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Abstract

The pulse-decay method is believed to be more suitable than the steady-state method
for permeability measurements on tight porous media because it records pressure
variations instead of flow rates and does not require the establishment of a steady state.
Most of the previous analytical solutions for the pulse-decay process are based on a
linearized governing equation, which may be inapplicable to measurements with large
differential pressures. In this study, a nonlinear governing equation is derived through
mass conservation and Darcy’s law. For rigid porous media such as the sedimentary rock
samples, by comparing the magnitude of the pressure sensitivity of the physical properties
for both the testing gas and the core sample, we found that only the gas compressibility
and the apparent permeability have to be regarded as pressure-dependent, while the others
can be regarded as constant. The perturbation method and the eigenfunction expansion
method are combined to derive the general solution of the nonlinear governing equation.
The results show that in the plot of logarithmic differential pressure versus time, a straight
line can be obtained at the late-time stage and its slope value can be used to evaluate the
apparent permeability. We further estimate the error in permeability evaluation, induced
by selecting mean pore pressure as the characteristic pressure. The theoretical analysis has
been verified by both numerical simulation and experimental measurements.

Keywords Pulse-decay method - Nonlinear - Pressure difference - Apparent permeability -
Gas compressibility

List of Symbols

A Cross-sectional area of cylindrical core sample, m”
L Length of cylindrical core sample, m

P Pore pressure, Pa

Py Dimensionless pore pressure

Pg) The ith term in the asymptotic series

Pp(c0) Dimensionless equilibrium pore pressure
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Confining pressure, Pa
Characteristic pressure, Pa

Initial downstream pressure, Pa
Equilibrium pore pressure, Pa
Mean pore pressure, Pa

Initial upstream pressure, Pa
Temperature, K

Volume of upstream reservoir, m*
Volume of downstream reservoir, m
Gas compressibility factor
Volume ratio of sample’s pore space to upstream reservoir

Volume ratio of sample’s pore space to downstream reservoir
Klinkenberg slippage factor, Pa

Intercept in plot of dimensionless differential pressure versus time
Apparent permeability, m?

Permeability coefficient evaluated with mean pore pressure as characteristic
pressure, m>

Intrinsic permeability, m?

Permeability coefficient evaluated with equilibrium pore pressure as
characteristic pressure, m?

Time, s

Dimensionless time

Flow rate, m-s™!

Weight coefficient to determine characteristic pressure

Displacement, m

Dimensionless displacement

Dimensionless duration of a pulse-decay test

Dimensionless differential pressure

Slope in plot of dimensionless differential pressure versus time

Pressure sensitivity of gas compressibility factor, Pa™!

Pressure sensitivity of slippage factor, Pa™"!
Pressure sensitivity of apparent permeability, Pa™
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Pressure sensitivity of intrinsic permeability, Pa™!
Pressure sensitivity of viscosity, Pa™!

Gas compressibility, Pa~!

Pressure sensitivity of porosity, Pa™
Relative error induced by misusing of characteristic pressure
Strength of nonlinearity

The ith positive solution to Eq. (37)

Gas density, kg-m™

Dynamic viscosity of testing gas, Pa-s

Porosity of core sample
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Introduction

Permeability is one of the critical parameters for unconventional gas exploitation (Clarkson
et al. 2012). Compared with conventional formations, unconventional formations are
characterized by low matrix permeability coefficients, making permeability measurement
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of unconventional rock samples a challenging task. The steady-state methods and
the unsteady-state methods are the two major kinds of methods for measuring the
permeability of rock samples in the laboratory (Sander et al. 2017; Lyu et al. 2020). For
steady-state methods, the flow rate through the sample under a given pressure difference
is monitored until steady-state conditions are reached. Then the permeability coefficient
can be determined by Darcy’s law with the pressure difference and steady-state flow rate
(Boulin et al. 2012). The steady-state method is straightforward and does not require the
estimation of storage terms. For unsteady-state methods, a steady state is not required,
and the pressure transients are measured instead of the flow rates. For measurements on
tight rocks, the unsteady-state methods are believed to be more suitable than the steady-
state methods because establishing a steady state is usually time-consuming, and pressure
is easier to measure and record compared to the flow rate (Chenevert and Sharma 1993;
Akkutlu and Fathi 2012; Heller et al. 2014).

The pulse-decay method is one of the most widely used unsteady-state methods
(Rushing et al. 2004; Alnoaimi and Kovscek 2019). In the original pulse-decay method
pioneered by Brace et al. (1968), the sample was placed into a core holder and a gas
reservoir of finite volume was connected to each end of the sample. The sample and the
two reservoirs were first filled to the same initial pressure, and then the pressure in one
reservoir was increased to create a pressure difference. Driven by the pressure difference,
the gas flows through the sample from the reservoir with higher pressure (defined as
the “upstream”) to the one with lower pressure (defined as the “downstream”). For
permeability evaluation, the upstream and downstream pressure variations were recorded
over time. Some modified pulse-decay methods with different experimental designs have
also been developed in recent decades. Jones (1972) developed the pressure falloff method,
which involves keeping the downstream pressure constant and using upstream decay for
permeability. The pressure build-up technique was proposed by Metwally and Sondergeld
(2011), in which a constant pressure is applied to the upstream and the downstream
pressure increase is recorded. Lasseux et al. (2012) proposed the so-called “step decay”
method to simultaneously characterize several petrophysical properties of core samples.
Yang et al. (2015) reported a simplified experimental configuration with only one gas
reservoir. Hannon (2016) presented a bi-directional pulse-decay method in which pressure
pulses of different amplitudes are applied to both reservoirs simultaneously.

