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A B S T R A C T

The presence of an interlayer at the interface can significantly influence thermal transport, which is crucial
for nanoscale materials and devices. As the structural scale approaches the mean-free-path or wavelength
of phonons, the mode-resolved quantitative description of multiple reflections and transmissions of phonons
between interfaces becomes challenging, thereby limiting the understanding of interfacial thermal transport.
Considering the characteristic size of the structure, we examined the phonon propagation within the nanoscale
interlayer from the perspective of phonon wave behaviors. A transfer matrix method is utilized to compute the
energy transmission spectra of phonons across interfaces and directly determine the effective interfacial thermal
conductance of the 3-layer structure. The model is validated through theoretical calculations involving typical
heterostructures. Additionally, we suggest thermal optimization strategies for GaN-on-diamond structures
incorporating SiN and AlN barrier layers to harness the potential performance of GaN-based electronic devices.
As the interlayer thickness approaches sub-nanometers, we observe weakened phonon scattering, leading to
a substantial enhancement in thermal transport. Energy transmission spectra reveal that this enhancement is
driven by the dominance of tunneling phonons.
1. Introduction

Gallium nitride (GaN)-based devices, for example, GaN high elec-
tron mobility transistors (HEMTs), have exhibited exceptional perfor-
mance in power device applications, offering a broad spectrum of
potential applications in fields such as 5G communication, electric
vehicles, and aerospace [1]. Nevertheless, the impressive power density
of GaN HEMT is accompanied by an extraordinarily high heat flux
density, reaching levels comparable to that of the solar surface within
the channel region [2]. This severely limits device performance, result-
ing in the actual power density of existing GaN devices reaching only
one-eighth of the theoretical value [3]. To address this challenge, the
promising solution involves adopting a high thermal conductivity dia-
mond substrate (∼2000 W m−1 K−1), as a replacement for conventional
substrate materials like sapphire, Si, and SiN (40–400 W m−1 K−1) [4].
Numerous experiments have demonstrated that the integration of dia-
mond substrate into GaN HEMTs, known as GaN-on-diamond HEMTs,
facilitates the rapid dissipation of heat generated within the channel,
thereby significantly improving thermal management efficiency [5,6].
For instance, Tadjer et al. discovered that GaN-on-diamond HEMTs
exhibited a thermal resistance of 1.69 ◦C W−1 mm−1, which is nine
times lower than that of GaN-on-Si HEMTs (10.12 ◦C W−1 mm−1) [7].
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However, the foremost challenge in current GaN-on-diamond device de-
sign lies in the difficulty of directly integrating these two materials [8].
The challenges associated with the direct growth of GaN-on-diamond
include degradation in interface growth quality due to disparities in
thermal expansion coefficients, as well as GaN corrosion caused by
hydrogen active groups generated during chemical vapor deposition
(CVD) of diamond [9]. Moreover, CVD diamond growth occurs at tem-
peratures as high as 900 ◦C, while stability temperature of GaN remains
below 700 ◦C [10]. In this case, the insertion of a nanometric barrier
layer (e.g., SiN, AlN, or Si) is imperative within GaN-on-diamond
structures [11–13]. However, this barrier layer introduces a significant
interfacial thermal resistance (ITR), thereby reducing the heat dissipa-
tion performance of the diamond substrate [14,15]. Understanding the
mechanism behind the generation of ITR and optimizing barrier layers
for GaN-on-diamond devices remain unaddressed challenges.

