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ARTICLE INFO ABSTRACT

Keywords: Pore-scale direct numerical simulation is an important tool for studying the flow of porous media nowadays. This
Porous media work validates the suitability of body force model for simulating pressure-difference-driven porous flows in pore-
LBM

scale simulations. The multi-relaxation time lattice Boltzmann method (MRT-LBM) with the color-gradient
continuum-surface-force (CG-CSF) model is employed to calculate the absolute and relative permeability of
randomly generated porous media. Results show that for single-phase flows, the relative errors are below 5% for
most homogeneous porous structures while as high as 80% for structures with preferential paths. This study also
reveals the pore-scale flow mechanisms and proposes a new heterogeneity parameter quantified by the standard
deviation of the pressure at the boundary. For multiphase flows, errors of the body force model are significant at
low Ca due to irreversible phase distribution difference appearing at the early stages. The findings of this work
could be applied to other transport processes in porous media. It is crucial to consider the structural heteroge-

Pore-scale simulation
Multiphase flow
Body force model

neity and proper parameters when employing the body force model in pore-scale simulations.

1. Introduction

Flow in porous media has attracted significant attention due to its
broad applications in energy and environmental fields, such as enhanced
oil recovery [1], contaminant transport [2], fuel cells [3] and carbon
capture and storage [4]. Recently advancements in imaging technolo-
gies and high-performance computing (HPC) have made pore-scale
direct numerical simulation (DNS) a powerful tool for studying porous
flows [5-7]. Pore-scale DNSs conducted on real pore structures, which
can be obtained from X-ray tomographic imaging, are accurate and
intuitive, as the flow fields like velocity and phase distribution can be
easily visualized in detail [8,9]. Furthermore, pore-scale simulations
serve as an important upscaling method for non-Darcy flows [10,11].

Among the various pore-scale DNS methods available, the lattice
Boltzmann method (LBM) is one of the most popular methods due to its
ability to handle complex boundaries and complex fluids in porous
media and its utilization of modern computing architectures in HPC,
such as GPUs and coprocessors [5,9,12,13]. As a matter of fact, one of
the earliest applications of LBM was predicting the permeability and the
relative permeability of sandstones [14-16]. However, similar to any
other simulations, obtaining meaningful simulation results is highly
dependent on proper boundary conditions.
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For single-phase flows, many researchers have proposed pressure
boundaries including the non-equilibrium bounce back scheme (some-
times also referred as Zou-He scheme) [17], the non-equilibrium
extrapolation scheme [18] and the anti-bounce-back scheme [19].
Assuming periodic flows, Zhang and Kwok [20], and Kim and Pitsch
[21] also proposed periodic pressure boundary conditions. Although
these boundaries work well for single-phase flows, the pressure
boundary conditions for multiphase flows remains a challenge. Wang
et al. [76] proposed a periodic boundary condition by extending the
Zhang-Kwok scheme to the pseudo-potential LBM [22]. Huang et al.
[23] extended Zou-He to the color-gradient LBM for multiphase flows.
However, their boundary shows unphysical behavior when both phases
exist at the boundaries [23,24]. Leclaire et al. [24] introduced a
proportional-integral-derivative (PID) controller to enhance mass con-
servation in the multiphase periodic pressure boundary [76]. However,
this boundary condition is complicated and the pressure difference is
achieved via the PID controller which is inactive when both phases
appear at the boundaries. Thus, this boundary is not suitable for cases
where the gas/liquid-liquid interfaces frequently intersect with the
boundaries. More recently, Wang et al. [25] combined Zou-He boundary
with outlet convective boundary condition [26] which is limited to
outlet boundaries.
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Fig. 1. Structure of body-centered cubic (a, BCC) and face-centered cubic (b, FCC) packs. The pressure boundary is applied at the inlet and outlet while the periodic

boundary is employed for other boundaries as the Fig (a) shows.

Table 1

Comparison between the simulated permeability and theoretically permeability
on BCC and FCC packs. The results of the permeability are non-dimensionalized
by the square of the sphere diameter D.