Unlike in the steady-state method, in which the permeability coefficient can be
calculated directly using Darcy’s law, the permeability coefficient for the pulse-decay
method is obtained by fitting observed pressure transients to the behavior predicted by the
analytical solutions. By combining the law of conservation of mass with Darcy’s law, Brace
et al. (1968) derived the governing equation for gas transport in the pulse-decay process
and simplified it into a linear form by limiting the relative pressure difference across the
sample to less than 10%. They also obtained an approximate analytical solution (usually
denoted as Brace et al.’s solution) for the pressure difference evolution, which is only valid
when the reservoir volumes are much larger than the sample’s pore volume. Lin (1977)
and Trimmer (1981) discussed the possible errors in Brace et al.’s solution. Based on the
same linear governing equation from Brace et al., Hsieh et al. (1981) and Dicker and Smits
(1988) used the Laplace transform to obtain a general series solution (usually denoted as
Dicker and Smits’s solution) without restriction on the reservoir size.

Although Brace et al.’s and Dicker and Smits’s solutions have been widely used, they
are both based on the linearized governing equation, which ignores the influence of
nonlinear factors and requires a small initial differential pressure. However, as reported
in the literature (Walder and Nur 1986; Tinni et al. 2012; Wang et al. 2015; Ma et al.
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2016; Hatami et al. 2022), many pulse-decay measurements have been performed with
large pressure differences, in which the nonlinearity in the governing equations cannot be
ignored and, thus, the applicability of the above linear solutions becomes questionable.
Haskett et al. (1988) and Abdelmalek et al. (2018) suggested using pseudo-time and
pseudo-pressure transformations to deal with the nonlinearities of the pulse-decay process,
but the transformed governing equation is still nonlinear, and its analytical solution is
missing. There also have been several approximate solutions considering the nonlinearity
induced by gas compressibility changes during the pulse-decay process (Liang et al. 2001;
Pan et al. 2015; Liu et al. 2017). Similar to Brace et al.’s solution, these approximate
solutions are inapplicable for measurements with reservoir volumes comparable to or
smaller than the pore volume.

In this study, we revisit the general governing equation of the pulse-decay process,
taking into account the pressure dependence of the physical properties of both the
testing gas (density, viscosity) and the core sample (permeability, porosity). The general
equation is then simplified through the magnitude analysis of the nonlinear terms, and the
perturbation method as well as the eigenfunction expansion method are used to analyze the
behavior of the solution to the nonlinear problem. Numerical simulation and experimental
measurements are performed to validate the theoretical results. The influence of
nonlinearity on the test duration and the error in permeability evaluation, which is induced
by improper selection of the characteristic pressure, are also discussed.

2 Mathematical Derivation
2.1 Governing Equation

The gas flow rate driven by a pressure gradient in porous media is determined by Darcy’s
law (Darcy 1856) as:

k,
)= e OP )
u ox

where v [m-s~'] is the flow rate, kapp [m?] the apparent permeability coefficient, u [Pa-s] the
dynamic viscosity of the testing gas, and P [Pa] is the gas pressure (also known as the pore
pressure).

As shown in Fig. 1, for any position x(0 < x < L) in the sample, the mass flux through
the unit cross-sectional area is:

0, = pAv )

where Q. [kg-s_l] the mass flux, p [kg-m_3] the gas density, and A [m?] the cross-sectional
area. Then we consider a small volume between x — 6x/2 and x + 6x/2 within the sample.
According to the law of conservation of mass, the difference between the inlet and outlet
mass flow rates should be equal to the mass increase rate within the void fraction of the
small volume:

app) 0 B
5 T =0 3)
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Fig. 1 Scheme of the pulse-decay test. The core sample is connected to two gas reservoirs at its two ends

where ¢ is the porosity of the sample.
Substituting Egs. (1) into (3) yields:

00 _ 0 ()

ot ox U ox “)

It is noted that pore pressure P is the only parameter that can be measured directly
in the pulse-decay test. Given the confining pressure P,, the density p and viscosity u of
the gas, as well as the apparent permeability k,,, and porosity ¢ of the sample, are all
functions of the pore pressure. Equation (4) can be rewritten into a form with P as the

independent variable:

oP Ky 0%P oP\?
O (B, + by) [W+(ﬁ”_ﬁ”+ﬁ"w)<$” ©

where gy, =0InX/oP (X = p, y,kapp,qﬁ) [Pa~!] is the pressure sensitivity of X, which
describes the relative change of X per unit pressure change. In literature (Brace et al. 1968),
B, is commonly referred to as the gas compressibility. It should be noted that the rock grain
is assumed as rigid and non-reactive here. As a result, the grain compressibility and the
fluid—solid pressure-stress coupling are both omitted. However, this assumption may not
hold for highly stress-sensitive samples.

After obtaining the governing equation, the boundary conditions should also be derived.
Since the flow resistance within the upstream and downstream reservoirs is much smaller
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than that of the sample, the pressure within the reservoirs can be regarded as uniformly
distributed. Taking the upstream side as an example, the mass flow out of the reservoir is:

_ 9oV
u— - ot

(6)

x=0

where V, [m?] is the volume of the upstream reservoir. The mass flow into the sample can
be calculate by lettering x = 0 in Eq. (2). According to the law of conservation of mass, at
the interface between the upstream reservoir and the sample (see Fig. 1), the mass flow rate
out of the upstream chamber and that into the sample should be equal:

9(pV.)
dat

= (pAV) |x=0 (7)
x=0

Substituting Eqs. (1) into (7), and then rewriting the result with pressure as the
independent variable yields:

_ kappA oP

x=0 - (ﬁp +ﬁV");qu a

oP
ot

®)

x=0

Considering the interface between the downstream reservoir and the sample (see Fig. 1),
the downstream boundary condition can also be derived:

_ kappA @
x=L (ﬂp+ﬂvd)/4Vd 0x

oP

ot (€))

x=L

where V, [m®] is the volume of the downstream reservoir, L [m] is the length of the sample.
Unlike the conventional Dirichlet, Neumann, and Robin boundary conditions, Egs. (8) and
(9) involve both time and space derivatives. It is important to note that Egs. (8) and (9)
differ by a negative sign because in the upstream, the testing gas flows from the reservoir to
the sample, while in the downstream the opposite is true.

