the definition of momentum flux in classical lattice 
Boltzmann scheme with source term [44], the heat flux is defined as: 

qα(x, t) =
∑

i
ciαei(x, t) +

1
2

Fα(x, t)Δt, (19)  

with the equivalent external force term: Fα = − qα/τR, which appears in 
the heat flux balance equation from the phonon resistive scattering. 
Similar to the treatment in classical lattice Boltzmann scheme with 
source term [41], Eq. (16) is treated as a first-order small quantity such 
that: 

Si(x, t) = εS(1)
i (x, t), (20)  

Fα(x, t) = εF(1)
α (x, t), (21)  

where the small parameter ε will be explained in the following sub- 
section. 

2.3. Chapman-Enskog expansion 

To obtain the relation between the numerical parameters (lattice 
speed and non-dimensional relaxation time) and phonon properties 
(group speed and relaxation time), a Chapman-Enskog expansion [25, 
26,45] will be conducted to derive the phonon hydrodynamic equation 
(7) from the lattice Boltzmann equation (13). 

For convenience of later derivation, the first four velocity moments 
of the discrete equilibrium energy density distribution are calculated as: 
∑

i
eeq

i (x, t) = CV T(x, t), (22)  

∑

i
ciαeeq

i (x, t) = qα(x, t), (23)  

∑

i
ciαciβeeq

i (x, t) =
5
9
c2CV T(x, t)δαβ, (24)  

∑

i
ciαciβciγeeq

i (x, t) =
1
3

c2[qα(x, t)δβγ + qβ(x, t)δαγ + qγ(x, t)δαβ
]
, (25)  

with δαβ the Kronecker delta function. Eq. (22) represents the energy 
conservation principle for both phonon resistive scattering and normal 
scattering, whereas Eq. (23) represents the quasi-momentum conserva
tion principle for phonon normal scattering. These two conservation 
conditions have been important inspiration to construct the discrete 
equilibrium distribution Eq. (15) from the continuous one Eq. (5). With 
the help of Eq. (20) and Eq. (21), we derive the following relations from 
the first three velocity moments of the discrete source term: 
∑

i
S(1)

i (x, t) = 0, (26)  

∑

i
ciαS(1)

i (x, t) =
(

1 −
1
2τ

)

F(1)
α (x, t), (27)  

∑

i
ciαciβS(1)

i (x, t) = 0. (28) 

Following the standard procedures in the lattice Boltzmann method 
[25,26,45], we introduce the multiscale Chapman-Enskog expansion as: 

ei(x, t) = e(0)i (x, t) + εe(1)i (x, t) + ⋯, (29)  

∂
∂t
= ε ∂

∂t1
+ ε2 ∂

∂t2
, (30)  

∂
∂xα

= ε ∂
∂x1α

, (31)  

where t1 and t2 are respectively the time scale of advection and diffusion, 
whereas x1 denotes the spatial scale of both advection and diffusion. The 
zeroth-order distribution e(0)i (x, t) shall be the discrete equilibrium 
distribution Eq. (15). The small parameter ε is explained as below. As 
known in the kinetic theory of transport processes, through a non- 
dimensionalization of the Boltzmann equation, there will be a Knud
sen number in the denominator of the right-hand collision term [46]. In 
the limit of small Knudsen number, one can derive the hydrodynamic 
equation of Boltzmann equation through the Chapman-Enskog expan
sion. Therefore, the small parameter ε can be interpreted as the overall 
Knudsen number (KnC, defined as the ratio of overall phonon MFP to 
characteristic length). The derived phonon hydrodynamic equation is 
inherently valid for small KnC, or equivalently, for characteristic time 
scale much larger than the overall phonon relaxation time. 

As the first-order distribution has no contribution to the local energy 
density, one gets the following compatibility condition: 
∑

i
e(1)i (x, t) = 0. (32) 

From the calculation of heat flux Eq. (19), combined with Eq. (21) 
and Eq. (23), one gets another compatibility condition as: 
∑

i
ciαe(1)i (x, t) = −

1
2

ΔtF(1)
α (x, t) (33) 

Substituting Eqs. (29)–(31) into the phonon lattice Boltzmann 
equation (13) and collecting all the first-order terms (O(ε1)), we obtain: 

∂e(0)i (x, t)
∂t1

+ ciα
∂e(0)i (x, t)

∂x1α
= −

1
τΔt

e(1)i (x, t) + S(1)
i (x, t) (34) 

Taking the first two velocity moments of Eq. (34), we obtain: 

∂
∂t1

∑

i
e(0)i (x, t) +

∂
∂x1α

∑

i
ciαe(0)i (x, t) = −

1
τΔt

∑

i
e(1)i (x, t) +

∑

i
S(1)

i (x, t),

(35) 

Y. Guo and M. Wang                                                                                                                                                                                                                          



International Journal of Thermal Sciences 171 (2022) 107178

5

∂
∂t1

∑

i
ciαe(0)i (x, t) +

∂
∂x1β

∑

i
ciαciβe(0)i (x, t)

= −
1

τΔt
∑

i
ciαe(1)i (x, t) +

∑

i
ciαS(1)

i (x, t) (36)  

with the help of Eqs. (22)–(24), Eq. (26) and Eq. (27), Eq. (32) and Eq. 
(33), Eq. (35) and Eq. (36) become: 

CV
∂T(x, t)

∂t1
+

∂qα(x, t)
∂x1α

= 0, (37)  

∂qα(x, t)
∂t1

+
5
9
c2CV

∂T(x, t)
∂x1α

= F(1)
α (x, t) (38) 

Then we proceed to the next order. Substituting Eqs. (29)–(31) into 
the phonon lattice Boltzmann equation (13), expanding 
ei(x+ciΔt, t+Δt) to second order and then collecting all the second- 
order terms (O(ε2)), we obtain: 

∂e(0)i (x, t)
∂t2

+
∂e(1)i (x, t)

∂t1
+ ciα

∂e(1)i (x, t)
∂x1α

+
1
2
Δt

[
∂2e(0)i (x, t)

∂t1∂t1
+ 2ciα

∂2e(0)i (x, t)
∂t1∂x1α

+ ciαciβ
∂2e(0)i (x, t)

∂x1α∂x1β

]

= 0.
(39) 

Taking the first two velocity moments of Eq. (39), we obtain: 

∂
∂t2

∑

i
e(0)i (x, t) +

∂
∂t1

∑

i
e(1)i (x, t) +

∂
∂x1α

∑

i
ciαe(1)i (x, t)

+
1
2

Δt

[
∂2

∂t1∂t1

∑

i
e(0)i (x, t) + 2

∂2

∂t1∂x1α

∑

i
ciαe(0)i (x, t)

+
∂2

∂x1α∂x1β

∑

i
ciαciβe(0)i (x, t)

]

= 0, (40)  

∂
∂t2

∑

i
ciαe(0)i (x, t) +

∂
∂t1

∑

i
ciαe(1)i (x, t) +

∂
∂x1β

∑

i
ciαciβe(1)i (x, t)

+
1
2

Δt

[
∂2

∂t1∂t1

∑

i
ciαe(0)i (x, t) + 2

∂2

∂t1∂x1β

∑

i
ciαciβe(0)i (x, t)

+
∂2

∂x1β∂x1γ

∑

i
ciαciβciγe(0)i (x, t)

]

= 0 (41)  

with the help of Eqs. (22)–(25), Eq. (32) and Eq. (33), as well as the first- 
order equations (37) and (38), Eq. (40) and Eq. (41) become: 

CV
∂T(x, t)

∂t2
= 0, (42)  

∂qα(x, t)
∂t2

+
∂

∂x1β

∑

i
ciαciβe(1)i (x, t) +

1
6

Δtc2
[

∂2qα(x, t)
∂x1β∂x1β

+
1
3

∂
∂x1α

(
∂qβ(x, t)

∂x1β

)]

= 0. (43) 

The first-order approximation of discrete energy density distribution 
is related to the zeroth-order one through Eq. (34): 

e(1)i (x, t) = τΔtS(1)
i (x, t) − τΔt

∂e(0)i (x, t)
∂t1

− τΔtciα
∂e(0)i (x, t)

∂x1α
, (44) 

From Eq. (44), we obtain the second-order velocity moment of the 
first-order discrete energy density distribution as: 

∑

i
ciαciβe(1)i (x, t) =

2
9

τΔtc2∂qγ(x, t)
∂x1γ

δαβ −
1
3

τΔtc2
[

∂qα(x, t)
∂x1β

+
∂qβ(x, t)

∂x1α

]

(45) 

Putting Eq. (45) into Eq. (43), we obtain the second-order equation 
as: 