Structure Mesh size: L Sim. % % 10*  Ref. % % 10° ](Eoz—)or
[71]

BCC 50 4.941 5.023 1.6
L =23 100 4.982 0.8
/3D 200 5.040 0.3

400 5.040 0.3

FCC 50 1.694 1.736 2.4

L =+/2D 100 1.783 2.7
200 1.723 0.7
400 1.723 0.7

Due to the limitations of the pressure boundaries mentioned above,
the utilization of body force to simulate pressure-driven flows is
commonly adopted in pore-scale DNSs. Generally, an equivalent body
force is applied at the simulation domain with the periodic boundary at
the main flow direction to replace pressure boundaries [27]. Employ-
ment of such approach can be found in various fields, such as
single-phase flows [28-31], multiphase flows [27-29,32-41], electro-
kinetic flows [42-44] and reactive transports [30,38]. These simulations
are conducted on various porous structures, including regular channel
networks [33], regular sphere packs [40,42,43], random sphere packs
[27,36,41,44], fibrous porous media [34] and natural porous media
such as sandstones [28-30,32,35,37,38,45] and carbonates [38]. The
body force approach is simple, usually more numerically stable and
induces fewer boundary effects compared with pressure boundaries [23,
24,26]. However, it is important to recognize that in the lab-experiments
and the real world, these flows are driven by pressure gradient. There-
fore, it is critical to determine whether the body force approach can
accurately simulate pressure boundaries for porous flows.

The aforementioned problem was first investigated by Kandhai et al.
[46] who simulated the flow over a cylinder and found that the error was
smaller than 5% for the Reynolds number Re they considered. Other
researchers have also explored the difference between the pressure
boundary and the body force approach over simple geometries, yielding
similar results [20,21]. For porous flows, such small differences can be
safely neglected. Rustamov et al. [47] studied the difference in mass
conservation and convergence behavior between pressure boundary,
body force and periodic pressure boundary on rarified gas flow in porous
media. Zakirov and Khramchenkov [31] examined the boundary effects
on the prediction of the permeability tensor of heterogeneous porous
media. They reported the differences can be neglected for diagonal

components of the permeability tensor. However, their work is statisti-
cal and engineering-oriented. The results are averaged over different
structures with the same heterogeneity. Thus, previous investigations
mainly focused on simple geometries and single-phase flows. The
structural heterogeneity effect and multiphase effect, especially the
underlying flow mechanisms remain largely unexplored.

In this work, we focus on the absolute permeability and the relative
permeability calculations as two classical examples to validate the
suitability of replacing the pressure boundary approach with the body
force model. LBM with multiple-relaxation-time (MRT) model and the
color-gradient continuum-surface-force (CG-CSF) scheme is employed to
simulate single-phase and multiphase flows. Additionally, a new het-
erogeneity parameter is proposed to quantitatively describe the suit-
ability of the body force approach for single-phase flows. For multiphase
flows, we discuss the effect of gas/liquid-liquid interfaces via the
capillary number Ca. Subsequent to the introduction, we outline the
reminder of this work as follows. In Section 2, a brief introduction on
single-phase LBM, multiphase LBM algorithms and corresponding
boundary conditions will be provided. Then we conduct several
benchmarks to validate our models in Section 3. In Section 4, we study
the structural heterogeneity and multiphase effects on body force
approach and pressure boundary approach. Our conclusions will be
presented in Section 5.

2. Model and method
2.1. Single-phase LBM

Derived from the kinetic theory, the fluid transport in LBM is rep-
resented by a set of particles moving on lattices [48]. Generally, the
lattice Boltzmann equation with a Bhatnagar-Gross- Krook (BGK, also
known as single-relaxation time model or SRT) collision term and force
term can be expressed as [49]

filx+cdt,t+6t) = fi(x,1) + Qi + F;, (€]

with

! @

ﬁq—pwi[1+3cé—;u+g(cz—?)z—%lz—zu}, 3)
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Fig. 2. (a) Schematic of the two-phase layered flow. The non-wetting phase
(denoted by red) flows between the wetting phase (denoted by blue). (b, c)
Simulated velocity profile along y axis of the body force (orange circle) and
pressure boundary (green square) compared with the analytical solutions (line).
(a) viscosity ratio M = 10; (b) viscosity ratio M = 0.1.
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Fig. 3. Simulated saturation of the red (non-wetting) phase over time. The
color denotes the lattice speed: orange for ¢ = 5.0 and blue for ¢ = 1.0, while
the line style denotes the boundary condition, solid line for the pressure
boundary and dashed line for the body force with periodic boundary.

where f;(x,t) denotes the (particle) distribution function moving along
the velocity c; at the lattice site x and time step t; 7 is the relaxation time,
FfA(x,t) is the equilibrium distribution function and F; is the source term
related to the external body force F via Eq. (4) [50]. x and 6t denotes the
spatial and temporal discretization. The macroscopic variables fluid
density p and velocity u can be derived via

Fot
p= i, pu= E fici +PT’ )

Through the Chapman-Enskog expansion, the classical Navier-Stokes
equation can be obtained in the low Ma(Mach number, Ma = v/3u/c)
region, where ¢ = x/ét is the lattice speed. For D3Q19 lattice we
employed in this work, the fluid pressure p and the viscosity v in N-S
equation are given

For two-dimensional simulations, the periodic boundary condition is
applied at the z-direction.