Equations (5), (8) and (9) are the general governing equation and boundary conditions
for the pulse-decay process, and only Darcy’s law and the law of conservation of mass
are used in their derivation. Despite the generality, obtaining an analytical solution to
them is nearly impossible due to the strong nonlinearity. Numerical methods can be used
to directly solve these general equations, and the resulting solutions can be fitted to the
pressure data using the history matching method to determine the physical properties
of the sample. However, the fitting algorithm must be carefully designed to prevent the
occurrence of unphysical or non-unique results, particularly in multi-parameter fitting
scenarios (Civan et al. 2012; Lin and Myers 2018). Therefore, the investigation of the
analytical approximate solution is valuable as an alternative to the numerical solution, and
it can also provide insights into the physical behavior of the pulse-decay process.

To facilitate the theoretical analysis, the pressure sensitivities appearing in Egs. (5), (8)
and (9) should be further analyzed. The dependence of gas density on pressure is described
by the equation of state (Callen 1998):
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M

P=ZRT

(10)
where M [kg-mol_l] is the molar mass of the gas, Z the compressibility factor, R
[J-mol~""K™'] the gas constant, and 7' [K] is the absolute temperature. Taking Eq. (10) into
the definition of f#_, we have:

1 dlnZ
b=5-(55), =5 an
where 1 /P is denoted as f, for consistency of notation.

The sample’s apparent permeability is related to the gas pressure through the
Klinkenberg formula (Klinkenberg 1941):

bS
app = kim<1 + ;) (12)

where k;, [m?] is the intrinsic permeability and b, [Pa] is the slippage factor.
Substituting Eq. (12) into the definition of ﬂkm, we have:

Y W S 13
o T T pyp o P P+b, (13)

Although the pressure sensitivities of the physical properties of the testing gas
and the core sample all contribute to the nonlinearity of the governing equation,
their magnitude is different, as shown in Table 1. The values of f,, f,, and ﬂ” of the
commonly used inert testing gases (He, Ar, N,) in Table 1 are evaluated from the online
dataset of NIST (Lemmon 2023) and those of ﬂkim’ ﬂbx, and B, come from the literature
on stress dependence of rock properties. Table 1 shows that the magnitudes of f,, f,,
B - By By are much smaller than that of f,, and thus can be safely omitted. In other
words, Z, u, k., b,, and ¢ can all be treated as constants in a single measurement and
their values are taken under a characteristic pressure P, between P,(0) and P,(0). Only
the gas compressibility and the apparent permeability are considered to be pressure-
dependent. The value of grain compressibility f,, is also listed in Table 1, and it is
much smaller than the value of f,, which justifies our assumption of rigid grains during
the derivation.

After the magnitude comparison, we have:

1
~ == 14
ﬁ P ﬂp P ( )
Table 1 Magnitude of the pressure sensitivities for physical properties of the gas and sample
Type Variable Magnitude (MPa™") Sources
Gas Bp 1071~ 10! NIST online dataset Lemmon (2023)
(He, Ar, N,) B, 1073 ~1072 (https://webbook.nist.gov/chemistry/fluid/)
B, 1073~1072
Sample ﬂkm' 1073~1072 Katsube (2000); Dong et al. (2010); Heller et al.
(Sedimentary B, 10~3~1072 (2014); Ghanizadeh et al. (2014a); Ghanizadeh
rock matrix) ' 10-4~102 et al. (2014b); Zhang et al. (2015); Letham and
By . S Bustin (2016); Pang et al. (2017); Fink et al.
B 107 ~107 (2017); Davudov et al. (2018); Chen et al. (2019)
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B ~—

app ~ P+bx - (15)

=

With Egs. (12), (14) and (15), Eq. (5) reduces to a much simplified but still nonlinear

form:
oP ki ?P | (0P\?| _ ki 0 oP
E‘E[(”bf)ﬁ*(a” sl Err) ] a16)

Due to the consideration of the pressure dependence of gas compressibility and apparent
permeability, Eq. (16) not only has the second-order spatial derivative of pore pressure but
also an extra nonlinear term of the squared pressure gradient, while the governing equation
in Brace et al. (1968) only has the former. Moreover, the coefficient before the second-
order spatial derivative is no longer a constant, which further strengthens the nonlinearity
of Eq. (16). Note that when the test gases are carbon dioxide and methane, approximating
B, to 1/P may no longer hold and the adsorption on the pore walls must also be considered
(Cui et al. 2009).

It is noted that the reservoirs are generally made of stainless steel, whose Compressibility
is much smaller than that of the testing gas. Therefore, we have By s By, < B, and V,,
can be regarded as a constant. By substituting Egs. (12) and (14) into Egs. (8) and (9), the
simplified boundary conditions at the interfaces between the gas reservoirs and the two
ends of the sample can be obtained as:

oP klmA oP

= = P+b

i U e a7
oP ki A oP
il = — P+b)=—

ot x=L ﬂVd( " S) ox x=L (18)

In the pulse-decay test initiated by applying a positive pressure pulse to the upstream
reservoir, the initial condition is given by:

_ [P0, x=0
P(x,0) = { Pi0) O<x<L (19)

Here P,(0) and P,(0) [Pa] are the upstream and downstream pressures immediately after
the application of the pressure pulse, respectively.

The above equations are all in a dimensional form. For ease of analysis, the following
dimensionless variables are introduced:

X ( char +b )kmtt _ P— Pd(o) _ LAd) LA¢

N ,Pp = ,a = b= — 20
P UL PO -P0) T Y, v, @

where x, t,, Pj, are the dimensionless counterparts of x ¢, P, respectively, and a, b are
the volume ratios of the sample’s pore space to the upstream and downstream reservoir,
respectively. The characteristic pressure P, . [Pa] is defined as the weighted average of the
initial upstream and downstream pressures:

Pchar = WPM(O) + (1 - W)Pd(o) (2])

where w is the weighting coefficient to be determined.
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With these dimensionless variables, the governing Eq. (16) can be rewritten in a
dimensionless form:
oP, 0P, 9?