∂qα(x, t)
∂t2

=

(

1 −
1
2τ

)
1
3

τΔtc2
[

∂2qα(x, t)
∂x1β∂x1β

+
1
3

∂
∂x1α

(
∂qβ(x, t)

∂x1β

)]

(46) 

Finally summing over the four equations in first order (Eq. (37) and 
Eq. (38)) and second order (Eq. (42) and Eq. (46)), we obtain the energy 
balance equation (6) and the following heat transport equation: 

∂qα

∂t
+

5
9
c2CV

∂T
∂xα

= −
qα

τR
+

(

1 −
1
2τ

)
1
3

τΔtc2
[

∂2qα

∂xβ∂xβ
+

1
3

∂
∂xα

(
∂qβ

∂xβ

)]

, (47)  

where the notation of spatial and temporal dependence has been 
omitted for elegance. Eq. (47) is exactly the phonon hydrodynamic 
equation (7). Through an identification of the corresponding co
efficients, we obtain the lattice speed and non-dimensional relaxation 
time respectively: 

c=
̅̅̅
3
5

√

vg, (48)  

τ= τC

Δt
+

1
2
. (49) 

The lattice speed is related to rather than identical to the phonon 
group speed. The “1/2” in Eq. (49) comes from the discretization error of 
lattice Boltzmann scheme [47]. Through the Chapman-Enskog expan
sion, we provide a rigorous relation between the numerical parameters 
and the phonon properties of materials. As a result, the evolution of the 
phonon lattice Boltzmann equation (13) will correspond to the numer
ical solution of the phonon hydrodynamic equation (7). This holds the 
similar logic to that the evolution of classical lattice Boltzmann equation 
corresponds to the numerical solution of Navier-Stokes hydrodynamic 
equation [25,26]. Nevertheless, there are two essential differences in the 
phonon hydrodynamic equation from the classical hydrodynamic 
equation: (i) the lack of spatial inertia term like q⋅∇q, the underlying 
mechanism of which requires further exploration and, (ii) the additional 
intrinsic source term due to the phonon resistive scattering. Thus the 
macroscopic hydrodynamic equation (7) or (47) is not a normal 
advection-diffusion equation in classical lattice Boltzmann scheme. Note 
the present phonon lattice Boltzmann scheme satisfies the 
Courant-Friedrichs-Lewy (CFL) stability condition as explained as fol
lows. The phonon lattice Boltzmann equation (13) can be treated as a 
special finite difference approximation (explicit time and upwind spatial 
discretization) of the following partial differential equation: 

∂ei(x, t)
∂t

+ ci⋅∇ei(x, t) =
1
τ [e

eq
i (x, t) − ei(x, t) ] + ΔtSi(x, t) (50) 

For the present two-dimensional lattice Boltzmann scheme, the CFL 
condition is: 

|cix|Δt
Δx

≤ 1,
⃒
⃒ciy

⃒
⃒Δt

Δy
≤ 1. (51) 

As Δx = Δy = cΔt, with also the help of the value of discrete lattice 
velocities in Eq. (14), the CFL condition in Eq. (51) is satisfied. Eq. (48) 
relates the lattice speed c to the phonon group velocity vg as a material 
parameter, and the velocity ci in the partial differential equation (50) 
rather than the group velocity vg shall be adopted in the calculation of 
CFL number. 

In comparison to the previous lattice Boltzmann scheme for the 
Callaway model [27], the present scheme has several crucial progress: 
(i) the lattice speed is assumed from the outset as the phonon group 
speed [27] and will induce a fictitious phonon speed along the diagonal 
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direction of a square lattice system [31,48], whereas the lattice speed is 
related to the group speed as in Eq. (48) in the present scheme; (ii) the 
weight coefficients have a complex dependence on both the lattice speed 
and the derivative of Planck distribution [27], whereas constant 
numeric values are adopted in Eq. (17) and Eq. (18) in the present 
scheme. Because of the two points, the phonon hydrodynamic equations 
have not been correctly recovered [27], which can be further inferred 
from the following two aspects: (i) in the limit of dominant phonon 
normal scattering, the derived heat transport equation cannot be 
reduced exactly to the G-K equation [27]; (ii) there is an additional 
fourth-order spatial derivative term in the temperature differential 
equation [27]. In contrast, the phonon hydrodynamic equation (7) or 
(47) in the present scheme is reduced to the G-K equation (8) in the limit 
of dominant normal scattering. On the other hand, there is no longer the 
nonphysical fourth-order derivative term in the present temperature 
differential equation obtained by combining Eq. (6) and Eq. (7): 

∂2T
∂t2 +

1
τR

∂T
∂t

=
1
3
v2

g∇
2T +

4
15

τCv2
g

∂
∂t
(
∇2T

)
. (52) 

In addition, although the relation between an effective phonon MFP 
and the relaxation time of umklapp scattering in the lattice Boltzmann 
equation has been discussed [30], the extraction of this physical MFP is 
based on a phenomenological expression of size-dependent effective 
thermal conductivity and a one-dimensional heat transport process. 

Finally the applicability of the phonon lattice Boltzmann scheme is 
explained. Although the hydrodynamic equation (7) together with the 
boundary conditions in Eqs. (10) and (11) is able to describe phonon 
transport within the slip regime (as shown in Appendix A), the present 
lattice Boltzmann scheme is merely available for phonon transport in the 
near-continuum regime due to insufficient number of discrete lattice 
velocities. A similar logic holds in the classical lattice Boltzmann scheme 
[26]: the Navier-Stokes equation with slip boundary conditions is able to 
describe gas flow within slip regime, while the lattice Boltzmann scheme 
in its original form (without any modifications) is merely available for 
gas flow in near-continuum regime. The hydrodynamic-like behaviors of 
heat conduction recently observed in semiconductor nanostructures in 
the presence of dominant resistive scattering [49,50] represents a situ
ation around the slip regime, which has been well described by the 
hydrodynamic heat equation (9) (or Eq. (7)) [32,49,50]. However, to 
accurately model such situation, the present lattice Boltzmann scheme 
has to be further extended, for instance, by equipping with larger 
number of discrete lattice velocities [51], which is pending in the future 
work. In other words, the current lattice Boltzmann model works well in 
capturing the hydrodynamic behaviors of phonons in the classical 
meaning (i.e. caused by the normal scattering). 

2.4. Macroscopic variables calculation 

Once resolving the discrete energy density distribution in the phonon 
lattice Boltzmann equation (13), we can calculate the macroscopic field 
variables by taking the moments. The temperature distribution is 
computed as: 

e(x, t) =
∑

i
ei(x, t) = CV T(x, t) (53) 

The calculation of heat flux distribution Eq. (19) is slightly trans
formed into: 

qα(x, t) =
2τr

2τr + 1
∑

i
ciαei(x, t), (54)  

where the non-dimensional relaxation time for phonon resistive scat
tering is: τr = τR/Δt. 

2.5. Boundary treatments 

In this sub-section, the boundary treatment in the lattice Boltzmann 
scheme for phonon hydrodynamic equation is introduced. Several 
common boundary conditions are considered: (i) isothermal boundary 
condition, (ii) heat flux boundary condition, (iii) adiabatic boundary 
condition, and (iv) periodic temperature gradient boundary condition. 
In terms of the isothermal boundary condition, the discrete energy 
density distribution is given as the following equilibrium distribution: 

ei(xs, t) = ωiCV T(xs, t) (i = 1, 2,⋯8) (55) 

For the heat flux boundary condition, we specify a heat flux q0(xs, t)
incident into a certain surface: 

q0(xs, t) = −
2τr

2τr + 1
∑

i
(ci⋅n)ei(xs, t), (56)  

where n denotes the unit external normal vector at the surface. Based on 
Eq. (56), we derive the unknown components of discrete energy density 
distribution at the boundary nodes after the advection step: 

ei(xs, t) =
ωi

∑
ci ⋅n<0ωi

[
∑

ci ⋅n>0
ei(xs, t) +

q0(xs, t)
c

⋅
2τr + 1

2τr

]

, ci⋅n < 0, (57)  

with ci⋅n > 0 and ci⋅n < 0 representing the phonons incident on the 
surface and leaving from the surface. The adiabatic boundary condition 
is implemented through a diffuse reflection scheme from the kinetic 
theory boundary conditions for discrete Boltzmann equations [52–54]: 

ei(xs, t) =
ωi

∑
ci ⋅n<0ωi

∑

ci ⋅n>0
ei(xs, t), ci⋅n < 0. (58) 

The adiabatic boundary treatment Eq. (58) can be also viewed as a 
special case of the heat flux boundary treatment Eq. (57) at vanishing 
incident heat flux. The periodic temperature gradient boundary condi
tion is introduced to exert a constant temperature gradient along a 
simulation domain [31]: 

ei(L)=ωiCV Th + ei(R) − ωiCV Tc (i= 1, 5, 8), (59)  

ei(R)=ωiCV Tc + ei(L) − ωiCV Th (i= 3, 6, 7), (60)  

where ‘L’ and ‘R’ represents the left-hand side and right-hand side of the 
simulation domain. The periodic temperature gradient boundary con
dition is very crucial in the simulation of phonon transport in a periodic 
system, for instance, the in-plane phonon transport in Section 3.2. 