To achieve better accuracy and stability, the multiple-relaxation time
(MRT) [51-53] framework is employed, in which the collision step is
conducted in the moment space, i.e.

fi(x +cidt,t +6t) = fi(x,1) — M'S(MF(x,1) — m) + &M~ (I - %) F,
]

where f and m® = Mf®? represent the vector form of the distribution
functions and equilibrium moments, respectively; M denotes the trans-
formation matrix to the moment space and F = M T denotes the external
force term in the moment space [54,55]. Though the equilibrium mo-
ments m* and the force moments F can be derived using the trans-
formation matrix, for the purpose of high computing efficiency, the
aforementioned moments are calculated directly from the macroscopic
variables following [49,56],
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Fig. 4. (a) Numerical setup of the permeability calculation. The buffer width is 10 lattices unless otherwise specified. (b, ¢, d) Numerical setup of the relative
permeability calculation. (b) A block-wise random phase distribution with a predetermined saturation is generated in the pore space. (c) Both the structure and phase
distribution are flipped. Then the multiphase LBM is conducted with the periodic boundary at inlet and outlet while no-slip wall applied to other boundaries to
achieve local thermal equilibrium. No external driven force is applied in this process. (d) The phase distribution obtained in the previous step is used as the initial
condition to calculate the relative permeability under both boundary conditions.

Table 2
Simulated permeability of the homogenous structures. k,- represents the permeability predicted via pressure approach while ky represents the permeability predicted
via body force approach. Err represents the relative error which is defined as (kys — kyr)/kpr (hereafter).

No. kpr ks Err (%)
1 6.09 5.9 -3.19
2 5.99 5.83 —-2.76
3 6.09 5.88 -3.38
4 6.61 6.4 -3.13
5 5.37 5.19 —-3.24
6 5.12 5.04 -1.61
7 5.49 5.43 -1.07
8 4.48 4.21 —6.01
9 6.43 6.25 —-2.78
10 6.46 6.10 —5.54
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Fig. 5. The simulated pressure field (a, b) and velocity field (c, d) of structure No.9 via body force approach (a, c¢) and pressure approach (b, d). Re ~ 0.001. In the
body force approach, the effective pressure field is presented.

Table 3

Simulated permeability of the homogenous structures.
No. Re~0.001 Re~0.1 Re~10

kpr kbf Err(%) kp,— kbf Err(%) kpr kbf Err(%)

1 6.09 5.90 -3.19 5.96 5.77 -3.11 2.37 2.29 -3.10
2 5.99 5.83 —-2.76 5.85 5.69 —-2.72 2.41 2.39 —-0.93
3 6.09 5.88 -3.38 5.96 5.76 -3.32 2.44 2.42 —0.82
4 6.61 6.40 -3.13 6.47 6.27 -3.12 2.77 2.75 —0.86
5 5.37 5.19 —3.24 5.27 5.10 —3.28 2.37 231 —2.31
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and S is a diagonal matrix composed of the relaxation parameters,
S=diag(S,, Se, Se,S;, Sq:85: s Sj Sqs Sus Sa:Sus S, S0, 803 S0y Sy Sy Sin)
©)]
in which S, is related to the viscosity via g =7 = 3% + 3, while S, = §;
= 0 correspond to the conserved moments of density and moment [52].

For the no-slip bounce-back boundary condition, S, =S, :&;7’::) is

suggested in [19,57]. Other parameters are adjusted to increase nu-
merical stability according to [52].Concludingly, in this paper, we select

S,=5,=0,
S,=1.19, S, =S, — 1.4, 10
1 W1 8(2-S,)
L AT -
S, T sy “T g5,

As for boundary conditions, in this work, either the periodic
boundary condition with a constant body force or the pressure boundary
condition is applied at the inlet and the outlet. For single-phase flow, we
adopt the non-equilibrium extrapolation scheme [18] for the pressure
boundary condition due to its ease of implementation in 3D. In this
scheme, the non-equilibrium parts of the distribution functions at the
boundaries are extrapolated from the internal fluid regions, i.e.