= £e—
2 2
oty 0x7, 0x7,

(Pp—w)’ 22)

and the dimensionless boundary and initial conditions are:

P, P, d 2
- =a— +ea—(Pp—w 23
otp |y =0 9xp |, -0 0xp (Po=w) xp=0 (23)
opP, oP, 0 2
— =-b— —eb—(Pp—w 24
0tp |y, =1 0xp | =1 oxp (Po=w) xp=I @4)
_J 1L xp=0
Py (xp,0) = { 0 0<xy<l (25)
where € is a dimensionless parameter defined as:
1 P,(0) — P,(0)
=-— (26)

£ =
2 Pchar + bs

Compared with the linear equations by Brace et al. (1968), Egs. (22)—(24) contain
additional nonlinear terms, the strength of which is quantified by €. According to the
definition, € is proportional to the initial pressure difference and is inversely related to the
characteristic pressure and slippage factor. Since the relative initial pressure difference
rarely exceeds 100% and the slippage factor can be in the order of MPa (Ghanizadeh et al.
2014a, 2014b; Letham and Bustin 2016; Chen et al. 2019), the value of € is generally in
the range of 0-0.5. If € = 0, the nonlinear terms in Eqgs. (22)-(24) vanish and the equations
reduce to the linear form proposed by Brace et al. (1968). However, this only holds when
the initial pressure difference across the sample is infinitely small. In practice, the initial
pressure difference is not negligible, the influence of the nonlinear terms must be carefully
evaluated.

2.2 The asymptotic Solution

It is usually very difficult, or even impossible, to obtain the general analytical solution
to a nonlinear problem. The perturbation method is adopted in this section to obtain the
asymptotic solution. The idea behind the perturbation theory (Bender and Orszag 2013) is
to divide the original problem into two parts: linear and perturbative. The solution to the
original problem is expressed as a power series with a small perturbative parameter. The
first term of the series solution is the exact solution to the linear part, and the successive
terms correspond to the perturbative part. The series solution is also called an asymptotic
solution (Hinch 1991).

To solve the nonlinear equations above, we choose € as the perturbative parameter, and
then expand the solution into a series of :
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PD(xD, tD) = eoPg)) (xD,tD) + eng>(xD, tD) + eng) (xD, tD) + - 27

As shown in Eq. (26), the perturbative parameter £ depends on the characteristic
pressure P, that is subject to change with the weighting coefficient w. Although the
solution P, (xD, tD) is unique, by altering w, it can be expanded into a series with different
forms. We will show that a certain value of w is superior to the others since it can help to
expand the solution into a simple form.

The governing equation, as well as the boundary and initial conditions for Pg), can be
obtained by substituting Eq. (27) into Egs. (22)—(24). For brevity, only the equations for

P([;)) and P(Dl) are listed below.

For Pg)), the governing equation is:

(0) 2 p(0)
oPy 3Py

= 28
e = (28)
and the boundary and initial conditions are:
oP P
= 29)
ot ox (
b xp=0 b xp=0
oP) Py
a, | - ox (30)
Xp= xp=1
) _J Lxp=0
P, (xp,0) = { 0.0 <x, <1 (€3]
The governing equation for Pg) is:
aP(l) 02P(1) 2 2
2=l (A -w) (32)
p 0xD 0xD
and the boundary and initial conditions are:
(1) (1
6PD 3 6PD 0 o)
a1 =% a5, \Fo (33)
D XD oxp xp=0
xp=0 xp=0 b
(1) (1)
opP,, opP,, 0 ) 2
PR =03 b \Po (34)
D 29> 0xp xp=1
xp=1 xp=1 L
(1) _ O, Xp = 0
Po ("D’O)_{o, 0<xy<1 (33)
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It is important to note that while the governing equation and boundary conditions of Pg))

are homogeneous, while those of P;)l) contain inhomogeneous terms. This is a direct result
of the e-dependent nonlinear terms present in Eqs. (22)—(24). After the perturbative expan-
sion to the power series of g, these nonlinear terms start at from el rather than &9, resulting
in homogeneous governing equation and boundary conditions for P(O), and inhomogeneous
ones for P(L?(i >1).

Equations (28)—(31) for Pg)) are actually the linear problem solved by Dicker and
Smits (1988), so Pg)) is just the Dicker and Smits’s solution:

PO (xp.1p) = Pp(c0) + Y £, (xp) et (36)

m=1

where Pj,(o0) = b/(a + b + ab) is the dimensionless equilibrium pore pressure, 6,, (im > 1)
the mth positive solution of the following equation:

(a+0b),
tand,, = 0 —ab (37)
and f,,(xp) (m > 1) is given by
2(62 —ab) [0, sin (0,, — 0,,xp) — bcos (6,, — 6,,x
o) 2 2B sin (0, ) ~bes 0= )]

6% + (a? +b% +a+b)62 + ab(ab + a + b)] cos (6,,)

Although the full expression for P<D0) in Eq. (36) is composed of a series of
exponentials, as time increases, most exponential terms will become negligible, leaving
only the first term as 0 < 6, < 6, < ---. Therefore, we have:

P (xp. 1p) = Pp(c0) + £ (xp)e 0™ (39)

which is referred to as the late-time solution in the literature (Bhandari et al. 2015; Sander
et al. 2017) and it indicates that Pg)) across the system decays toward the equilibrium pore
pressure exponentially. The late-time stage of a pulse-decay test is defined as the stage
where the complete series solution can be well approximated by the late-time solution of a
single exponent.