3. Results and discussion 

In this section, we demonstrate a robust numerical validation of the 
developed lattice Boltzmann scheme for phonon hydrodynamic equa
tion in Section 2. In Section 3.1, we firstly consider the phonon transport 
in diffusive limit where the resistive scattering dominates over the 
normal scattering such that the present modeling result will recover the 
solution of classical Fourier’s law. Then the steady-state in-plane and 
cross-plane phonon transport through thin film is modeled in Section 3.2 
and Section 3.3 from the regime where the phonon normal scattering 
dominates over the resistive scattering to the regime where both cate
gories of phonon scattering are comparable. In Section 3.4, the transient 
phonon heat pulse propagation is considered, with the entire transition 
from second sound to diffusive transport. We do not consider the case of 
dominant resistive scattering over normal scattering in Sections 3.2 to 
3.4 to avoid repetition since: (i) from the numerical point of view, the 
present lattice Boltzmann scheme is already validated for such case in 
Section 3.1; (ii) from the physical point of view, phonon transport 
already shows the diffusive behavior when the resistive scattering be
comes comparable to normal scattering, as to be shown later. The overall 
Knudsen number KnC is always smaller than 0.01 in the considered cases 
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although either resistive Knudsen number KnR or normal Knudsen 
number KnN can be very large. In other words, we simulate the phonon 
transport within the near-continuum regime by the present lattice 
Boltzmann scheme. For the convenience of studying the influence of 
relative strength of two phonon scattering processes on the heat trans
port behaviors, a pseudo-material is adopted for all the cases except one 
comparison to experimental result in Section 3.5. In spite of using a 
pseudo-material, the relevant physical features are captured quite well 
in different transport regimes, which are mainly determined by the ratio 
of average linewidth (inverse of phonon relaxation time) of normal 
scattering to that of resistive scattering [12,13]. This ratio of average 
linewidth varies from ~103 at 30 K to ~4 at 200 K for isotopically pure 
graphene [13], and varies between 1–106 from room temperature to ~ 1 
K for bismuth [55]. The ratio of average phonon MFP of resistive scat
tering to that of normal scattering lies within the scope of 1–100 be
tween 10 K–25 K for NaF with different purities [56]. The specific heat 
capacity and phonon group speed is chosen as CV = 1.66 × 106 (J/m3⋅K) 
and vg = 6400 (m/s) respectively. For the phonon relaxation time, τR =

6.53 × 10− 12 (s) is adopted for heat transport in the diffusive regime in 
Section 3.1, whereas τN = 6.53 × 10− 12 (s) is adopted for other cases in 
Sections 3.2-3.4 where the resistive scattering rate is tuned at a fixed 
normal scattering rate. The realistic phonon properties in the compari
son to experimental result in Section 3.5 will be given therein. 

3.1. Phonon transport in diffusive limit 

Two classical cases of heat transport in diffusive limit [31] are taken 
into account: the one-dimensional transient phonon transport in Fig. 2 
(a) and a two-dimensional steady-state phonon transport in Fig. 2(b). 

3.1.1. One-dimensional transient phonon transport 
For the one-dimensional (1D) transient phonon transport across a 

thin film with a thickness d in Fig. 2(a), the thin film is initially at a 
uniform temperature Tc = 299 K. Suddenly, the left-hand side of the thin 
film keeps in contact with a hot source at a temperature Th = 301 K 
whereas the right-hand side keeps in contact with a cold source at a 
temperature Tc. In the lattice Boltzmann modeling, the resistive and 
normal Knudsen numbers are set respectively as: KnR = 1.29 × 10− 3 and 
KnN = 1.29 × 103. The resistive scattering rate is six orders of magnitude 
stronger than the normal scattering rate such that the heat transport is 
dictated by the former. On the other hand, the resistive Knudsen number 
is sufficiently small to ensure the heat transport in diffusive regime. The 
D2Q8 lattice structure is used, with a grid of 201 × 3 adopted after an 

independence check. The left-hand and right-hand sides of the simula
tion domain are treated with the isothermal boundary conditions in Eq. 
(55), whereas the upper and lower sides are treated with periodic 
boundary conditions to ensure a 1D transport. 

The analytical solution of Fourier’s heat equation for this 1D tran
sient phonon transport has been obtained by the method of variable 
separation [2], with the temporal evolutions of temperature and heat 
flux distributions given respectively as [31]: 

Θ= 1 − X −
2
π
∑∞

n=1

1
n

sin(nπX)exp
(

− Kn2
R
n2π2t*

3

)

, (61)  

Q= 1 + 2
∑∞

n=1
cos(nπX)exp

(

− Kn2
R
n2π2t*

3

)

, (62)  

where the non-dimensional spatial and temporal coordinates are defined 
separately as: X ≡ x/d, t* ≡ t/τR, and the non-dimensional temperature 
and heat flux are defined as: Θ ≡ T− Tc

Th − Tc
, Q ≡

qxd
λ(Th − Tc)

, with the bulk 
thermal conductivity being λ = 1

3CVv2
gτR. The numerical results by the 

lattice Boltzmann scheme are compared to the analytical solutions of 
Fourier’s heat equation in Fig. 3. The very good agreement indicates that 
the present lattice Boltzmann model is reduced to the classical Fourier’s 
law in the current limit of dominant phonon resistive scattering. 

To show the order of convergence of the present lattice Boltzmann 
scheme, we calculate the error norms of both the temperature and heat 
flux distributions at the same dimensionless time t* = 1 × 106 using the 
number of grid points: Nx = 201, 101, 51, 21 respectively. The error 
norms of the temperature and heat flux distributions are separately 
defined as [53]: 

E1(Θ) =

∑

x
|ΘLBM − Θa|

∑

x
|Θa|

, (63)  

E1(Q) =

∑

x
|QLBM − Qa|

∑

x
|Qa|

, (64)  

where the subscripts ‘LBM’ and ‘a’ denote the numerical results by the 
present lattice Boltzmann method and the analytical results respectively, 
with the summation taken over all the lattice points. The error norms 
versus the inverse of grid number are shown in Fig. 4, which demon
strates that the present numerical scheme has approximately a first order 

Fig. 2. Schematic of physical models for heat transport in diffusive limit: (a) one-dimensional transient phonon transport; (b) two-dimensional steady-state 
phonon transport. 
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of convergence in spatial step (as well as time step). Although the pre
sent lattice Boltzmann scheme has only first-order accuracy, it is still a 
simpler method to solve the phonon hydrodynamic equation (7) in 
comparison to traditional numerical methods like finite volume method 
(FVM). It would be a non-trivial task to discretize the second-order non- 
local heat flux terms in Eq. (7) via the FVM, whereas the lattice Boltz
mann scheme avoids a direct discretization of these terms by solving a 
much simpler algebraic equation (13). In addition, the lattice Boltzmann 
scheme holds advantage over the FVM in the treatment of complex 
boundaries, for instance, in phonon transport through porous structures. 
Moreover, the discrete phonon distribution solution in lattice Boltzmann 
scheme will provide deeper insight into the underlying physics. For 
instance, the discrete phonon distribution will be more isotropic (closer 

to the Planck distribution Eq. (3)) in the dominance of resistive scat
tering, yet more anisotropic (closer to the displaced Planck distribution 
Eq. (4)) in the dominance of normal scattering. Such mesoscopic infor
mation is lacking in the direct FVM solution of phonon hydrodynamic 
equation. To sum up, the present phonon lattice Boltzmann scheme 
gains both simplicity and deeper physics in the sacrifice of some effi
ciency. An improvement of the order of convergence of the phonon 
lattice Boltzmann scheme will be done in our future work. This study 
mainly contributes to correctly bridging the mesoscopic numerical 
scheme to the macroscopic physics of phonon transport. 