In semiconductors, heat flux is primarily carried by phonons, en-
compassing a diverse range of modes characterized by varying mean-
free-paths (MFPs) and wavelengths. For instance, in bulk silicon at
room temperature, thermal phonons exhibit MFPs ranging from 10 nm
to 10 μm and wavelengths of 1–10 nm [16]. This complexity in phonon
behaviors adds intricacy to the manipulation of thermal transport in
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nanoscale materials and devices. Traditional transport physics relies
on the particle-like (or incoherent) kinetic theory of phonons to elu-
cidate the thermal transport in bulk materials [17,18]. These criteria
are no longer applicable to many recent devices based on nanostruc-
tures [19,20]. In these systems, the dimensions are on the same order of
magnitude as, or even smaller than, the phonon MFP and wavelength.
Phonon transport is in a non-equilibrium state because the rate of
scattering events experienced by phonons is insufficient to allow them
to return to their equilibrium distribution. Meanwhile, recent studies
indicates that wave-like (or coherent) behaviors of phonons, as lattice
waves in crystalline materials, are equally significant [21–23]. Most
of these studies focus on observing phonon wave-like transport in
periodic structures. In reality, phonon wave behaviors are not lim-
ited to periodic materials, they also exist in multilayer structures and
even within single-component pure materials, representing a universal
characteristic of phonons in crystalline materials [23,24]. As a result,
more advanced heat transport formalisms must be explored, often
necessitating the utilization of complex numerical simulations. The
most prevalent numerical methods rely on molecular dynamics, which
computes the classical trajectories of atoms [25,26]. However, this
atomistic approach is constrained by the typically small size of the
systems under investigation, usually encompassing only a few tens of
thousands of atoms. Alternative approaches based on the Landauer
formalism, such as the Green’s functions method, can effectively ad-
dress wave effects [27,28]. Nevertheless, it encounters challenges when
endeavoring to comprehensively incorporate both the wave-like and
particle-like characteristics of phonons. And there is a strong practical
demand for a straightforward analytical model of heat transfer, reliant
on a small set of parameters relevant at the nanometer scale. Phonons
exhibit wave-like or particle-like behavior, primarily depending on
the continuity of their phase during propagation within nanostruc-
tures [29]. At a single interface, the energy transmission of both
wave-like and particle-like phonons are determined by the laws of
energy and momentum conservation and remain independent of phase
continuity. Therefore, both wave and particle descriptions of phonons
can be employed for single-interface transport calculations within their
respective applicable ranges. However, due to different assumptions
employed, discrepancies may arise in the results obtained from phonon
wave and particle models. We presented a single-interface model for
interfacial thermal conductance (ITC) based on the phonon wave the-
ory [30,31], as depicted in Fig. 1(a). In contrast to the traditional
continuum theory employed for low-frequency phonon waves [32],
this approach considers rigorous phonon-interface scattering behaviors,
including dispersive phonon waves, mode conversion, and various
interfacial geometric configurations.

In this work, a phonon wave theory is proposed to establish an orig-
inal ITC model of the 3-layer structure. This method involves the angle-
, frequency-, and mode-dependent transmission spectra of phonons,
obtained by tracking the actual phonon wave dynamics and utiliz-
ing a resultant wave approach of multiple phonon-interface scattering
events within a transfer matrix calculation. Numerical calculations
demonstrate reasonable agreements with experimental results within
the considered temperature range, as evidenced by precisely designed
typical 3-layer heterostructures. We observe that tunneling and normal
scattering phonons play distinct roles within their respective interlayer
thickness regimes. These conclusions unveil insights into the signifi-
cance of phonon wave behaviors in interfacial thermal transport, and
the thermal optimization of GaN-on-diamond devices.

2. Methodology

As illustrated in Fig. 1(b), the 3-layer structure incorporates multiple
scattering events of phonon waves within the interlayer, as well as
phonon tunneling effects [33,34]. Our model accounts for the contin-
uous process of phonon wave propagation from the top layer through
multiple reflections and transmissions, ultimately transferring energy to
2
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the substrate. Then one can directly quantify the energy transmission of
phonon waves at the interface with a nanometric interlayer. While the
series resistance model is commonly used in experimental works, which
separates the transport process into several thin-film and interfacial
thermal resistances, then sum up these macroscopic values to compute
the overall effective ITC [35–37]. Here, we consider the isotropic
medium, that implies the existence of 3 wave modes (or vibration
polarizations): shear (or transverse) wave within the horizontal plane
(denoted as the SH wave), shear wave within the vertical plane (SV
wave), and pressure (or longitudinal) wave (P wave). It is worth noting
that although SV and P waves are decoupled within the medium, they
undergo a so-called mode conversion process at the interface [38,39].
In other words, when an SV wave impinges on the interface, a portion
of the incident SV wave is converted into a P wave, and vice versa. The
occurrence of mode conversion is governed by the energy conservation.
While the incident SH wave only has the displacement components in
horizontal direction and generates two waves: reflected SH wave and
transmitted SH wave.