2

Because of the extra terms containing (Pg)) - w) , Egs. (32)—(34) for Pg) are inho-
mogeneous. The eigenfunction expansion method (Riley et al. 1999; Loney 2006) is
adopted here to solve Pg). Once Pg) is known, Pg) and the higher order terms can be
sequentially solved. The derivation process is standard but somewhat tedious, and there-
fore, omitted here. The focus is instead on the analysis the analytical solutions’ charac-

teristics. According to Eq. (36), (Pg)) - w)z contains an infinite number of exponential
terms with different exponents, and so is the expression of P(D]). At the early-time stage
of the pulse decay process, these exponential terms of the same magnitude, so the
expression of Pg) cannot be simplified by omitting any of them. The complex form of
the series makes it difficult to use. However, at the late-time stage of the pulse-decay
process, the terms with large exponents become insignificant, and Pg) can be well
approximated by the term with the smallest exponents. Similar analysis holds for Pg)
(i > 2). Therefore, at the late-time stage of the pulse-decay process, we have:
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O 67912[[J>’ w = PD(OO),I > 1

PO (xp, 1) = ‘
b (-1 O(tbe“’f’0>, w# Pp(co),i > 1

(40)

where the O notation is used to describe the diminishing order of Pg) when time tends to
infinity. Equation (40) indicates that if we set w = Pp(c0), P\) (i > 1) will decay with the
exponent —0]2 at the late-time stage, as does Pg)). However, when we set w # P, (o), Pg)
(i > 1) will not be reduced to a single exponential form.

Recalling the asymptotic series from Eq. (27), the late-time behavior of P, can
be obtained by superimposing P([? (i > 0) times the corresponding power of €. When
w = Pp(c0), we have:

Py (xD, tD) = Pg)) + ePg) + 62Pg) + - = Pp(o0) + O(e_of”’), w=Pp(0) (41)

Although the detailed expression for the coefficient of the exponential term are com-
plex, Eq. (41) shows that with a proper choice of w, the solution P}, to the nonlinear prob-
lem (22)—(25) will exhibit exponential decay to its equilibrium value in the late-time stage
of the pulse-decay test, like the solution Pg) obtained from the linear problem (28)-(31).
As all terms in the perturbative solution have been added together, Eq. (41) holds over a
large range of € values.

In the pulse-decay measurements, the pressure transients at both ends of the sample are
monitored over time, and the difference between them is used for permeability evaluation.
By letting x;, = 0 and x;, = 1in Eq. (36) and then taking the difference, we have:

AP (1) = P (0.15) = P (1.15) = O “

The late-time characteristic of high order terms for differential pressure can be obtained
from Eq. (40) in a similar manner:

A . : o<e—9?f0), w = Pp(co)
APY (1) = P(0,1,) — PV (1,1,) = 43
(o) = P5(0.15) = Fp (1.1) O(t;')e‘(’f’D), w # Pp(co) @
Combining Egs. (42) and (43), we have:
APy(tp) = Y €APY (0,15) = O ) w = Pp(e0) 44)

i=0

which shows that when the nonlinear effects are considered, the dimensionless differential
pressure still reduces to a single exponential form at the late-time stage of the pulse-
decay test with w = Pj,(c0). However, if the other value of w is chosen, the corresponding
expression for AP, remains in the form of a series at the late-time stage, making it difficult
to determine the decay characteristic of AP,

By inserting w = Pp(o0) in Eq. (21), we have:
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Ppar = Pp(0) [P, (0) = P4(0)] + P4(0) = P, (45)

In other words, w= Pp(co) means choosing equilibrium pore pressure P, as the
characteristic pressure. Substituting Eqgs. (45) into (44) and converting the dimensionless time
to its dimensional form with Eq. (20) yields:

ki (Peg + by ) 0°t
AP)(1p) = O(exp <—%)> (46)

Taking the logarithm of Eq. (46), we have:
InAP,() = f + at 47)

where the “~” here indicates that the equality holds only in the late-time stage, f is an
constant that depends on «, b and €. The expression of « is:

_ ki (Peg +5,) 67 48)
uPpL?

Equation (47) shows that in the plot of the dimensionless differential pressure In AP,
versus time ¢, a straight line with slope a and intercept f can be obtained at the late-time stage.
In practice, the values of a and f can be determined by a linear fit of the experimental pressure
data, and the measurement can be stopped after entering the late-time stage and enough data
have been collected without reaching final equilibrium.

By transforming Eq. (48), we have:

b > ap, upL?
=t (49)

kapp (Peq) = kint<1 + P_X 02
eq 1

where f,=1/P., is the gas compressibility at the equilibrium pore pressure P,
Equation (49) shows that the value of slope a can be used to obtain the apparent
permeability ,,, (P,,) when the gas compressibility at P,, is taken into account. Such a
way of using « as an intermediate variable for permeability calculation was first proposed
by Brace et al. (1968) based on the theoretical analysis of the linear governing equation.
It should be noted the analysis in the present study is based on the nonlinear governing
equation, and therefore Eq. (49) is applicable for measurements with a large initial pressure
difference.

There are several methods to determine the equilibrium pressure in a pulse-decay
test. The direct one is to wait for the pressure difference to vanish and the system to
reach equilibrium, which is time-consuming and decreases measurement efficiency.
An alternative way involves using the law of conservation of mass to calculate the
equilibrium pressure based on the initial upstream and downstream pressures.
However, this method requires prior knowledge of the sample’s pore volume. Wang
et al. (2022) have developed expressions for the equilibrium pressure with only the
upstream and downstream pressure transients as input. These expressions can give
equilibrium pressure values as soon as the system reaches the late-time stage and do
not require the pore volume of the sample.
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3 Numerical Simulation

As shown above, the perturbation method and the eigenfunction expansion method
helped to give the late-time behavior of the pressure transients, but they are inapplicable
to analyzing the pressure variation at the other stages. The numerical simulation was
performed to further investigate the influence of nonlinearity. The finite difference method
is adopted in the numerical simulation. The governing equation, together with the boundary
and initial conditions, was discretized by the Crank-Nicolson scheme (Crank and Nicolson
1947) that has second-order accuracy in both time and space, and the nonlinear terms were
coped with by Richtmyer’s linearization method (Richtmyer and Morton 1994).