3.1.2. Two-dimensional steady-state phonon transport 
For the two-dimensional (2D) steady-state phonon transport in a 

square domain with a side length L in Fig. 2(b), a heat flux q0 = 1 × 108 

(W/m2) is exerted on the top side whereas the other three sides keeps in 
contact with a cold source at a temperature Tc = 299.5 K. The resistive 
and normal Knudsen numbers are set as: KnR = 2 × 10− 3 and KnN = 2 ×
103, which ensures the heat transport in diffusive regime. The D2Q8 
lattice structure is used, with a grid of 201 × 201 adopted after an in
dependence check. The top side is treated with the heat flux boundary 
condition in Eq. (57), whereas the other three sides are treated with 
isothermal boundary conditions in Eq. (55). The analytical solution of 
temperature and heat flux distributions based on Fourier’s heat equation 
for this 2D steady-state heat transport has been obtained by the method 
of variable separation as [31]: 

Θ(X,Y)=
∑∞

n=1

2Q0

(nπ)2
1 − cos nπ

cosh nπ sin(nπX)sinh(nπY), (65)  

Qx(X,Y)= −
∑∞

n=1

2Q0

nπ
1 − cos nπ

cosh nπ cos(nπX)sinh(nπY), (66)  

Qy(X,Y)= −
∑∞

n=1

2Q0

nπ
1 − cos nπ

cosh nπ sin(nπX)cosh(nπY), (67)  

where the non-dimensional spatial coordinates are defined as: X ≡ x/L, Y 
≡ y/L, and the non-dimensional variables are defined as: Θ ≡ T− Tc

Tc
1

KnR
,

Q ≡
qL
λTc

1
KnR

. The numerical results of temperature distribution, x-di
rection heat flux distribution, y-direction heat flux distribution along 
three horizontal cross-sections of the square domain by the present 

Fig. 3. Temporal evolution of non-dimensional temperature and heat flux 
distributions in one-dimensional transient phonon transport in diffusive limit: 
(a) temperature, (b) heat flux, the symbols represent the numerical results by 
present LBM with KnR = 1.29 × 10− 3 and KnN = 1.29 × 103, whereas the solid 
lines represent the analytical solution Eq. (61) for temperature and Eq. (62) for 
heat flux of Fourier’s heat equation. D2Q8 lattice structure is applied with a 
grid of 201 × 3 used after an independence check. The non-dimensional co
ordinates and variables are defined as: t* ≡ t/τR, X ≡ x/d, Θ ≡ (T-Tc)/(Th–Tc), Q 
≡ qxd/[λ(Th–Tc)]. 

Fig. 4. Error norm versus the inverse of the number of grid points in the lattice 
Boltzmann modeling of one-dimensional transient phonon transport, the 
squares and the circles represent respectively the results of temperature and 
heat flux distributions at the dimensionless time t* = 1 × 106. 

Y. Guo and M. Wang                                                                                                                                                                                                                          



International Journal of Thermal Sciences 171 (2022) 107178

9

lattice Boltzmann simulation are shown in Fig. 5, which are well 
consistent with the Fourier’s analytical solutions. The present case 
provides a good validation of the numerical treatment Eq. (57) for heat 
flux boundary condition. 

The preceded two cases of heat transport in diffusive limit can be also 
described by the recent phonon lattice Boltzmann scheme under single 
mode relaxation time approximation [31], which considers only the 
resistive scattering. The present lattice Boltzmann scheme represents a 
further progress by taking into account the normal scattering based on 
the Callaway’s dual relaxation model. In the following sections we will 
apply the present lattice Boltzmann scheme to explore the non-Fourier 
heat transport in hydrodynamic regime as well as in the transition 
from hydrodynamic regime to diffusive regime where the normal scat
tering plays an important role. 

3.2. Steady-state in-plane phonon transport 

The steady-state in-plane phonon transport along a thin film with a 
thickness d is shown in Fig. 6(a). The dimension of the in-plane direction 
is infinite such that there are no end effects. A constant temperature 
gradient is exerted along the thin film through the periodic temperature 
gradient boundary treatment in Eqs. (59) and (60). The normal Knudsen 
number is fixed at KnN = 0.01, with the resistive Knudsen number 
varying from 0.01 to 1000. The D2Q8 lattice structure is used, with a 
grid of 3 × 301 adopted after an independence check. The lateral 
adiabatic surfaces of the thin film are treated with the diffuse boundary 
condition in Eq. (58). The analytical solution of heat flux distribution is 
obtained by solving the phonon hydrodynamic equation (7) with the 
heat flux boundary condition Eq. (11): 

Qx(Y)= 1 −

exp
(

Y− 1
Kneff

)

+ exp
(

− Y
Kneff

)

1 + exp
(

− 1
Kneff

)

+ 8
15

KnC
Kneff

[

1 − exp
(

− 1
Kneff

)]. (68) 

The effective Knudsen number in Eq. (68) is defined as Kneff = Λeff/d 

based on an effective phonon MFP: Λeff =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
τCτRv2

g/5
√

, and the overall 

Knudsen number has been defined as KnC = ΛC/d. The non-dimensional 
coordinate and heat flux is defined respectively as: Y ≡ y/d and Qx(Y) ≡

qx(y) /
(

− 1
3CVv2

gτR
dT
dx

)

. 

The numerical results by the present lattice Boltzmann scheme agree 
well with the analytical solutions as shown in Fig. 7. When the normal 
scattering is absolutely dominant over the resistive scattering, the hy
drodynamic phenomenon “phonon Poiseuille flow” is obtained with a 
parabolic heat flux profile, as seen for the case of KnN = 0.01, KnR = 100. 
With deceasing KnR, the phonon Poiseuille flow is gradually destroyed 
by the increasing momentum-destroying resistive scattering, which 
tends to introduce thermal resistance throughout the medium. Thus the 
heat flux profile is no longer parabolic as seen for the case of KnN = 0.01, 
KnR = 1. When the resistive scattering is comparable to the normal 
scattering and frequent, phonon transport becomes diffusive with a 
nearly uniform heat flux profile, as seen for the case of KnN = 0.01, KnR 
= 0.01. Note that we do not simulate the situation where normal and 
resistive scatterings are of the same order yet KnN and KnR are finite (for 
instance KnN = 0.1, KnR = 0.1). Although the phonon hydrodynamic 
model Eq. (7) could describe such situation as demonstrated in 
Figure A1(b), the lattice Boltzmann scheme will lose some accuracy as 
explained at the end of Section 2.3. The present lattice Boltzmann model 
captures well the entire transition of heat transport behaviors from hy
drodynamic regime to diffusive regime. The non-Fourier behavior 
induced by the normal scattering is very different from the ballistic-to- 
diffusive transition caused by boundary scattering in the usual in- 
plane phonon transport along thin film [4,57], where the non-uniform 
heat flux profile in the ballistic limit is non-parabolic. 

The effective in-plane thermal conductivity based on the phonon 

Fig. 5. Non-dimensional temperature and heat flux distributions in two- 
dimensional steady-state phonon transport: (a) temperature, (b) x-direction 
heat flux, (c) y-direction heat flux along the cross-sections at y/L = 0.25, 0.5, 
0.75 respectively, the symbols represent the numerical results by present LBM 
with KnR = 2 × 10− 3 and KnN = 2 × 103, whereas the solid lines denote the 
analytical solution Eq. (65) for temperature, Eq. (66) for x-direction heat flux, 
Eq. (67) for y-direction heat flux of Fourier’s heat equation. D2Q8 lattice 
structure is applied with a grid of 201 × 201 used after an independence check. 
The non-dimensional coordinates and variables are defined as: X ≡ x/L, Θ ≡ (T- 
Tc)/Tc/KnR, Q ≡ qL/λTc/KnR. 
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hydrodynamic model is computed through integrating the cross- 
sectional heat flux distribution Eq. (68): 

λeff

λ
= 1 −

2Kneff

[

1 − exp
(

− 1
Kneff

)]

1 + exp
(

− 1
Kneff

)

+ 8
15

KnC
Kneff

[

1 − exp
(

− 1
Kneff

)], (69)  

where the referenced thermal conductivity is λ = 1
3CVv2

gτR, and the 

effective Knudsen number can be reformulated as Kneff =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
KnCKnR/5

√
. 

Since the heat flux profiles have been accurately predicted, the effective 
in-plane thermal conductivity by the present lattice Boltzmann scheme 
shows also a good agreement with the analytical solution Eq. (69) in 
Fig. 8. We have also included the classical Fuchs-Sondheimer (F–S) 
model for the usual in-plane phonon transport along thin film [4] for a 
comparison. The introduction of phonon normal scattering will reduce 
the thermal resistance and increase the effective thermal conductivity a 
lot. This is attributed to the momentum conserving nature of normal 
scattering in contrast to the resistive scattering which destroys phonon 
momentum. As the classical F–S model is derived from the phonon 

Boltzmann equation under single mode relaxation time approximation, 
the counterpart analytical model for the phonon Boltzmann equation 
under dual relaxation time approximation remains to be developed. The 
solution of Fourier’s law in Fig. 8 corresponds to the diffusive limit with 
absolutely dominant resistive scattering over normal scattering. 

