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ABSTRACT

We report a theoretical investigation of coherent-to-incoherent heat conduction in multilayer nanostructures. In the coherent
regime where the phonon motion is quasi-harmonic, the elastic continuum model gives accurate cross-plane thermal conductivity
predictions of upper limits and demonstrates that the coherent transport is the result of the interplay between intrinsic wave
effects. As the temperature or system size increases, the phonon dephasing scattering results in the deviation of thermal
conductivity from the coherent-limit calculation. By further introducing the incoherence of phonons, we reproduce the classical
minimum thermal conductivity, indicating the feasibility of extending the pure wave model into the wave-particle crossing regime.
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1 Introduction

Phonon thermal transport via nano-metamaterials has been
extensively studied due to the potential of thermal design and
thermoelectric-based energy conversion [1-3]. The artificial
structures with periodic interfaces cause interference of phonons
and control their coherent transport [4-9]. Multilayer
nanostructures or superlattices (SLs) are ideal model systems for
exploring and understanding the coherent-to-incoherent
transition [10]. The coexistence of coherent and incoherent
transport within the material exhibits the wave-particle duality of
phonons. In these systems, coherent transport preserves the phase
of phonons as they propagate through multiple interfaces, and has
been observed mostly at low temperatures [11,12]. The phase-
destroying processes always start with mid- and high-frequency
phonons excited at elevated temperatures, as they generally lose
their phase correlation by interface diffuse scattering, internal
elastic and inelastic scattering processes [13, 14]. Moreover, as the
total length of the multilayer nanostructure increases, the
coherence of low-frequency phonons could be dispersed at the
system boundary or destroyed by long-range disturbances [4, 15].
One of the important characteristics of the coherent-to-
incoherent transition is the existence of a minimum cross-plane
thermal conductivity x, as a function of SL period thickness,
which has been observed experimentally [10, 16, 17]. Numerous
theoretical and simulation methods have been developed to
interpret this phenomenon [18-22]. For instance, particle-based
techniques such as Boltzmann transport equation [23-26], and
Monte Carlo method [27, 28], have been extended to explain the
wave interference effect of phonons in SLs [10]. While the

particlelike (or incoherent) picture has been extensively studied,
direct descriptions of the wavelike (or coherent) transport are not
readily available. The elastic continuum model naturally captures
the intrinsic wave effects of phonons in acoustic metamaterials
[29]. In addition to the interference effect, acoustic phonons with
large wave vectors k may partially penetrate the thin films [30, 31],
where energy is transferred by virtual phonons with imaginary k
and decays exponentially [32]. This evanescent-wave based
transfer is often termed as phonon tunneling [33-35]. For the
oblique incidence, the longitudinal and transverse acoustic
phonons are no longer independent due to the mode conversions
occurring at the interfaces of metamaterials [36,37]. The
continuum model cannot accurately explain the heat transfer
dominated by terahertz phonons with anharmonic scattering.
However, the potential of the continuum model to describe the
quasi-harmonic phonon thermal transport in the coherent regime
remains to be developed. Meanwhile, the inclusion of incoherent
effects into the continuum model remains challenging.

In this study, we demonstrate the accuracy of the continuum
model describing the thermal transport of wavelike phonons in
the coherent limit. Our predictions of x, for GaAs/AlAs SLs
illustrate the significance of intrinsic wave interference, tunneling,
and mode conversion effects. Ignoring the phonon dephasing that
might be caused by interface scattering, we analyze the influence
of interfacial roughness and mixing on both interfacial thermal
conductance (ITC) at a single interface and coherent thermal
transport in the SL. Due to the excitation of mid- and high-
frequency phonons at high temperatures and the increase in the
anharmonicity of long-period systems, the x, measured in this
region is lower than the continuum-model prediction [12]. By
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further introducing the incoherence of phonons, we reproduce the
classical minimum «,, indicating the feasibility of extending the
pure wave model into the wave-particle crossing regime.

2 Method and computational details

The mean free path or wavelength of thermal phonons that
dominate low-temperature heat transfer is much longer than the
period thickness of SLs, the internal scattering of phonons that
may result in the phase breaking becomes negligible. Meanwhile,
if the interface is sharp enough, the phonon-interface scattering is
specular. In this case, phonons can be quantified as elastic or
acoustic waves. In this purely coherent regime, the lattice vibration
that leads to the thermal conduction can be represented by
harmonics and we describe the coherent transport of phonon
waves by a continuum model.