First, the late-time behavior of APg) (i=0,1,2) is solved numerically to verify the theo-
retical results in the previous section. The simulated In AP&;)) with a = b = 1 is presented
in Fig. 2a, where a linear decline is found as time proceeds, which is consistent with its
analytical form in Eq. (42). Figure 2b and ¢ compares APS) and AP(;) with AP([?) for differ-
ent values of w, and the results show that when w = P (c0), the ratios of APS) and APg)
to APg) finally converge to constants, indicating that at the late-time stage APg) and APg)

decay at the same rate as APg). However, when w # Pp(00), the ratios of APg) and APg)

(a) 0 a= 1L,b=1 ‘ (b) 0.1 w = Pp(co)
—ap) APY /APY
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2 ‘ ‘ 01 . . ‘ X
0 0.2 0.4 0.6 0.8 1 1 2 3 4 5
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Fig.2 Numerical simulation of P;;)), Pg) and Pg). Here we set a = b =1 and therefore P,(c0) =1/3. a

The variations of In APg), b the variations AP;)” / AP;;)) and APg) / AP(TS) with w = Pj,(o0), ¢ the variations
1 0 2 0.
AP /APY and AP /AP with w = 1/2
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to APg)) exhibit linear and quadratic growth over time, respectively. The numerical results
given in Fig. 2 are in full agreement with the theoretical prediction in Eq. (43).

By finite difference simulation of Eqs. (22)—(25), the numerical solution of P, is
obtained to validate the perturbative solution. As shown in Eq. (27), the perturbative solu-
tion is in the form of a power series of perturbation parameter €. when ¢ is small, using
the first-order term in the power series can approximate the full series very well. However,
when the parameter is large, more terms must be added to improve accuracy. Figure 3 gives
the comparison between the perturbative solution and the numerical solution of P, for
e = 0.5, and the results show that perturbative solution retaining the first four terms agrees
well with the numerical solution, and the relative error § between them is less than 1%.

By numerically solving Eqgs. (22)—(25), where w = P,(o0) and changing the value of
€ to modify the strength of nonlinearity, the variations of P, are obtained. € = 0 denotes
the linear case where nonlinear effects can be ignored (i.e., the Dicker and Smits’s solu-
tion), and it can be achieved by applying an infinitely small initial pressure difference in
the pulse-decay test. The cases with € > 0 can be understood as the tests performed for the
same sample under finite pressure differences but the same equilibrium pore pressure.

Figure 4a shows the up- and downstream pressure transients when the sample is con-
nected to two gas reservoirs of the same volume as its pore space (a = 1,b = 1). Driven by
the pressure difference, the gas flows from upstream to downstream, causing the upstream
pressure to fall and the downstream pressure to rise. Finally, the pressure difference is elim-
inated and the whole system reaches equilibrium. In the linear case, the physical properties
of the testing gas and core sample are all treated as constants, and their values are taken
under the equilibrium pore pressure. In the nonlinear case, the values of the gas compress-
ibility and apparent permeability are determined by the local transient pressure, making
the pressure change rate proportional to the pressure itself, as seen in Egs. (17) and (18).
Note that the equilibrium pore pressure is less than the upstream but greater than the down-
stream pressure, so that the upstream pressure in the nonlinear case (¢ > 0) decreases faster
and the downstream pressure rises more slowly than in the linear case (¢ = 0). However,
when considering the pressure difference, the nonlinear effects in the upstream and down-
stream compartments largely cancel out, resulting in the logarithmic pressure difference

(a) . a=b=1,e=0.5 (b) . a=b=1,e=05
Perturbative ' ' ===P,p
—=—-==Numerical P:D
0.5F
S — -
L0 e i e e —_ o
w N'\~ /
\‘\——--/
-0.5
0.2 Pup
0 L L s -1 - t *
0 05 1 15 2 10 102 10
tp tp

Fig.3 Comparison between the perturbative and numerical solutions. a Variations of the upstream and
downstream pressure with a = b = 1, = 0.5 b Relative error between the perturbative and numerical solu-
tions

@ Springer



Y.Wang et al.

curves with different values of € in Fig. 3b nearly overlapping. As time proceeds, these
curves decline linearly with the same slope, which is consistent with Eq. (47) in Sect. 2.

The pressure falloff case, in which a reservoir of finite volume is connected to
the upstream and a constant pressure is maintained in the downstream compartment
(a =1,b = 0), is shown in Fig. 4c and d. Due to the nonlinear effect, the upstream pressure
drops faster with € > 0 than with e = 0. However, since the downstream reservoir is “infi-
nitely large”, the downstream pressure always remains at its initial value irrespective of the
amount of gas that is transferred into the downstream from the upstream compartment. As
a result, the nonlinear effects on the upstream cannot be offset by the downstream and it
can be seen from Fig. 4d that the logarithmic differential pressures with different values of
€ no longer overlap, but become parallel at the late-time stage. With larger ¢, the logarith-
mic differential pressure will have a more “negative” intercept. Figure 4e and f depicts the
pressure build-up case, in which a constant pressure is applied upstream of the sample and
a finite-volume reservoir is connected downstream (a = 0,b = 1). The downstream pres-
sure increase is slowed down by the nonlinearity, making the intercept of the logarithmic
differential pressure more “positive”.

4 Experimental Measurements

Experimental measurements were performed to verify the theoretical and numerical
results presented in the previous sections. The setup used in the measurement is described
in detail in our previous researches (Gaus et al. 2019; Nolte et al. 2021), and the other
parameters are summarized in Table 2. Helium is chosen as the testing gas to minimize the
effect of adsorption. The grey Weser sandstone sample tested in this study originates from
the Trendelburg beds of the Reinhardswald Basin in Germany. The sample was dried under
vacuum at 105 °C until its weight became constant.

In the measurements, the upstream side of the sample is connected to two gas reservoirs
of finite volume. The whole system, including the core sample, is initially saturated with
helium and equilibrated at the desired pressure level (= 2.3 bar). The downstream reservoir
is then directly open to the atmosphere to create the initial pressure difference. As the gas
flows from upstream through the sample to the downstream side, the upstream pressure
decreases until it finally equals the atmospheric pressure, also the equilibrium pore
pressure, and the downstream pressure remains constant during the measurements. Four
measurement was performed to ensure repeatability.