3.3. Steady-state cross-plane phonon transport 

The steady-state cross-plane phonon transport through a thin film 
with a thickness d is shown in Fig. 6(b). The left-hand and right-hand 
sides of the thin film keep in contact with a hot source at a tempera
ture Th = 301 K and a cold source at a temperature Tc = 299 K 
respectively. The normal Knudsen number is fixed at KnN = 0.01, with 
the resistive Knudsen number varying from 0.01 to 100. The D2Q8 
lattice structure is used, with a grid of 301 × 3 adopted after indepen
dence verification. The left-hand and right-hand sides of the simulation 
domain are treated with isothermal boundary conditions in Eq. (55) 
whereas the upper and lower sides are treated with periodic boundary 
condition to ensure one-dimensional transport. The analytical solutions 
of temperature distribution and heat flux are obtained through solving 
the phonon hydrodynamic equations (6) and (7) with the temperature 

Fig. 6. Schematic of (a) in-plane phonon transport and (b) cross-plane phonon transport.  

Fig. 7. Non-dimensional cross-sectional heat flux distribution in in-plane 
phonon transport: the symbols represent the numerical results by the present 
LBM at KnN = 0.01 and various KnR from 0.01 to 100, whereas the solid lines 
represent the analytical solution Eq. (68) of phonon hydrodynamic model. The 
D2Q8 lattice structure is applied with a grid of 3 × 301 used after an inde
pendence check. The non-dimensional variables are respectively defined as: Y ≡
y/d and Qx ≡ -3qx/(CVvgΛRdT/dx). 

Fig. 8. Non-dimensional effective in-plane thermal conductivity: the symbols 
represent the numerical results by the present LBM at KnN = 0.01, the solid line, 
dashed line and dashed-dotted line represents the analytical solution Eq. (69) of 
phonon hydrodynamic model, the classical Fuchs-Sondheimer (F–S) model, and 
the Fourier’s law respectively. 
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jump boundary condition Eq. (10): 

Θ(X)= −
X

1 + 4
3 KnR

+
1 + 2

3 KnR

1 + 4
3 KnR

, (70)  

Q=
1
3

KnR

1 + 4
3 KnR

. (71) 

The non-dimensional coordinate is defined as X ≡ x/d, whereas the 
non-dimensional temperature and heat flux are defined as: Θ ≡ T− Tc

Th − Tc 
and 

Q ≡ qx
CVvg(Th − Tc)

. 
The numerical results by the present lattice Boltzmann scheme are in 

overall good agreement with the analytical solutions as shown in Fig. 9. 
When the normal scattering dominates absolutely over the resistive 

scattering (as in the case KnN = 0.01, KnR = 100), the temperature 
distribution is nearly uniform inside the medium with a large jump at 
the boundary even in the near-continuum regime. This behavior is very 
different from the continuous linear temperature distribution in the 
usual cross-plane phonon transport through thin film in the diffusive 
limit [31,58]. The underlying mechanism is attributed to the momentum 
conserving nature of normal scattering, which preserves a heat flow drift 
without thermal resistance [3]. Thus there is nearly no temperature drop 
across the medium. On the other hand, as the phonon distribution inside 
the medium is very close to the displaced Planck distribution, there 
exists a strong non-equilibrium between the phonons (at Planck distri
bution) emitted from the isothermal boundary and the phonons incident 
on the boundary from the medium. These two points explain the large 
boundary temperature jump, as well as the minor deviation of the nu
merical results from the analytical solution due to the insufficient 
discrete directions in the present lattice Boltzmann scheme to accurately 
capture the strong non-equilibrium effect near the boundary. The minor 
error at larger KnR comes from the treatment of the strong 
non-equilibrium boundary, instead of the inherent accuracy of the lat
tice Boltzmann scheme. This can be further confirmed from the results in 
Section 3.4, where the transient cross-plane heat transport at small KnN 
but large KnR under heat flux boundary can be accurately predicted by 
the present scheme. It still requires further improvement of the treat
ment of isothermal boundary in the presence of dominant normal scat
tering over resistive scattering. With increasing resistive scattering rate 
(as in the case KnN = 0.01, KnR = 1), the collective effect of normal 
scattering weakens and the boundary temperature jump decreases. 
When the resistive scattering becomes comparable to the normal scat
tering (as in the case KnN = 0.01, KnR = 0.01), the heat transport be
comes diffusive with a continuous linear temperature profile obtained. 
The solution of Fourier’s law in Fig. 9 corresponds to the diffusive limit 
with absolutely dominant resistive scattering over normal scattering. 

3.4. Transient phonon heat pulse propagation 

In this sub-section, we apply the present phonon lattice Boltzmann 
scheme to simulate the transient heat pulse propagation through a plate 

Fig. 9. Non-dimensional temperature distribution and heat flux in cross-plane 
phonon transport: (a) temperature, (b) heat flux, the symbols represent the 
numerical results by the present LBM at KnN = 0.01 and various KnR from 0.01 
to 100, whereas the solid lines and dashed line represent the analytical solution 
of phonon hydrodynamic model and Fourier’s law respectively. D2Q8 lattice 
structure is applied with a grid of 301 × 3 used after an independence check. 
The non-dimensional variables are defined respectively as: X ≡ x/d, Θ ≡ (T- 
Tc)/(Th–Tc), Q ≡ qx/[CVvg (Th–Tc)]. 

Fig. 10. Schematic of transient heating of a plate by a short heat pulse with a 
magnitude q0 and duration tp. 
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with a length d as shown in Fig. 10. The plate is initially at a temperature 
T0. Suddenly, a heat pulse with a magnitude q0 and a short duration tp is 
incident on the left-hand side of the plate. After the heat pulse is 
removed, the left-hand side of the plate keeps adiabatic. In comparison, 
the right-hand side of the plate keeps always adiabatic. This physical 
process is the paradigm for experimental detection of second sound in 
dielectric solid where phonon normal scattering is the dominant 
microscopic mechanism of heat transport [59,60]. A direct numerical 
simulation of the second sound propagation has been considered mainly 
at the macroscopic level based on the nine-moment phonon hydrody
namic model [17], an empirical hybrid phonon gas hydrodynamic 
model [61], the dual-phase-lag model [6] or a nonequilibrium ther
modynamic model with internal variables [62]. There is seldom report 
of a simulation of second sound based on a direct numerical solution of 
the phonon Boltzmann equation, i.e. at the mesoscopic level. The present 
mesoscopic scheme holds at least the following advantages over the 
macroscopic modeling: (i) a nature statistical physical foundation, 
which enables to provide the information of phonon number distribu
tion when necessary; (ii) a simpler solution of a discrete equation with 
linear advection term and algebraic collision term comparing to the 
numerical solution of partial differential equations. Comparing to the 
DOM scheme for the phonon Boltzmann equation under the Callaway 
model [13], the lattice Boltzmann scheme is more efficient in modeling 
transient heat transport attributed to avoiding internal iteration within 
each time step, and also facilitate modeling heat transport in compli
cated structures (such as the porous structures) attributed to an easier 
treatment of complex boundary. 

In this study, the normal Knudsen number is fixed at KnN = 1.29 ×
10− 3. Three cases are considered with the resistive Knudsen number 
respectively as: KnR = 1.29 × 103, 1.29 and 1.29 × 10− 3. The initial 
temperature is set as T0 = 300 K. The magnitude and duration of the heat 
pulse is set as: q0 = 1 × 108 (W/m2) and tp = 100 τN. The temperature 
range of second sound detection in the realistic three-dimensional 
dielectric materials is usually very low (around 10 K) [60]. Although 
the temperature range in this case is different from the value in real 
situation as a pseudo-material is adopted, the main features of heat pulse 
propagation in different transport regimes are the same. The D2Q8 
lattice structure is used, with a grid of 401 × 3 adopted after an inde
pendence check. The left-hand side of the simulation domain is treated 
with heat flux boundary condition in Eq. (57) during the pulse heating, 
and treated with diffuse boundary condition in Eq. (58) once the heat 
pulse is removed. The right-hand side of the simulation domain is 
treated with diffuse boundary condition in Eq. (58). The upper and 
lower sides of the simulation domain are treated with periodic boundary 
condition to ensure one-dimensional transport. 