The linear elasticity theory implies the existence of three modes
of plane waves: two types of transverse waves, that are
distinguished by whether the vibration direction is parallel to the
reflecting interface, and one longitudinal wave, ie., shear-
horizontal (SH), shear-vertical (SV), and pressure (P) waves [38,
39]. Considering the wave propagation in the multilayer structure
(Fig. 1), an incident wave will be reflected and transmitted
multiple times in each layer. Due to the same exponential factor of
all the forward waves in the same medium, they can be
summarized into a resultant wave with an undetermined
amplitude. Similarly, we have a backward resultant wave.
Assuming that all the materials are isotropic, an independent P (or
SV) wave incident on the interface will generate reflected P and
SV waves, as well as transmitted P and SV waves. Considering this
mode conversion effect, the incident P (or SV) wave has four
resultant waves in each layer, as shown in Fig. 1.

The amplitude of each resultant wave is determined by the
interfacial boundary conditions [39]. When no surface wave exists
at the interface, the tangential components of the displacements
and stresses are continuous across the interface. The transfer
matrix method is commonly used to relate the amplitudes of
waves between two different points inside the multilayer
structure [36, 40, 41].

Consider the simple case of the SH wave incident on an N-
period SL (see Fig.S1 in the Electronic Supplementary Material
(ESM) for details). The tangential displacement U, (z) = A, e
and stress S;,(z) = u,0U,,/0z along the z-axis of propagating
waves are continuous at each interface z =z, where the
polarization mode of the wave j=1tS and rS, the first letter
represents the excited wave (transmitted or reflected) and the
second letter represents its polarization; k. is the component of the
wave vector in the z-coordinate direction; y, is the Lamé constant
[39], and n=1,2,...,2N+1. The amplitudes of the resultant
transmitted and reflected SH-waves in the nth layer, A, and A ,,,
can be defined by a column vector

= 4 ] e
and the continuity conditions of the displacement and stress at the
interfaces from z,y, to z, are expressed as
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Figure1 Schematic of SH, SV, and P wave propagation in each layer of the
multilayer structure. In the continuum model, all waves generated in the layer
are superimposed into corresponding forward (+) and backward (-) resultant
waves.
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From Eg. (2) we have the relation between w, and w,y.,
wy = Tw,y 12 (4)

where T= [H, ()] 'H, () - - [Hons1 (Zovs1)] Hawea (Zonsr) i the so-
called transfer matrix [36]. Solution of Eq. (4) yields the amplitude
ratio A, /Ajsan .- The energy flux of the wave is given by

where p, is the material density and v,;, is the group velocity [36].
Utilizing the transfer matrix method, it is convenient to calculate
the transmissivity «; of the SL system, which is defined as the
proportion of incident-wave energy flow transmitted into the
substrate. The transmissivity of the incident SH wave
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The transmissivity «; is the decisive parameter of the thermal
conductance G across a single interface or multilayer structure.
The transmissivity of phonon waves is frequency dependent. In
the calculation, the frequency spectrum of «; is determined by
introducing the phonon dispersions w = w (k) of each constitute
material in the system (Fig. S2 in the ESM), including the metal
detection layer and substrate (or buffer layer). The thermal
conductance of the SL Gy, is determined by applying the Landauer
transport formalism [42,43]. And the effective x, of the SL is
computed by

K, = Gg L (7)

where [, is the total length of the SL. Detailed model descriptions
and calculations, including the incidence of P (or SV) wave, can be
found in the ESM.

It is worth noting that as the angle of incidence exceeds the
critical angle, the total internal reflection occurs at the interface
between two semi-infinite or thick mediums [38, 39]. While for
thin films, it has been proved that the contribution of tunneling
carriers to energy transmission cannot be ignored [44,45]. In
addition, the partial intermixing that naturally occurs during
growth may lead to the interface disorder (or roughness) and
component mixing [12,46]. Under the coherent limit where the
dephasing caused by the mixing layer can be ignored, the
influence of component mixing is attributed to the changes in the
acoustic mismatch of two adjacent layers. Regarding the mixing
layer as a separate layer with the average acoustic properties of the
media on both sides [47], the transmissivity is directly obtained by
the transfer-matrix calculation. Meanwhile, we exclude the
interfacial mass-defect scattering due to its small effect on the
transmission of long-wave phonons in the short-period SLs [48].
For materials with low lattice mismatch (e.g, GaAs/AlAs), the
influence of mass defects and dislocations will be much smaller
[49,50]. The discontinuity at the interface will increase as the
contrast between individual components of the unit cell are
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enhanced. It also means that the phase destruction of phonons is
more likely to exist at the boundaries of highly dissimilar
materials.

3 Results and discussion

The fidelity of the continuum model is validated by comparing to
the measured «, of a series of GaAs/AlAs SLs with a fixed period
thickness dg;, = 24 nm [12], as shown in Fig. 2.