Fixo,t) = £ (pyowy) +£i (%, 0) — 2 (ppowp), an

where the subscript b denotes the boundary node, and f denotes the
internal fluid node next to the boundary node along the boundary
normal vector. p, = 3p,/c? is determined by the given boundary pres-
sure. The non-slip boundary at solid wall is achieved via the standard
full-way bounce back.
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Fig. 10. (a) Illustration of the fracture-matrix porous media. (b) Simulated
permeability via the pressure approach and body force approach as the function
of buffer size h.

2.2. Multiphase LBM

For the multiphase flow simulation, we adopt the color-gradient (CG)
LBM [58-60] with continuum-surface-force (CSF) scheme [61,62]. One
of its key features is the ability of adjusting surface tension, fluid vis-
cosity and interface thickness independently [63,64], making it a
powerful and versatile tool in simulation of immiscible multiphase flows
in porous media. In the CG-CSF model, two sets of the colored distri-
butions, denoted by f? and f7 (with b representing blue and r repre-
senting red), are adopted to represent the two immiscible fluids. With
the MRT framework mentioned above, the transportation of the both
fluids can be described by a unique lattice Boltzmann equation:

. S\ ~
Fr(xedt,r+60) =f(x,1) +QFF | ~MTIS(MF(x,7) —m*?) + M~ (I—E> F} .
12)

Unlike the single-phase LBM, the colored distribution functions are
streamed separately while the viscous collision operator is calculated
collectively in CG-CSF model [62]. Additionally, the recoloring operator
Q¥ is introduced to minimize the mixing between the two fluids. In this
work, the recolor scheme in [63] is applied to the post-collision distri-

bution functions f;", i.e.,

0 A PoP
fx ) = Fﬁ i/i%cos(u/i)ff" (v*,0), 13)
where
cos(y;) = lei-C] as

~ ledllcr
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Fig. 11. The simulated pressure field (a, b) and velocity field (c, d) of fracture-matrix structure via body force approach (a, c) and pressure approach (b, d). In the

body force approach, the effective pressure field is presented.

f;7"* denotes the colored distribution function after the recolor step. The
recolor parameter § is the parameter controlling the interfacial thick-
ness, which ranges from 0 to 1. The interface becomes thinner and
numerically instable as  approaches 1. We set  to 0.98 to ensure a
sharp interface and good numerical stability.

The interfacial tension is achieved via the body force which is written
as [61,62]

1 1
F= ED'KC = §O'KV¢, (15)

where ¢ and « represent the interfacial tension and the interfacial cur-
vature; the color gradient, denoted by C can be calculated via the
isotropic gradient operator in [65]. Additionally, ¢ = (p, —p;) / (0, +pp)
is the order parameter, where ¢ = 1 and ¢ = —1 indicate the pure fluid r
and pure fluid b region, respectively. The interfacial curvature x can be
obtained via the normal direction of the color gradient C (denoted by n)
[62], i.e.

x = [I—nn)-V]n, (16)

V¢

= 17
N a7

n
Similar to the single-phase LBM, the macroscopic variables are ob-
tained via:

k
k K kik k pFét
:E ? = E fre; +——, 18
14 VANA i,e 3 (18)

p=>p pu=> pt, 19
k k

p= % e, Vg = %cz (nff - %) R (20)
where 7.4 is the effective relaxation time obtained via the interpolation
function [66] to ensure a smooth variation of the relaxation time 7 at the
interfacial region (|¢| < 1).

To achieve the desired wettability, the geometrical wetting model
introduced in [67] is implemented. Firstly suggested by Xu et al. [62],
the geometrical wetting model directly modifies the interfacial normal
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vectors n at the fluid boundary nodes, compared to the fictitious-density
model which modifies the fictitious density on the solid boundary nodes.
This approach not only removes the unphysical mass transport but also
reduces the spurious velocities at boundaries. The desired interfacial
normal vector n can be obtained by,

sint6 ,
n

in + cost
n, = (cosi97sm o8 )n

sing sin 21)

0 = arccos(n,-n*),

where 6, ny and n* represent the contact angle, the unit normal vector of
the solid and the estimated interfacial direction that obtained from Eq.
(17). Then, the interfacial normal vector n is selected based on which
one of n. has a shorter Euclidean distance to n*. For complex geometry
such as porous media, n, is calculated by a high-order discretization
operator after smoothing the solid structures [62,68]. Additionally, the
extrapolation of the order parameter ¢ and the extrapolation of the
interface normal vector n are applied to minimize the spurious current at
the three-phase contact line region [5,69].