An analytical solution of the phonon hydrodynamic model for this 
transient heat pulse propagation can be obtained as a benchmark. The 
energy balance equation and heat transport equation are reduced to: 

CV
∂T
∂t

+
∂qx

∂x
= 0, (72)  

τR
∂qx

∂t
+ qx = −

1
3
CV v2

gτR
∂T
∂x

+
4

15
τCτRv2

g
∂2qx

∂x2 , (73) 

The initial and boundary conditions are formulated respectively as: 

t= 0, T(0≤ x≤ d) = T0, qx(0≤ x≤ d) = 0, (74)  

{
x = 0, qx(t) =

[
H(t) − H

(
t − tp

)]
q0

x = d, qx(t) = 0 , (75)  

where H(t) is the Heaviside unit step function. For generality, the non- 
dimensional coordinates and variables are introduced as: 

t* ≡
t

τN
, X≡

x
d
, Θ≡

(T − T0)CV vg

q0
, Q ≡

qx

q0
. (76) 

In this way, we obtain the following non-dimensional governing 

equations: 

∂Θ
∂t*

+KnN
∂Q
∂X

= 0, (77)  

KnR

KnN

∂Q
∂t*

+Q = −
1
3

KnR
∂Θ
∂X

+
4
15

KnCKnR
∂2Q
∂X2. (78) 

The non-dimensional initial and boundary conditions become: 

t* = 0, Θ(0≤X≤ 1) = 0, Q(0≤X≤ 1) = 0, (79)  

{
X = 0, Q(t*) = H(t*) − H

(
t* − t*p

)

X = 1, Q(t*) = 0
, (80)  

where t*
p = tp/τN. The analytical solutions of the temporal evolution of 

temperature and heat flux distributions are then obtained by the Laplace 
transform method (The mathematical details are provided in Appendix 
B). 

A comparison of the temporal evolution of temperature and heat flux 
distributions between the lattice Boltzmann simulation and the phonon 
hydrodynamic modeling is shown in Fig. 11 and Fig. 12. A very good 
agreement is achieved for all the three cases. For the case of KnN = 1.29 
× 10− 3 and KnR = 1.29 × 103 where the normal scattering absolutely 
dominates over the resistive scattering, the heat pulse propagates as a 
traveling wave known as the “second sound” as shown in Fig. 11(a) and 
Fig. 12(a). The heat pulse has merely a very small amount of dissipation 
due to the tiny portion of phonon resistive scattering. With increasing 
resistive scattering rate in the case of KnN = 1.29 × 10− 3 and KnR = 1.29, 
there exists significant dissipation of the second sound with nearly 50% 
reduction of the magnitude and about twofold broadening of the spatial 
width of heat pulse, as shown in Fig. 11(b) and Fig. 12(b). Multiple re
flections take place when the second sound reaches the plate bound
aries, which are captured well by the present numerical scheme. As the 
first arrival of the second sound is concerned in realistic experimental 
detection, we give merely the temporal evolutions till the second sound 
reaches the right-hand side of the plate for the first time. When the 
resistive scattering becomes comparable to the normal scattering in the 
case of KnN = 1.29 × 10− 3 and KnR = 1.29 × 10− 3, the second sound 
disappears and the heat pulse propagates in a diffusive way as shown in 
Fig. 11(c) and Fig. 12(c). The present lattice Boltzmann scheme de
scribes well the transient heat transport behaviors from the second 
sound propagation to the diffusive transport. This transition is further 
illustrated in Fig. 13, where the non-dimensional temperature responses 
at the right-hand side of the plate are given. When heat pulse propagates 
as a second sound, the right-hand side will receive a wave signal. The 
speed of the signal is computed through dividing the plate thickness by 
the arrival time, which is exactly consistent with the theoretical value: 
vg/

̅̅̅
3

√
[8,17]. When the heat pulse propagates in a diffusive way, the 

non-dimensional temperature of the right-hand side continuously in
creases and approaches the terminal rise, which is consistent with the 
exact value 0.129 calculated through dividing the total energy input of 
heat pulse by the system heat capacity. 

We give a brief discussion about the value of non-dimensional 
relaxation time τ in Eq. (49). In classical BGK lattice Boltzmann 
scheme, the non-dimensional relaxation time is related to the fluid vis
cosity ν as: v = c2

s (τ − 0.5)Δt, with cs the sound speed and related to the 
lattice speed [25,26]. The non-dimensional relaxation time τ has to 
satisfy τ > 0.5 to ensure positive viscosity. On the other hand, τ cannot 
be too large for modeling of fluid flow in the near-continuum regime. As 
shown in Ref. [63], the BGK lattice Boltzmann scheme provides an ac
curate prediction when 0.2 < 1/τ < 2, or equivalently 0.5 < τ < 5. For 
liquid flow, a slightly smaller range of 0.5 < τ < 2 has been suggested 
[64]. For gas flow similar to the phonon transport case in this work, the 
non-dimensional relaxation time is directly related to the Knudsen 
number as [26]: τ = 0.5+

̅̅̅̅̅̅̅̅
6/π

√
NxKn, with Nx the lattice number. For a 
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Fig. 11. Temporal evolution of non-dimensional temperature distributions in 
transient phonon heat pulse propagation: (a) KnN = 1.29 × 10− 3 and KnR =

1.29 × 103; (b) KnN = 1.29 × 10− 3 and KnR = 1.29; (c) KnN = 1.29 × 10− 3 and 
KnR = 1.29 × 10− 3. The symbols represent the analytical solution of the phonon 
hydrodynamic model by Laplace transform method, whereas the solid lines 
represent the numerical results by present LBM. D2Q8 lattice structure is 
applied with a grid of 401 × 3 used after an independence check. The non- 
dimensional variables are defined respectively as: t* ≡ t/τN, X ≡ x/d, Θ ≡ (T- 
T0)CVvg/ q0. The magnitude and duration of heat pulse is q0 = 1 × 108 W/m2 

and tp = 100τN. 

Fig. 12. Temporal evolution of non-dimensional heat flux distributions in 
transient phonon heat pulse propagation: (a) KnN = 1.29 × 10− 3 and KnR =

1.29 × 103; (b) KnN = 1.29 × 10− 3 and KnR = 1.29; (c) KnN = 1.29 × 10− 3 and 
KnR = 1.29 × 10− 3. The symbols represent the analytical solution of the phonon 
hydrodynamic model by Laplace transform method, whereas the solid lines 
represent the numerical results by present LBM. D2Q8 lattice structure is 
applied with a grid of 401 × 3 used after an independence check. The non- 
dimensional variables are defined respectively as: t* ≡ t/τN, X ≡ x/d, Q ≡
qx/q0. The magnitude and duration of heat pulse is q0 = 1 × 108 W/m2 and tp 
= 100τN. 
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typical Knudsen number Kn = 0.01 in the near-continuum regime and a 
typical grid number Nx = 100, one has τ = 1.8820. In the present phonon 
lattice Boltzmann scheme, we obtain a similar relation between the 
non-dimensional relaxation time and overall Knudsen number based on 
Eq. (48) and Eq. (49) as: τ = 0.5+

̅̅̅̅̅̅̅̅
3/5

√
NxKnC. The maximal value of τ 

is evaluated to 0.6998, 0.8098, 2.8238 and 0.8997 for the 1D transient, 
2D steady-state, steady-state in-plane or cross-plane heat transport, and 
transient heat pulse transport respectively. For the steady-state in-plane 
or cross-plane case, we will obtain an even smaller τ if considering a 
smaller overall Knudsen number (closer to the continuum limit). To sum 
up, the value of non-dimensional relaxation time in this work lies within 
a reasonable range. The good agreement between the numerical results 
and the benchmark results also validates the Chapman-Enskog analysis 
in Section 2. 

3.5. Experimental validation 

As a further demonstration of the present methodology, we provide a 
direct comparison to the experimental result of second sound detection 
in NaF sample [60]. Heat pulse propagation along the [100] direction of 
NaF sample with a length of 0.43 cm at 18 K is considered, with a heat 
pulse duration of 0.3 μs [60]. The average phonon group speed vg is 
approximately related to the longitudinal and transverse sound speeds 
as [65]: 

vg = vt
2 + [vt/vl]

2

2 + [vt/vl]
3, (81)  

where the measured longitudinal and transverse sound speeds are 
respectively [60]: vl = 6010 (m/s), vt = 3150 (m/s). With these data and 
Eq. (81), we obtain a phonon group speed of vg = 3342.1 (m/s). The 
volumetric heat capacity of NaF at 18 K is CV = 1.4134 × 104 (J/m3⋅K) 
[66]. We adopt the MFP value of normal scattering estimated from the 
experimental measurement [60]: ΛN = 0.026 cm. The MFP of resistive 
scattering ΛR = 0.21 cm is adopted, which is slightly larger than the 
fitted value (0.14 cm) based on a phenomenological phonon hydrody
namic equation in Ref. [60]. The D2Q8 lattice structure is used, with a 
dense grid of 1001 × 3 adopted to ensure high accuracy. As we do not 
know the exact magnitude of the heat pulse in experiment, we assume 
q0 = 1 × 108 (W/m2) to ensure a small temperature rise (<1 K) inside the 

sample, which is indeed the case in experimental detection [60]. To 
remove this ambiguity, we compare the pulse amplitude response 
normalized by the maximal peak value at the right-hand surface. 