The linear relation between x, and the number of periods N
(or the total length [, as dg_ is a constant) suggests the coherent
thermal transport of phonons in these SLs. If phonons propagate
by pure particle behavior, the «, of the SL with a fixed dy;. should
be independent of N because each interface acts as a thermal
resistor. The calculated results agree well with the measured «x, in
the pure coherent regime: as temperatures T <150 K or SL is
short-period (N < 5 periods), indicating a linearity of the x, vs. N.
With the increase of the temperature or system size, the excitation
of middle- and high-frequency phonons and the enhancement of
interface diffuse scattering result in the dephasing of coherent
phonons. The measured «, deviates from the coherent-limit
calculation due to the anharmonicity of the SL system.

Despite of the coherent-limit consideration, it is still necessary
to quantify the acoustic mismatch changes caused by the
interfacial mixing. Here the interface mixing is treated as
independent additional thin layers between adjacent layers.
Phonons in the mixing layer are considered to maintain their
phase and satisfy the interfacial boundary conditions. Figure S3 in
the ESM shows the schematic of the SL system, where a mixing
layer is added between every two adjacent GaAs and AlAs layers,
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Figure2 (a) Calculated and measured «, vs. the temperature of GaAs/AlAs
SLs with a fixed period thickness [12]. The calculated x| increases due to the
acoustic mismatch reduction caused by interfacial mixing. (b) Calculated and
measured «; vs. the number of periods of GaAs/AlAs SLs. The inset shows the
contributions of SH, SV, and P polarization modes to the total x, at 150 K,
whereas the dashed line indicates the calculated x, without the contribution of
tunneling phonons.

b

while N and L remain unchanged. Meanwhile, the number of
periods of the SL becomes 2N. In Fig. 2(a) the solid and dashed
lines illustrate the x, of SLs with perfect and mixed interfaces,
respectively. The results indicate that the mixing layers reduce the
mass difference and acoustic mismatch between alternating GaAs
and AlAs layers, resulting in a reduction of the interfacial thermal
resistance and a slight increase of « .

Moreover, we quantify the influence of intrinsic wave effects on
coherent thermal transport. The inset in Fig. 2(b) shows the
important contributions of tunneling phonons and the differences
between SH, SV, and P modes at 150 K. Despite the high
transmissivity of longitudinal P-waves, their smaller density of
states reduces their contribution to «,, which is smaller than the
«, of shear waves. As the angle of incidence 6, is greater than the
critical angle 6,, the total internal reflection occurs at the interface
and confines the propagation of phonon waves. Due to the mode
conversion effect, the transmission channel (SV-SV and SV-P
transmission) and the possible number of 6, of SV wave are more
complicated than those of SH wave. For instance, as 6, < 6., a
small fraction of the SV incident wave is converted into P wave,
resulting in the critical incident angle being reached quickly.
Therefore, the confinement effect of total internal reflection on the
two shear waves is different and leads to their different
contributions to « | .

In order to better illustrate the above results and quantify the
phonon interference effect, Fig. 3 shows the angle- and frequency-
dependent phonon transmissivity of short-period GaAs/AlAs SLs,
comparing with that of a single GaAs/AlAs interface. For the
elastic scattering process of phonon waves, the transmissivity is
independent of temperature. In Fig. 3, phonon waves with small 6;
have higher transmissivity, while they are strongly reflected when
0 reaches the glazing angle or 90°. For the SL samples under
consideration [12], owing to the highest longitudinal velocity in
the incident medium (aluminum), the incident P waves transmit
across the system without any critical angle 6.. The vertical
discontinuities in the SV and SH contour plots are caused by the
critical angle 6.. Due to the mode conversion, SV wave has two
critical angles 6., and 6. ,, while SH wave only has one 6,. For
incident SV waves, in the range of angles 6., < 6, < 6.,, the
transmitted P wave is transformed into a surface wave at the
interface and partially tunnels across the next layer. The
“tunneling I” in the plot is a single-mode tunneling. Above the
second transverse-mode critical angle 6, > 6, ,, the next layer can
support two modes (both P and SV) of tunneling phonons and
the second tunneling region is multimode tunneling.