Regarding the inlet and outlet boundaries, the periodic pressure
boundary is employed. While ordinary pressure boundary conditions
can be applied at inlet and outlet for single-phase flow, they may induce
significant boundary effects on the interfacial dynamics and numerical
stability [23,24], particularly when both phases appear at boundaries.
Therefore, we employ the periodic pressure boundary condition, which
ensures a constant saturation for the relative permeability calculation
and reduces the aforementioned boundary effects. In this work, we
extend the periodic pressure boundary (also known as general periodic
boundary) proposed by Kim and Pitsch [21] to multiphase flows.

Consider the post-recolor colored distribution functions f; ** and the
corresponding total distribution function f;"*, which can be decomposed
into two parts, i.e., the equilibrium part f{? and the non-equilibrium part
. In Kim and Pitsch [70], the non-equilibrium part of the inlet
boundary is approximate with the outlet non-equilibrium distribution
function while the equilibrium part is calculated via the local pressure
(density) at the inlet and velocity at the outlet, i.e.,

10
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where subscript 0 denotes the ghost node at inlet and N denotes the

outlet node; gy = (£ — 3" £7+?) /p is the order parameter at outlet.
The outlet boundary is vice versa.

3. Benchmark
3.1. Single-phase cases

To validate our models and code implementation, several bench-
marks are conducted for both the single-phase and the multiphase flows.
In this subsection, we present the benchmarks for the single-phase flow
and multiphase flow in the subsequent subsection.

For single-phase flow, we select flow through the body-centered
cubic (BCC) and face-centered cubic (FCC) structures, as shown in
Fig. 1. shows. Regarding the periodic nature of BCC and FCC structures,
the periodic boundary is applied at the cubic surface except the inlet and
outlet. At the inlet and outlet, the pressure boundary is employed to
maintain a constant pressure difference. The kinetic viscosity is 0.5, and
the density is 1. The pressure difference Ap is 0.001 and lattice speed ¢
=1 for all cases. Consequently, the inlet pressure p;; = 0.334 and the
outlet pressure py,; = 0.333. The permeability can be calculated via the

11

Darcy’s law, i.e.

Q kap

roL @3)
where L is the structure size and Q denotes the flow rate measured in
simulations. The simulation results are shown and compared with the
theoretical results in Table 1. The relative error is smaller than 3% for
both structures which indicates that our single-phase flow solver can
correctly predict the permeability of porous media.

3.2. Multiphase flows

The CG-CSF model employed in this work has undergone extensive
benchmarking in literatures [5,62]. Common benchmarks, such as the
stationary bubble test and the droplet attached to the wall test which
validate the interfacial tension and the contact angle, can be found in
our previous work [72]. In this work, the primary focus is on bench-
marking the new periodic-pressure boundary. For this purpose, the
layered flow [60] is selected as the benchmark case where the phase
interface consistently intersects with the inlet and outlet boundaries.
Previously, due to the numerical instability of the pressure boundaries,
this benchmark was only conducted via the body force and periodic
boundaries [11,41,73,74]. To the best of our knowledge, we are the first
to perform this benchmark in pressure boundaries.

As illustrated in Fig. 2., the two phases flow concurrently between
the two parallel plates driven by either the body force or the pressure
gradient. The non-wetting phase flows between the wetting phase and
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does not contact the wall, forming a layered structure. The analytical
solution of such flow is given [74],

, fH H—h H+h
— , 0<y< <y<H,
) 2pbz/by +2,0,,1/1,y =Y 2 or 2 U=
u(y)=
F , FH F H*—i? —h H+h
o Yty — ; 5 SYS——
2p,vy 20,7 2pup 4 2 2

(24)

where H denotes the channel width and h is width of the non-wetting
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phase layer; F represents the external body force or pressure gradient.
In this benchmark, we set 6 = 0.06, L = 51, H= 100 and h = 50. The
viscosity ratio M = /fb‘y’; is set as 0.1 and 10. The inlet pressure p;, =
0.33335 and the outlet pressure p,, = 0.33333 for the pressure
boundary case. The equivalent body force F = 3.92 x 10~7. The simu-
lated results are presented in Fig. 2(b, c¢), which demonstrates a good
agreement with the analytical solution for both body force and pressure
boundary.