The present simulation result of backside temperature response is 
shown in Fig. 14, which generally agrees well with the experimental 
result. The predicted arrival time of the second sound peak is about 2.4 
μs, which is quite close to the experimental one of 2.5 μs. The small peak 
after ~1 μs observed in experiment is due to the ballistic heat pulse, 
which is difficult to be captured by the present lattice Boltzmann model 
due to its strong non-equilibrium nature. The small deviation between 
the simulation and experiment after the second sound peak might be 
caused by the simplified treatment in the present numerical model. Note 
we make the comparison before the first echo of second sound comes 
back to the right-hand surface as the accurate modeling of the reflection 
of echo at the boundary remains challenging. 

4. Conclusions 

A lattice Boltzmann scheme is established for the hydrodynamic 
equations of the phonon Boltzmann equation under Callaway’s dual 
relaxation model in the continuum limit. The numerical parameters are 
related to the phonon properties rigorously through a Chapman-Enskog 
expansion to the lattice Boltzmann equation by treating the resistive 
scattering term as an equivalent source term. The recovered phonon 
hydrodynamic equation is reduced to the Guyer-Krumhansl heat trans
port equation and Fourier’s law in the opposite limits of dominate 
normal scattering and dominant resistive scattering respectively. A 
robust validation of the numerical scheme is made for phonon heat 
transport from the hydrodynamic regime to diffusive regime. Two well- 
known phonon hydrodynamic phenomena are accurately captured 
including the phonon Poiseuille flow and second sound propagation. 
The non-Fourier heat transport behaviors in the hydrodynamic-to- 
diffusive transition are very different from that in the ballistic-to- 
diffusive transition of nanoscale heat transport. The lattice Boltzmann 
scheme provides a credible approach to the manipulation and optimi
zation of hydrodynamic phonon transport in the future. The develop
ment of higher-order lattice Boltzmann scheme is pending in the future 

Fig. 13. The non-dimensional temperature response of right-hand surface in 
transient phonon heat pulse propagation: the lines with circles represent the 
numerical results by present LBM for the case of KnN = 1.29 × 10− 3, KnR =

1.29 × 103 and KnN = 1.29 × 10− 3, KnR = 1.29, whereas the line with squares 
in the inset figure denotes the numerical results by present LBM for the case of 
KnN = 1.29 × 10− 3, KnR = 1.29 × 10− 3, where the dashed line represents the 
final non-dimensional temperature rise. 

Fig. 14. Normalized pulse amplitude response of right-hand surface in tran
sient phonon heat pulse propagation along [100] direction of NaF sample: the 
discrete filled squares represent the experimental result from Ref. [60], the 
solid line denotes the result by the present lattice Boltzmann model (LBM). The 
sample length is 0.43 cm, and the system temperature is 18 K. The pulse 
amplitude is normalized by the maximal peak value in both the experimental 
data and numerical result. 
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to capture the stronger non-equilibrium effect in hydrodynamic heat 
transport away from the near-continuum regime. The present work will 
promote not only the mesoscopic numerical modeling but also a deeper 
understanding of non-Fourier heat conduction in the presence of phonon 
normal scattering. 
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Appendix A. Derivation and validation of the phonon hydrodynamic equations 

The macroscopic moment balance equations are derived through taking the moments of the phonon Boltzmann equation (1) [17]: 

∂e
∂t

+
∂qα

∂xα
= 0, (A1)  

∂qα

∂t
+

∂Qαβ

∂xβ
= −

qα

τR
, (A2)  

∂Qαβ

∂t
+

∂Mαβγ

∂xγ
=

1
τC

(
1
3
v2

geδαβ − Qαβ

)

. (A3) 

The energy density and heat flux are related to the phonon distribution function as: e =
∫

ℏωfdk and qα =
∫

vgαℏωfdk. The flux of heat flux and its 
higher-order flux are defined as: Qαβ =

∫
vgαvgβℏωfdk and Mαβγ =

∫
vgαvgβvgγℏωfdk respectively. To get a closed description of phonon heat transport, 

the higher-order fluxes have to be expressed as a function of the basic field variables (temperature and heat flux), which constitutes the closure 
problem in kinetic theory. 

In a recent work [32], the regularized moment method in rarefied gas flow [67] has been adapted to derive a phonon hydrodynamic equation for 
nanoscale heat transport at ordinary temperatures from the phonon Boltzmann equation under single mode relaxation time approximation. In the 
present study, we extend this closure method to phonon transport based on Callaway’s dual relaxation model. The main idea of the regularized 
moment method is a perturbation expansion around a referenced nonequilibrium distribution rather than the usual equilibrium one [67]. The 
referenced four moment non-equilibrium phonon distribution is obtained by the maximum entropy principle [17,32]: 

f4 = f eq
R +

3
CV v2

g

∂f eq
R

∂T
qαvgα. (A4) 

A perturbation expansion of Qαβ = Q(0)
αβ + εQ(1)

αβ + ⋯ is substituted in to Eq. (A3), which gives rise to Q(0)
αβ = 1

3v
2
geδαβ corresponding to f4 and the first- 

order approximation: 

Q(1)
αβ = − τC

[
∂
∂t

(
Q(0)

αβ

⃒
⃒
⃒

f4

)
+

∂
∂xγ

(
M(0)

αβγ

⃒
⃒
⃒

f4

)]

. (A5) 

The small parameter ε here is interpreted as the overall Knudsen number, the same as that in the main text. Putting Eq. (A4) into Eq. (A5) and 
combining the zeroth-order approximation, we obtain the flux of heat flux: 

Qαβ =
1
3
v2

geδαβ +
2
15

τCv2
g
∂qγ

∂xγ
δαβ −

1
5
τCv2

g

(
∂qα

∂xβ
+

∂qβ

∂xα

)

. (A6) 

Therefore, we acquire the phonon hydrodynamic equation after substituting Eq. (A6) into Eq. (A2): 

τR
∂qα

∂t
+ qα = −

1
3
CV v2

gτR
∂T
∂xα

+
1
5

τCτRv2
g

[
∂2qα

∂xβ∂xβ
+

1
3

∂
∂xα

(
∂qβ

∂xβ

)]

. (A7) 

The non-equilibrium phonon distribution corresponding to Eq. (A7) is derived from: 
(

∂f
∂t

+ vgα
∂f
∂xα

)⃒
⃒
⃒
⃒

f4

=
f eq
N

τN
+

f eq
R

τR
−

f
τC
. (A8) 

Substitution of Eq. (A4) into Eq. (A8) produces the result as: 

f = f eq
R +

3
CV v2

g

∂f eq
R

∂T
qαvgα +

τC

CV

∂qα

∂xα

∂f eq
R

∂T
−

3τC

CV v2
g
vgαvgβ

∂qα

∂xβ

∂f eq
R

∂T
. (A9)  

with the help of the nonequilibrium phonon distribution function Eq. (A9) and the standard procedures in the kinetic theory [32,37,38], the boundary 
conditions for temperature and heat flux are derived separately as: 

Ts − T = −
2
3
ΛR

(
∂T
∂n

)

s
, (A10)  

qs =
8
15

ΛC

(
∂q
∂n

)

s
, (A11) 
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The diffuse phonon-surface scattering has been assumed in developing the boundary conditions. Note only the resistive phonon MFP ΛR enters Eq. 
(A10) as the last two terms in Eq. (A9) vanish in the derivation of temperature boundary which considers a one-dimensional steady-state phonon 
transport normal to isothermal surface [32]. In contrast, the overall phonon MFP ΛC enters Eq. (A11) as these two terms contribute to the derivation of 
heat flux boundary which considers a steady-state phonon transport parallel to an adiabatic surface [32]. 