Obviously, compared with the transmissivity of a single
GaAs/AlAs interface, the transmissivity of SLs becomes lower and
forms several bandgaps, indicating the phonon interference effect
in SLs. Tunneling phonons are also influenced by the periodic
structure and exhibit the interference effect. The confinement
caused by the total internal reflection and interference effect can
effectively reduce the heat conductance of SLs, while tunneling of
phonon waves causes a moderate recovery of the heat
conductance. This implies that various wave mechanisms
participate in the phonon coherent transport of SLs and play
significant roles. These detailed analyses contribute to the
understanding of coherent transport behavior of phonons.
However, it is clear that the continuum model with the harmonic
assumption cannot capture the particlelike behavior of phonons.
In Fig. 2, the calculated x, by the coherent-limit model will
continuously rise and diverge as dy; increases [14]. In addition, the
classical minimum %, due to the competition between coherent
and incoherent transport cannot be estimated by the continuum
model [10].

Further, we introduce the internal and interface scatterings of
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Figure3 Transmissivity as a function of the frequency and angle of incidence of P, SV, and SH polarized phonon waves in GaAs/AlAs SLs with (a) 1, (b) 3, (c) 5
periods, and (d) at a single GaAs/AlAs interface. When the angle of incidence reaches the critical angle 6., the total internal reflection and phonon tunneling occur at

the interface.

phonons to consider the role of incoherent transport. The
transport regimes are determined by the comparison between the
SL characteristic size (ie., the period thickness) and the relevant
length of different phonon scattering processes. The distinction
between the coherent and incoherent phonons is still under debate
as the wavelike behavior of phonons is more related to coherence
length and wavelength [14, 51, 52], while the widely used mean
free path usually determines their particlelike behavior. Here we
simply use the wavelength of plane waves, which separates the
specular and diffuse scattering at the interface, to qualitatively
distinguish the coherent and incoherent phonons [39]. The
incoherent transport calculation is based on the Boltzmann
transport model, and the thermal conductivity of each layer is
computed by the Holland-Callaway model with input from the
first principles results [53-56], while the ITC is calculated by an
interfacial continuum model [57] (see the ESM for more details).
By combining the contributions of coherent and incoherent
phonons, the effective Gg. and x, are obtained. In Fig. 4, we
observe the minimum «, in the coherent-incoherent transition
regime, which has been observed in experiments with other
materials [10, 16, 51]. Despite the simplified assumptions used in
the above calculation, the continuum model exhibits the potential
to describe the wave-particle crossing of phonons.

With an improved description of the wave scattering at a single
interface, here we also investigate the ITC by the continuum
model. The elastic thermal transport of phonons dominates the
ITC at considered temperatures [58]. The linear elasticity theory
assumes the wave specular scattering at the interface, which is only
applicable in the coherent regime where the wavelength of
dominant phonons is much longer than the interface defects.

While incoherent phonons are easily diffusely scattered by the
imperfect interface, which cannot be neglected. We assume that
the interface defects or irregularities transfers to the interfacial
roughness [16]. Using a Gaussian-distributed statistically rough
interface and the Kirchhoff approximation [59-61], we introduce
the interface diffuse scattering of phonon waves into the
continuum model and verify its feasibility of predicting the ITC
(Fig. $4 in the ESM). In addition, the presented results of ITC and
other experiments indicate that even at high temperatures, sub-
nanometer roughness has only a weak effect on the transmissivity
of mid- to high-frequency phonons [62, 63]. However, it is worth
noting that when the wavelike phonons are repeatedly scattered in
long-period SLs, the randomization of the wave direction and the
phase difference between waves by the interface diffuse scattering
may also result in their phase breaking. This might be a significant
factor for the «, deviation from coherent transport in Fig. 2, and
should be the focus of further coherent-to-incoherent research.

4 Conclusions

In conclusion, the elastic continuum model well predicts the
thermal conductivity x, of multilayer nanostructures in the
coherent limit, which is the result of the interplay between
intrinsic wave effects (ie., interference, tunneling, and mode
conversion effects). Additionally, our study unveils the effects of
interfacial mixing and roughness on coherent thermal transport.
We find that the interface diffuse scattering has a weak influence
on the transmissivity of coherent phonons, and the calculated «,
will diverge as the length of SLs increases in absence of other
scattering mechanisms. However, the interface diffuse scattering
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Figure4 (a) Calculated «, vs. ds. of GaAs/AlAs SLs with fixed total length
L=200 nm and the experimental results of other materials [10, 16, 51].
(b) Contributions of coherent and incoherent phonons to the thermal
conductance G, across GaAs/AlAs SLs obtained by the presented model.

results in the phase randomization of phonons in the long-period
SLs, resulting in the deviation of x, from the coherent limit. By
further introducing the phonon internal and interface scatterings,
we reproduce the classical minimum «, with varying superlattice
period. The results presented indicate the feasibility of extending
the pure wave model into the wave-particle crossing regime and
contribute to the understanding and manipulation of phonon
wave behaviors in nanostructures.
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