Table 2 Parameters of pulse-

decay measurements Parameter Value
Confining pressure P, (bar) 200
Equilibrium pore pressure P, (atm) 1
Temperature 7' (°C) 35
Gas viscosity y (Pa-s) 2.07x107°
Sample porosity ¢ (%) 8.79
Sample length L (m) 68x1073
Sample diameter D (m) 38x1073
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(a) a=1,b=1 (b)
1
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Fig.4 Numerical simulation of variations of P, and In AP, over t;, with w = P;,(o0). € = 0 denotes the
linear solution (i.e., Dicker and Smits’ solution), and € > 0 denotes the nonlinear solution. a Variations
of P, and P, with a = b = 1, b variations of In AP, with a = b = 1, ¢ variations of P, and P, with
a=1,b=0,d variations of In AP, with a = 1,b = 0, e variations of P, and P;, witha = 0,b = 1, f vari-
ations of In AP, witha =0,b =1

To verify the importance of nonlinearity in pulse-decay measurements with large differen-
tial pressure, the linear and the nonlinear (perturbative) solutions are compared with the exper-
imental data, and the results are shown in Fig. 5. In the linear solution (¢ = 0), the gas com-
pressibility and apparent permeability are considered constant, while in the nonlinear solution
(e =0.1), the gas compressibility and apparent permeability are both pressure-dependent.
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Fig.5 Pulse-decay measurements on a grey Weser sandstone sample. The red triangles denotes the experi-
mental results, and the dashed blue line and the green dotted line represents the results of the linear and
nonlinear (perturbative) solutions, respectively. a The upstream pressures against time b the logarithm of
dimensionless differential pressure against time

Figure 5a presents the upstream pressure transients of the pulse-decay process on the grey
Weser sandstone sample. As gas depletion occurs, the upstream reservoir pressure decreases
with time. The experimental upstream pressure deviates from the linear solution but agrees
well with the nonlinear solution. This is because the linear solution ignores the pressure
dependence of the gas compressibility and apparent permeability and takes their values under
the equilibrium pressure. In the experimental measurements, the upstream pressure is always
higher than the equilibrium pressure, so according to Eq. (17), the actual upstream pressure
drops faster than that predicted by the linear solution. The agreement between the experimen-
tal data and the nonlinear solution indicates the importance of nonlinearity and the inadequacy
of linear governing equations.

The logarithm of the dimensionless differential pressure is presented against time in
Fig. 5b. As predicted by the theoretical analysis, both the linear and nonlinear solutions
converge to straight lines shortly after the start of the test. Although the curves are parallel in
the late-time stage, they exhibit different intercepts. The nonlinear solution closely matches the
experimental data, while the linear solution deviates from it. The results shown in Fig. 5 are
consistent with the theoretical analysis in Sect. 2 (see Egs. (47) and (48)) and the numerical
simulation in Sect. 3 (see Fig. 4c and d). These results provide evidence that the proposed
nonlinear governing equation accurately captures the effect of nonlinearity in the pulse-decay
process.

5 Discussion

5.1 The permeability Evaluation Error Induced by Setting P, = P

char mean

It is proved in Sect. 2 that the logarithmic differential pressure decays linearly with time at
the late-time stage of the pulse-decay test. The slope (or decay rate) can be used to evaluate
apparent permeability when the equilibrium pore pressure is selected as the characteristic
pressure. That is, by substituting the gas compressibility and viscosity under the equilibrium
pore pressure into Eq. (47), the apparent permeability under the equilibrium pore pressure can
be obtained. In some previous studies (Jones 1997; Metwally and Sondergeld 2011; Bhandari
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et al. 2015; Yang et al. 2015; Lin and Myers 2018), the mean pore pressure P,
the characteristic pressure:

mean Was taken as

1 1
Poean = 3Pu0) + 3P,(0) (50)

In general, the equilibrium pore pressure is not equal to the mean pore pressure. In the
pulse-decay tests where the initial pulse is generated by pressurizing the upstream reservoir,
the dimensionless equilibrium pore pressure is b/(a + b + ab), which is generally not equal
to 1/2, even when the upstream and downstream reservoirs are of the same volume (a = b).
In pressure build-up and pressure falloff tests, the equilibrium pore pressure equals P,(0)
and P,(0), respectively, rather than P,,,,,. By replacing P, on the left side of Eq. (48) with
P can» We find that the result is not the apparent permeability under the mean pore pressure,
so we denote it as k

error*

P b, I?
<i+ : >=_%

kerror = K5
error int Pmean Pmean Pmean 9]2 (5 1)
The “real” apparent permeability under the mean pore pressure is denoted as k.
bS
kreal = kapp (Pmean) = kint 1+ (52)
mean

and the error in the permeability evaluation, induced by selecting mean pore pressure as
characteristic pressure, is defined as:

kerror - krea]
6 = ——— x 100% (53)

real
Substituting Eqgs. (51) and (52) into Eq. (53), we have:

b—a-—ab

= 1
a+b+ab£>< 00% 54

It is noted that the relative error é is proportional to € and is also affected by the volume
ratios a and b. Generally, the difference between the mean pore pressure and equilibrium

Fig.6 The error in permeability 10 a="»b
evaluation induced by choos- ' '
ing mean pore pressure as the —
characteristic pressure. Here, the =<2 -
upstream reservoir is assumed -10¢ S~a o]
to have the same volume of the
downstream one .
o =30
&
w
-50 -
e=0.1
- =e=0.2
70 e=05
107 107! 10° 10!
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pore pressure rises as € increases, as does the error caused by the improper selection of
characteristic pressure.

Figure 6 gives the variations of relative error 6 with the volume ratio a and nonlinearity
strength € when two reservoirs of equal volume are used. Since the extra gas from upstream
not only flows downstream but also fills the pores within the sample, the equilibrium pore
pressure is always lower than the mean pore pressure, making the relative error é negative.
As the volume ratio of the pore to the reservoir tends to zero, the influence of pore filling
becomes negligible, as well as the difference between the equilibrium pore pressure and
the mean pore pressure, so that the relative error 6 also tends to zero.