The phonon hydrodynamic equation (9) has been demonstrated to be valid for nanoscale heat transport around ordinary temperatures at both a 
spatial and temporal Knudsen numbers smaller than 0.3, i.e. within the slip regime and early transitional regime [32]. Therefore, the present phonon 
hydrodynamic equation (A7) together with the non-equilibrium boundary conditions Eq. (A10) and Eq. (A11) is expected to predict overall accurate 
results for KnC ≤ 0.3. Here we provide a validation of Eq. (A7) within the slip regime (KnC ≤ 0.1), which covers the near-continuum regime (KnC ≤

0.01) where the lattice Boltzmann scheme developed in Section 2 is valid. Thus we can use the analytical solution of phonon hydrodynamic model as 
the benchmark of the lattice Boltzmann scheme in Section 3. The classical in-plane and cross-plane phonon transport through a thin film with a 
thickness d shown in Fig. 6 are taken into account. The material phonon properties are the same as those in Section 3. 

For the in-plane phonon transport in Fig. 6(a), we considered two cases of KnN = 0.05 and KnN = 0.1. For each case, we vary KnR from the regime 
where the resistive scattering dominates over the normal scattering to the regime where the normal scattering dominates over the resistive scattering. 
The analytical solution of heat flux distribution based on the phonon hydrodynamic model has been obtained in Eq. (68), which is compared to the 
DOM solution of the phonon Boltzmann equation under Callaway’s dual relaxation model [13] in Figure A1. The analytical solutions of both G-K heat 
transport equation with the heat flux slip boundary condition and Fourier’s law are included for a systematic comparison. A very good agreement is 
obtained between the analytical results by phonon hydrodynamic equation and the direct DOM numerical solution in different transport regimes. 
When the normal scattering is dominant over the resistive scattering, phonon transport lies in the hydrodynamic regime where phonon Poiseuille flow 
with parabolic heat flux profile is obtained, as seen for the case KnN = 0.05 with KnR = 5, KnR = 50, KnR = 500 in Figure A1(a), and for the case KnN =

0.1 with KnR = 10, KnR = 100 in Figure A1(b). The result of phonon hydrodynamic equation becomes consistent with that of G-K heat transport 
equation which is derived in the limit of dominant normal scattering. With the decrease of KnR, the phonon Poiseuille flow is significantly destroyed by 
the increasing resistive scattering, which tends to introduce a uniform thermal transport resistance throughout the medium. A deviation of the result of 
phonon hydrodynamic model from that of G-K heat transport equation emerges as shown for the case KnN = 0.05 with KnR = 0.01, KnR = 0.05 in 
Figure A1(a), and for the case KnN = 0.1 with KnR = 0.01, KnR = 0.1 in Figure A1(b). In the limit of absolutely dominant resistive scattering over the 
normal scattering, the phonon hydrodynamic equation will be reduced to the classical Fourier’s law. In all, the present phonon hydrodynamic model 
captures well the phonon transport behavior throughout the entire transition from the hydrodynamic regime to diffusive regime. 
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Fig. A1. Non-dimensional heat flux distribution in in-plane phonon transport: (a) KnN = 0.05, (b) KnN = 0.1, the symbols represent the numerical solution of phonon 
Boltzmann equation under Callaway’s dual relaxation model by discrete-ordinate-method (DOM) [13] with a grid of 3 × 2002 and angular resolution Nμ × Nϕ = 16 
× 16 after independence verification, whereas the solid black lines, the solid red lines and the dashed lines represent respectively the analytical solutions of the 
present phonon hydrodynamic model, Fourier’s law and G-K heat transport equation. 

For the cross-plane phonon transport in Fig. 6(b), we considered three cases of KnN = 0.001, KnN = 0.01 and KnN = 0.1. For each case, we vary the 
resistive Knudsen number from 0.01 to 100. The analytical solutions of temperature distribution and heat flux based on the phonon hydrodynamic 
model have been obtained in Eq. (70) and Eq. (71), which agree well with the DOM solution of phonon Boltzmann equation under Callaway’s dual 
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relaxation model [13], as shown in Figure A2. In the limit of small resistive Knudsen number, the phonon hydrodynamic equation will be reduced to 
the classical Fourier’s law.

Fig. A2. Non-dimensional temperature distribution and heat flux in cross-plane phonon transport: (a) temperature distribution, (b) heat flux, the symbols represent 
the numerical solution of phonon Boltzmann equation under Callaway’s dual relaxation model by discrete-ordinate-method (DOM) [13] with a grid of 201 and 
angular resolution Nμ = 16 after independence check, whereas the solid lines and dashed lines represent respectively the analytical solutions of the present phonon 
hydrodynamic model and the Fourier’s law. 
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Appendix B. Laplace transform solution of phonon hydrodynamic model for transient heat pulse propagation 

The following Laplace transforms of the non-dimensional temperature and heat flux are introduced as: 

Θ(X; s)=
∫ ∞

0
Θ(X, t*)exp(− st∗)dt*, (B1)  

Q(X; s) =
∫ ∞

0
Q(X, t*)exp( − st∗)dt*, (B2)  

where s is a complex parameter. With the aid of initial condition Eq. (79), the Laplace transform of the partial time derivative of non-dimensional 
temperature and heat flux becomes: 
∫ ∞

0

∂Θ(X, t*)
∂t∗

exp(− st∗)dt* = sΘ(X; s), (B3)  

∫ ∞

0

∂Q(X, t*)
∂t∗

exp(− st∗)dt* = sQ(X; s). (B4) 

Therefore, the non-dimensional governing equations (77) and (78) are reduced to: 

sΘ(X; s)+KnN
dQ(X; s)

dX
= 0, (B5)  

(
KnR

KnN
s+ 1

)

Q(X; s)= −
1
3

KnR
dΘ(X; s)

dX
+

4
15

KnCKnR
d2Q(X; s)

dX2 . (B6) 

After a Laplace transform, the boundary condition Eq. (80) becomes: 
⎧
⎪⎨

⎪⎩
X = 0, Q =

1
s
[1 − exp(− 100s)]X = 1, Q = 0 . (B7) 

Through eliminating the temperature term in Eqs. (B5) and (B6), we acquire the governing equation for heat flux: 

d2Q(X; s)
dX2 =A2Q(X; s) (B8)  

where the parameter A is introduced for short notation: 

A ≡

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
KnR
KnN

s + 1
1
3

KnNKnR
s + 4

15 KnCKnR

√

. (B9) 

The general solution of Eq. (B8) is: 

Q(X; s)=C1 exp(AX) + C2 exp( − AX). (B10) 

The coefficients C1 and C2 in Eq. (B10) are determined based on the boundary conditions Eq. (B7): 

C2 =
1
s

1 − exp( − 100s)
1 − exp( − 2A)

, (B11)  

C1 = − C2 exp( − 2A) (B12) 

The non-dimensional temperature distribution in the Laplace-transform domain is related to the non-dimensional heat flux distribution Eq. (B10) 
through Eq. (B5) as: 

Θ(X; s)= −
KnN

s
[C1Aexp(AX) − C2Aexp( − AX)]. (B13) 

The temporal evolutions of the temperature and heat flux distributions are resolved through an inverse Laplace transform based on the Riemann- 
sum approximation [6]: 

Θ(X, t*) ≃
exp(γt*)

t*

[
1
2

Θ(X; γ)+Re
∑∞

n=1
Θ
(

X; γ +
inπ
t*

)

( − 1)n

]

, (B14)  

Q(X, t*) ≃
exp(γt*)

t*

[
1
2

Q(X; γ)+Re
∑∞

n=1
Q
(

X; γ +
inπ
t*

)

( − 1)n

]

, (B15)  

where γt* = 3, and ‘Re’ denotes the real part of a complex variable, with ‘i’ the imaginary index. The Riemann-sum approximation in Eq. (B14) and Eq. 
(B15) is actually a special case of a more general approximate formula for inverse Laplace transform [68]: 
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f (t) ≃
exp(γt)

Tp

[
1
2

F(γ)+Re
∑∞

n=1
F
(

γ +
inπ
Tp

)

exp
(

inπt
Tp

)]

, (B16) 

where f(t) is the inverse Laplace transform of F(γ), and 2Tp is the period of a periodic function g0(t). The basic idea of the derivation of Eq. (B16) is to 
obtain the complex Fourier series for the function g0(t) and equal to f(t)e− γt on the interval (0, 2Tp) [68]. The error of the approximation in Eq. (B16) 
has been shown to be as small as desired within 0 < t < 2Tp by choosing an adequate γ [68]. Therefore, Eq. (B14) and Eq. (B15) is obtained from Eq. 
(B16) by adopting Tp = t. Note the recommended value of γt* ≅ 4.7 [6] yields nearly the same results except very small oscillations near the heat pulse 
boundary at long time. Thus we choose a slightly different value of γt* = 3, which produces less oscillatory results. 
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