We also present the validation of the mass conservation as shown in
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Fig. 3. The current pressure boundary slightly violates the conservation
of mass, causing a slow increase in the saturation of the red phase over
time (note that the variation of the saturation is smaller than 10~4).
However, as the lattice speed c¢ increases, this non-conservation is
reduced significantly. This is because the density difference between the
inlet and outlet Ap = 3c?Ap is proportional to the pressure difference Ap
and the square of the lattice speed c. When Ap = Ap = 0, the current
boundary can completely degrade into a periodic boundary that con-
serves mass. Therefore, a large lattice speed c is adopted for all the
subsequent multiphase-flow simulations, to maintain negligible mass
and saturation variations.

4. Result and discussion
4.1. Numerical setup

The numerical setup follows the common approach used in the
permeability and relative permeability calculations [27,30]. In the
permeability calculation, a buffer region is padded at the inlet and outlet
to create a periodic flow-path for random porous media as shown in
Fig. 4. The boundary condition is a either the pressure boundary intro-
duced in Section 2.1, or a periodic boundary with an equivalent body
force. No-slip wall is applied to other boundaries.

To calculate the relative permeability calculation, as illustrated in
Fig. 4(b), we begin by generating a block-wise random phase distribu-
tion with a predetermined saturation in the pore space. To ensure a
periodic flow-path and constant saturation in the system, both the phase
distribution and the structure are flipped [30,41]. Subsequently, we
conduct a multiphase simulation using periodic boundary conditions
without body force, which allows us to achieve a phase distribution that
is locally thermal equilibrium as Fig. 4(c). Finally, the resulting phase
distribution is used as the initial condition for comparing the body force
and pressure boundary. The body force with the periodic boundary
equals to the pressure gradient in the pressure boundary.

4.2. Homogeneous structures

Firstly, we present the simulation results on the Darcy scale homo-
geneous structures. The sandstone-like porous media are generated by
QSGS method [75], which provides a better representation of natural
homogeneous random porous media. An example of generated structure
is presented in Fig. 4. Although from the microscopic point of view, such
structures are heterogeneous, however, they are considered homoge-
neous at Darcy scale (hereafter). It should also be noted that the ho-
mogeneous structures in this work correspond to the disordered
heterogeneous porous structures in [31] as the seeds in this work are
randomly generated. The structure sizes are 2000 x 2000 with a mean
pore size around 24 pixels. The porosities are 55%.

As is shown in Table 2, the differences between the pressure
approach and body force model are lower than 7% (absolute value,
hereafter) for all structures we considered. Most results (8/10) are lower
than 4%, which is acceptable for the permeability calculations. This can
be attributed to the fact that the constant body force in body force
approach, being a conservative force, can be interpreted as the gradient
of a certain potential. In other words, for the Navier-Stokes equation,

du
P (E + u~Vu> =—-Vp+F,+udu=—-V(p—fix)+ pAu (25)
where F = —V/(f,x) the one-dimensional constant body force in the body
force model. Define the effective pressure y = p— fix, Eq. (25) is
identical to the Navier-Stokes equation without any external body force.
Theoretically, the solution to Eq. (25) is identical provided that the
boundary conditions are also identical. This suggests that though the
constant body force initiates a uniform pressure gradient in the
computational domain, the real pressure field will compensate
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adaptively according to the flow field.

To further demonstrate this idea, we present the simulated pressure
field and the velocity field of the two approaches as Fig. 5 shows. For the
body force approach, we present the effective pressure y =p — fix
which should be equivalent to the pressure field in the pressure
approach. According to Fig. 5, although some small quantitative dif-
ferences can be observed in certain regions, the overall qualitative
agreement between the pressure and velocity fields obtained from the
two approach is consistent. Such small differences could be due to the
compressibility error and flow heterogeneity. It can be observed that for
the body force approach, the effective pressure at the inlet is not uniform
due to the flow heterogeneity, while for the pressure boundary, the inlet
pressure is fixed. Additionally, the velocity field is slightly different in
the boundary region due to the periodic boundary in the body force
approach. However, since the structural and flow heterogeneity is
modest for homogeneous structures in this section, the boundary effect
can be safely ignored in the permeability calculation.

The aforementioned analysis on N-S equation is not limited to small
Re. Therefore, the results of different Re are presented in Table 3. The
relative error is smaller than 4% for Re ranging from 0.001 to 10 as
predicted. Similar results on pressure field and velocity field can be
observed for larger Re as Fig. 6 shows.

4.3. Effect of the preferential path

According to the section above, it can be observed that one major
error between the body force approach and pressure approach is the
boundary effect induced by periodic boundary condition in the body
force approach. For strong heterogeneous porous media, such difference
will more significant.