To mathematically describe the multiple scattering process, as well
as derive an expression for the transmissivity of phonon waves, we
utilize the resultant wave and transfer matrix methods [40–42]. The
phonon waves are represented by the plane wave equation 𝑢𝑗 = 𝐴𝑒𝑖𝒌𝒋𝒓𝒋 ,

here 𝑢𝑗 is the displacement, 𝐴 is the amplitude, 𝒌𝒋 and 𝒓𝒋 are the
avevector and spatial position of corresponding mode 𝑗, respectively.

n a given medium, due to the identical exponential factors of waves
ith a given mode, they can be combined into a resultant wave with an
ndetermined amplitude. Taking incident SH wave as example, there
re then four resultant waves in the 3-layer structure, one reflected SH
ave in top layer, two SH waves inside the interlayer (forward and
ackward), and one transmitted into the substrate. The amplitude of
ach resultant wave will be determined by the interfacial boundary
onditions, involving the continuity of stress and displacement in both
he horizontal and vertical directions [38]. This approach utilizes a
ransfer matrix to relate the displacement and stress between two dif-
erent points inside the medium. Due to the continuity of the tangential
omponents of wave displacements across the interface in the absence
f interface current, the extension of the transfer matrix to multiple
ayers becomes a straightforward process. The computational details
re provided in the Appendix A.

Further, a simplified mathematical description of ITC 𝐺3→1 from
he side 3 to side 1 within the 3-layer structure can be given by
he Landauer formulism, see Eq. (A.26) in Appendix A. In this for-
ula, the transmission coefficient 𝛼3→1,𝑗 , which is defined as the frac-

ion of phonon energy transmitted across the structure, is determined
y the aforementioned transfer matrix calculation. By solving set of
ontinuity equations at two interfaces: top layer/interlayer and in-
erlayer/substrate, we obtain the amplitude of each excited phonon
ode leading to the knowledge of the individual incidence angle- and
ode-dependent 𝛼3→1,𝑗 (𝜃𝑖). By introducing phonon dispersion relations

etween angular frequencies and wavevectors 𝜔(𝑘), we further obtain
he distribution of 𝛼3→1,𝑗 (𝜃𝑖, 𝜔), which is also frequency-dependent. For
n infinitely thick layer, total internal reflection would occur beyond a
pecific critical incidence angle [38]. Nonetheless, when considering a
ayer with finite thickness (especially the nanometric interlayer consid-
red), the phonon wave will partially penetrate the layer [43]. In terms
f mechanism, acoustic phonons with large wavevectors may partially
enetrate thin films. The energy is transferred by virtual phonons with
maginary wavevectors and decays exponentially. And the reflection
o longer be total. In fact, one can even reach 100% transmission
nder appropriate conditions. This phenomenon of transmission, based
n evanescent waves, is commonly termed as the phonon tunneling
ffect [33,34,44]. In order to consider the tunneling effect, we divide
ll phonons into tunneling phonons (𝜔 ≤ 𝜔𝑐𝑟) and normal-scattering
honons (𝜔 > 𝜔𝑐𝑟) by a critical frequency 𝜔𝑐𝑟. The critical frequency 𝜔𝑐𝑟
s introduced to assess the relationship between the phonon wavelength
𝑝ℎ and the interlayer thickness 𝑑, and 𝜔𝑐𝑟 = 2𝜋𝑣𝑝∕𝑑, where 𝑣𝑝 is the
hase velocity of phonon wave. And the determination of 𝛼3→1,𝑗 (𝜃𝑖, 𝜔)
f tunneling phonons is based on the same mathematical expressions

s mentioned above.
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Fig. 1. (a) Schematic of waves arising when phonon waves with different modes (or vibration polarizations), SH, SV, and P, impinge upon a single interface; (b) propagation of
honon waves within the 3-layer structure: an interlayer labeled as (2) positioned between a top layer (3) and a substrate (1). 𝜆𝑝ℎ and 𝑑 represent the phonon wavelength and
nterlayer thickness, respectively.
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. Results and discussion

.1. Benchmarks of 3-layer phonon wave model

To critically assess the method, we conducted a comparison between
he theoretical and experimental ITC values [45–50]. Our findings
ndicate reasonable agreement without adjustable parameters, thus
alidating the methodology, as shown in Fig. 2. Meanwhile, the ITC
re highly mode-dependent. The use of ITC here serves the purpose
f a unified description, where ITC represents the effective thermal
onductance of the entire system. Due to the nanometer-thin interlayer,
t can be regarded as a component of the interface between the top layer
nd the substrate [45].