For the pulse-decay tests with constant pressure on one side, the expression for § is:

5= £ X 100%, a=0 55

=\ —ex100%, b=0 (3
which indicates that when the upstream or downstream pressure is kept constant, using
mean pore pressure as the characteristic pressure can lead to an overestimation or under-
estimation of the apparent permeability, with the error expanding with the nonlinearity
strength.

5.2 Effect of Nonlinearity on Duration

The pulse-decay test starts when a pressure pulse is applied and ends when the upstream
and downstream pressure become equal. In general, the test duration becomes shorter
when the sample has a larger cross-sectional area, a shorter length, and higher permeability
(Jones 1997). To quantify the effect of nonlinearity on the duration, we assume that the
core sample and experimental conditions remain the same and define that the pulse-decay
tests terminate when the dimensionless pressure difference between the two ends of the
sample decreases to 0.05, i.e.

AP,(I") =0.05 (56)

where I is the dimensionless duration of the test.
Take the logarithm of Eq. (52) and recall that In AP, can be approximated as a linear
function of time at the late-time stage of the pulse-decay test:

InAPL(I) =f — 0;T = 1n(0.05) (57

where f and —9]2 are the intercept and slope of the In AP, vs. ¢, plot, respectively.
By transforming Eq. (57), the expression for I" can be obtained:

£ —1n (0.05)
=T o (58)

o]

It is noted that the 912 in the denominator is determined by Eq. (37) that only involves
volume ratios a and b, and the constant In (0.05) in the numerator just depends on the
chosen end criterion. Equation (58) was first derived in Wang et al. (2021), where the
initial differential pressure was assumed to be small to ensure the linearity of the governing
equations. The present work considers pulse-decay tests with large initial differential
pressure and therefore nonlinear governing equations. It is demonstrated that, similar to the
linear cases, the pressure difference across the sample with nonlinear governing equations
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Fig. 7 The variations of the 6
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decays exponentially in the late-time stage, so Eq. (58) still applies. The nonlinearity only
affects the intercept f, as seen in Fig. 4.

Previous studies have mainly focused on the effect of volume ratios on the time effi-
ciency of the pulse-decay tests, and their results show that increasing the volume ratios
(i.e., using smaller gas reservoirs) helps to increase 012 and, therefore, reduce the time cost
(Jones 1997; Wang et al. 2021). Since we are concerned with the effect of nonlinearity on
the duration, here the volume of the gas reservoirs is assumed to be equal to that of the
core’s pore space. Figure 7 presents the variations of the duration I with the nonlinear-
ity strength €, for the cases in which both ends of the sample are connected with a finite-
volume reservoir (a = b = 1) or one end is kept at constant pressure (a = 1,b =0 and
a=0,b =1). It is noted that due to the larger volume ratio, the case (a = b = 1) always
takes less time than the other two cases, which is consistent with the previous studies.

Since the nonlinearity speeds up the upstream pressure drop and slows down the
downstream pressure increase, its final influence on the duration depends on the setup of
the tests. For the symmetric case (a = b = 1), the effects of the nonlinearity on both sides
largely cancel out, so the duration I' remains almost constant, despite the nonlinearity
strength €. However, for the asymmetric cases that are affected by the nonlinearity only on
one side, the duration I" could increase (a = 0,5 = 1) or decrease (a = 1,b = 0) with the
nonlinearity strength €. In practical measurements, the nonlinearity strength can be tuned
by changing the initial pressure difference. Therefore, for pressure falloff measurements
with a constant downstream pressure, increasing the initial pressure difference may help to
reduce the time cost. In the original pulse-decay and pressure build-up cases, a small initial
pressure difference is preferred.

6 Conclusions

Based on the law of conservation of mass and Darcy’s law, the general nonlinear governing
equation for the pulse-decay process is derived in this study, with the physical properties
of the testing gas and the porous medium considered pressure-dependent. Through magni-
tude comparison, we found that for sedimentary matrix (shales, sandstones) samples tested
by inert gases (He, Ar, N,), only the pressure dependence of the gas compressibility and
apparent permeability matters, yielding a simplified but still nonlinear governing equation.
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The degree of the nonlinearity in the simplified equation is quantified by a dimensionless
variable € that is proportional to the initial pressure difference but inversely related to the
characteristic pore pressure and slippage factor.

Through the perturbation method and the eigenfunction expansion method, the late-
time behavior of the solution to the nonlinear governing equation is analyzed theoretically.
The results show that the pressure difference between the two ends of the sample decays
exponentially as time proceeds, and thus a straight line can be obtained at the late-time
stage in the plot of logarithmic differential pressure versus time. The nonlinearity only
affects the intercept of the line, not the slope, and apparent permeability can be evaluated
from the latter, as long as the equilibrium pore pressure rather than the mean pore pressure
is chosen as the characteristic pressure. The theoretical results were verified by numerical
simulation. The simulation results further show that in the pulse-decay tests with the same
core sample and equilibrium pore pressure but different initial pressure differences, the
normalized upstream or downstream pressure transients will be separated from each other
when the nonlinearity is considered, and it cannot be accounted for by the linear model.
Such separation was observed in the experiments, which proves the importance of the
nonlinear effect and the rationality of the proposed governing equation.

The error in the apparent permeability evaluation, which is induced by taking the mean
pore pressure as the characteristic pressure, is discussed. The error increases linearly with
the degree of nonlinearity and also depends on the volume ratios. For the pulse-decay
tests with constant upstream (pressure build-up) or downstream pressure (pressure falloff),
the permeability coefficients determined using this procedure will be overestimated or
underestimated, respectively. The effect of nonlinearity on the duration of the pulse-decay
test has also been investigated. It is found that for the tests with reservoirs of finite volume,
the influence of nonlinearity on the upstream and downstream can be approximately offset.
However, in the cases where the upstream or downstream pressure is maintained constant,
the required duration of the tests will increase or decrease with the degree of nonlinearity,
respectively. Notice that the assumptions of our model may be broken when the sample is
highly stress-sensitive or the testing gas is absorptive (e.g., methane or carbon dioxide).
Then the poroelasticity, adsorption, and real gas effects must be taken into account, which
is the focus of our future studies.
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