Consider a “fracture-matrix” porous medium with a straight inclined
fracture as Fig. 7 shows. Due to the permeability difference, the fracture
naturally forms the preferential path. Such preferential path is a
simplified representation of the random preferential paths due to
structural heterogeneity, fractures and other factors. The porous me-
dium has a length of L and a buffer region with width h. In addition,
there is a preferential path that is inclined at an angle of 6 with the width
D and length L. The permeability along the preferential path is typically
of greater interest, so we assume that 6 < 45°.

Through IT theorem, 4 non-dimensional number can be found, i.e., 6,
h/D, L/D and Re. The preferential path width D = 30 is selected as the
characteristic size. Firstly, we assume the matrix region is impermeable.
At low Re, the flows in the preferential path and the buffer region follow
the Poiseuille equation, respectively. In the preferential path region, the
mean velocity up, can be expressed as,

D _Df

=—"=_""cos 2
Un =15 ul lzﬂcos(é)) (26)
The mean velocity in the buffer region u,, can be calculated via,
¢ unD
= 2
u, Y 27)
Thus, the resistance of the buffer region R is
_ 12u, pLtan(6) (D >
R=—mn—— =1y ) sinOL (28)
Let ¢ = fL/R, the relative error is
R 1
B = LT 1y e @9
p=o (1) 30)
"R \D)J sin(9)

The physical meaning of ¢ is the resistance of the porous media over
that of the buffer region. The relative error approaches 0 if the resistance



G. Yang and M. Wang

of the porous media is much more significant than that of the buffer
region, i.e., ¢ approaches infinity.

A direct finding of Egs. (29), (30) is that the relative error is irrele-
vant to the length of the porous media. This is confirmed by the simu-
lation data presented in Fig. 8(a), where we can see that when L > 600,
the length of the porous media has a negligible effect on ¢ and the
relative error. The deviation from the theoretical prediction could be
attributed to the corners of flow channel. Thus, the length of the porous
media is fixed to be 600 for all subsequent simulations. The effect of the
buffer size h and the inclined-angle 6 is illustrated in Fig. 8(b, c). It can
be observed that Eq. (25) agrees well with the simulation results. Fig. 9
shows a comparison between the relative error calculated using Eq. (29)
and our simulation results. We find good agreement for low and middle
Re. However, at high Re ~ 12, some errors are observed due to the in-
ertial effect. Nonetheless, we still achieve qualitative agreement
regarding the buffer size effect.

Egs. (25)-(30) provide an intuitive explanation on the computational
error induced by body force approach. Due to the periodic boundary in
the body force approach, the flow resistance across the boundary, i.e.,
the flow resistance in the buffer region is not negligible for strong
preferential flow, resulting underestimation of the permeability. The
relative errors can reach as high as 80% for theoretical “z-shape”
structures. Thus, the relative errors can be reduced via reducing the flow
resistance in the buffer regions, in other words, adopting larger buffer
regions. According to Egs. (29), (30), the relative errors will decease
rapidly as the buffer size h increases.

Then we further consider the real fracture-matrix porous media with
a permeable matrix. Fig. 10 shows the calculated permeability of a
generated fracture-matrix structure via the body force approach and the
pressure approach. The impact of the buffer size on the calculated
permeability via the body force approach is much more significant than
that with the pressure approach. For small buffer sizes, the permeability
is underestimated in the body force approach due to the periodic
boundary. The pressure field and the velocity field are displayed in
Fig. 11. In the body force approach, the presence of a strong vertical flow
in the buffer region results in an overall increase in the resistance of the
structure, which reduces the total flux. Additionally, the (effective)
pressure field experiences greater non-uniformity at the boundary,
which is responsible for driving the vertical flow. Therefore, the pressure
difference can be employed to evaluate the error induced by the body
force approach. On the one hand, the pressure non-uniformity at
boundary is the result of the periodic boundary coupled with the
structural heterogeneity. On the other hand, for Eq. (25), the boundary
non-uniformity pressure is distinct from the pressure boundary, result-
ing different solutions.

Fig. 12 shows the relative error in the pressure non-uniformity at
boundary, which is measured by the pressure standard deviation py4 at
the inlet for different inclined angles, buffer sizes as well as two mean
matrix pore sizes. To reduce the random error of randomly generated
structures, 5 structures are generated for each set of parameters,
resulting in a total of over 300 structures. The results demonstrate that
the error of the body force approach increases consistently with
increasing pressure standard deviation, indicating that the pressure
standard deviation can be employed as the heterogeneity parameter.
The physical meaning of this heterogeneity parameter describes the
heterogeneity of the pressure under periodic boundaries. pg4 < 0.0001 is
suggested to achieve Err < 10%.