It is worth noting that the phonon wave model considers ideal
mooth interfaces and interlayer thicknesses at the nanoscale. When the
nterface roughness increases, the disruption of phonon wave behaviors
ue to the decoherence process of middle- and high-frequency phonons
annot be ignored, requiring careful consideration. In Fig. 2(a), in-
reased interface roughness both diminishes the magnitude of ITC
s suppresses its temperature dependence [46]. Our model assumes
hat the two interfaces within the 3-layer structure are flat, and the
esults align well with measurements of atomically smooth interfaces
RMS roughness 𝜎 < 1 nm). The present 3-layer phonon wave model
ssumes that multiple reflections and transmissions of phonon waves
ithin the interlayer are specular scattering processes. In our previous
ork, we quantified the influence of roughness on single-interface

TC, elucidating the conditions under which the specular assumption
olds [31]. The results indicate that as the RMS roughness is small
nough, typically for the atomically smooth interface (at the sub-
anometer scale), the impact of roughness on ITC can be negligible,
imilar to conclusions drawn from experimental studies [45,51]. Fur-
hermore, middle- and high-frequency phonons are excited at elevated
emperatures, they are more easily scattered by the rough interface,
esulting in reduced transmission coefficients. Consequently, their con-
ribution to the accumulated ITC is diminished, thus suppressing the
emperature dependence of ITC. In Fig. 2(g), experimental observations
uggest that the ITC values of the interface between Al and oxygen-
erminated diamond, denoted as Al/5.7% O:diamond (green dots),
re closely matched with those of Al/Al2O3/5.7% O:diamond 3-layer
tructure (yellow dots) [47,49]. Despite the absence of experimental
ata for the Al/Al O /diamond for direct comparison, the calculated
3

2 3
TC for Al/Al2O3/diamond closely approximates the experimental ITC
f Al/diamond, leading to the same conclusion. Additionally, we con-
ucted a detailed analysis of the phonon spectra and accumulated
TC for these materials, confirming the significance of phonon wave
ehaviors within the 3-layer structure. More details can be found in
ppendix B.

.2. Application to GaN-on-diamond devices

Furthermore, we analyze the heat transfer performance of AlN and
iN barrier layers in GaN-on-diamond devices using the phonon wave
odel. We explore the phonon transport mechanisms exhibited by

hese materials, which is crucial for improving the thermal manage-
ent and optimizing the performance of GaN-on-diamond devices.

Fig. 3(a) and (g) demonstrate the agreement between the predicted
nd measured ITC of GaN/AlN/diamond and GaN/SiN/diamond 3-
ayer structures [17]. The contributions of the three modes to the
TC are quite similar in proportion of both barrier layers, as demon-
trated in Fig. 3(b) and (h). The plots of frequency-dependent phonon
avelength 𝜆𝑝ℎ,𝑗 (𝜔) [Fig. 3(c) and (i)] reveal critical frequencies 𝜔𝑐𝑟

(intersection), which separate normal scattering and tunneling phonons
in transmission spectra [Fig. 3(d)–(f) and (j)–(i)]. In addition, the
spectrum is divided into two regions: tunneling (𝜔 ≤ 𝜔𝑐𝑟) and normal
scattering (𝜔 > 𝜔𝑐𝑟). The primary distinction between two transport
mechanisms is that for normal scattering phonons, when the incidence
angle exceeds the critical angle 𝜃𝑖 > 𝜃𝑐𝑟, total internal reflection occurs,
resulting in a transmission coefficient 𝛼3→1,𝑗 of zero. In contrast, for
tunneling phonons, as 𝜃𝑖 > 𝜃𝑐𝑟, due to the wavelength being larger
than the interlayer thickness 𝜆𝑝ℎ > 𝑑, partial energy still penetrates
the interlayer via evanescent waves, leading to a nonzero 𝛼3→1,𝑗 . Ad-
ditionally, the spectra reveal that GaN/SiN/diamond exhibits higher
ITC than GaN/AlN/diamond for two primary reasons: a notably higher
overall 𝛼3→1,𝑗 , as well as larger critical angles, resulting in reduced total
internal reflection or phonon wave scattering. It is worth noting that in
the experiment [17], the thickness of the SiN buffer layer (2 nm) is less
than that of the AlN layer (5 nm). This results in GaN/SiN/diamond
having a higher critical frequency 𝜔𝑐𝑟 than GaN/AlN/diamond, which
enhances heat conduction.