Two more typical structures with preferential paths are examined as
well, as Fig. 13 shows. Due to the differences in structural heterogeneity,
the results are more discrete. However, the criterion of ps;q < 0.0001 still
roughly valid.

4.4. Effect of multiphase flow

In this section, we first present the results of the regular structure.
Since the regular structure is already periodic, the flipping step in the
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numerical setup is omitted. The structure is 400 x 400 with 64 cell
units. The capillary number Ca = Qu/Aoc, where Q is the total flow rate
and A, v denote cross-section area and kinetic viscosity. The surface
tension ¢ = 0.06 and viscosity v is 0.5 for all cases and fluid phases. The
body force or pressure difference is adjusted adaptively to keep the
prescribed Ca.

As Fig. 14 shows, initially the phase distributions for both ap-
proaches are the same. However, at the early stage of simulations (t =
6000), we observe some differences in the phase distributions. In the
previous studies and this work, minor errors are observed in velocity
field for body force approaches [20,21,46]. Such differences will be
amplified due to strong coupling of the transportation of menisci and
local velocity field. As time progresses, the differences in the phase
distributions of the two approaches increase. Therefore, it is inappro-
priate to simulate pressure boundary via body force for multiphase
flows.

To provide a quantitively comparison, we calculate the relative
permeability of the structure. The relative permeability is defined via
the two-phase Darcy’s equation. At the given saturation of the wetting
fluid S,,,

b QuSF

QF (Sw)’

O (Sw)F

kr,nw(sw) - QF(SW) ’ (31)
where k, represents the relative permeability and w,nw represent wet-
ting and non-wetting phase, respectively. As mentioned above, the total
flow rate Q = Q, + Quy is kept constant for all saturations, while the
body force or pressure gradient is monitored directly from the simula-
tion results. The relative permeability is calculated till the body force or
pressure difference reaches the steady state approximately.

From a statistical point of view, the differences of the relative
permeability are only significant at low Ca, as demonstrated in Fig. 14
(b, ¢, d). This can be explained by the definition of Ca. The interfacial
tension plays a more important role at low Ca. For higher Ca, although
the phase distributions evolve differently in two approaches, the relative
permeability is dominated by the driven force rather than internal
interfacial tension, resulting smaller errors.

While for randomly generated structures, the qualitatively law is the
same while, surprisingly, the quantitively errors are much smaller
compared to regular structures as demonstrated in Fig. 15. The
randomly generated structure is 800 x 800 with a mean pore size of
12. Typically, it is expected that for regular, uniform structures, the
errors will be smaller as in the case of single-phase flows. For regular
structures, the pore sizes are the same, resulting identical characteristic
capillary pressures. Therefore, there could be multiple menisci having
identical mobilization capillary pressures at the same time. Neverthe-
less, the mobilization capillary pressure is ordered in random structures
due to the distribution of the pore sizes. In other words, random struc-
tures exhibit a stronger structural effect in multiphase flows. Therefore,
fewer differences in the phase distribution are observed in random
structures as Fig. 15(a) shows.

5. Conclusion

This study examines the suitability of using the body force model to
simulate the pressure boundary for porous flows. The absolute perme-
ability and the relative permeability are selected as benchmark cases to
quantify the errors induced by the body force model. For single-phase
flows, a comprehensive analysis is conducted via the Navier-Stokes
equation. For homogeneous structures, the errors of the body force
model are within 5% for most cases. However, for structures with the
preferential paths, due to the periodic boundary in the body force
approach, the relative errors can be as high as 80%. A new heterogeneity
parameter, the boundary pressure non-uniformity which is quantified
via the standard deviation, is proposed. We suggest py < 0.0001 for
permeability calculations. The periodic pressure boundary by Kim and



G. Yang and M. Wang

Pitsch [21] is extended to color-gradient LBM. With the large lattice
speed ¢, we obtain acceptable mass conservation results. For the
multiphase flows, the differences in phase distributions between the
body force approach and the pressure approach appear at the early stage
of the simulations, which is irreversible. Therefore, the relative perme-
ability difference is significant at low Ca where the interfacial tension, i.
e., the phase distribution dominates the flows. For larger Ca, this error is
less significant statistically. Although only fluid flow is considered in
this work, it should be pointed out that other transport processes
including heat and mass transfers, electro-kinetic flows could also be
influenced by the flow field. Consequently, it is important to consider
the structural heterogeneity and proper parameters when employing
body force model.
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