Moreover, the transmission spectra exhibit multiple bandgaps, indi-
cating the phonon interference effects within the 3-layer structure [52,
53]. The interference effects results in the overlapping of phonon
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Fig. 2. Comparison of overall ITC 𝐺3→1 versus temperature 𝑇 , as predicted by the phonon wave model, with experimental results of virous 3-layer structures with typical materials,
Al/SiO2/Si, Au/SiO2/Si, Al/Al2O3/Si, and Al/Al2O3/diamond [45–50]. And calculated mode-resolved ITC 𝐺3→1,𝑗 quantifies the contributions of incident waves in three different

odes to the total thermal transport. 𝜎 is the root mean square roughness of the interface. (For interpretation of the references to color in this figure legend, the reader is referred
o the web version of this article.)
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aves, forming bandgaps within specific frequency ranges where
honon energy is either prevented from propagating or constrained
52]. In summary, the confinement caused by total internal reflection
nd interference effects effectively reduces the heat conductance of the
-layer structure. However, the tunneling of phonon waves partially
estores heat conductance [54]. The interplay between confinement,
nterference, and tunneling of phonon waves contributes to the complex
eat conductance behavior observed in the 3-layer structure.
4

r

Further, we conduct a more in-depth examination of the prop-
gation directions of phonon waves (or heat flux) to quantitatively
alidate the confinement characteristics. When phonon waves scatter at
nterfaces, energy conservation is satisfied only when all the generated
aves [Fig. 1(a)] are present (with angles 𝜃𝑗 < 90◦). Otherwise, total

nternal reflection or tunneling occurs. This implies that if any of
he generated waves reach 90◦, the critical angle 𝜃𝑐𝑟 will appear and

epresent the discontinuity in 𝛼3→1,𝑗 in the 𝑦-direction (Fig. 3). Fig. 4
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Fig. 3. Predicted and measured overall ITC 𝐺3→1 of GaN-on-diamond with AlN and SiN barrier layers [17], and corresponding mode-resolved ITC 𝐺3→1,𝑗 , phonon wavelength as
a function of frequency 𝜆𝑝ℎ,𝑗 (𝜔𝑗 ), and energy transmission spectra 𝛼3→1,𝑗 (𝜃𝑖 , 𝜔).
illustrates the critical angles corresponding to SH, SV, and P incident
waves. Note that SH incident waves only produce SH waves, without
any mode conversion to generate P waves. Therefore, there is no need
to consider whether P waves within any layer reach 90◦. However,
for SV or P incident wave, which scatters with mode conversion, the
𝜃𝑐𝑟 is determined by the distribution of waves for all modes. We find
that angular distributions of GaN/AlN/diamond and GaN/SiN/diamond
exhibit a similar trend. This is in contrast to the noticeable differences
observed in other materials (Fig. B.8 in Appendix B). The similarity in
angular distribution is attributed to the analogous relationship in phase
velocities between AlN and SiN compared to GaN and diamond (see
Fig. 4).

In Fig. 5, theoretical results show that under the same tempera-
ture, interlayer thickness, crystal structure (phonon dispersion), ITC of
GaN/SiN/diamond is slightly higher than that of GaN/AlN/diamond.
For instance, at 300 K, as 𝑑 increases from 0.6 nm to 20 nm, the
deviation in ITC between them ranges from 3.87% to 8.54%. This is at-
tributed to larger 𝜃𝑐𝑟 (Fig. 4) and overall higher values of 𝛼3→1,𝑗 (Fig. 3)
of GaN/SiN/diamond. While in Fig. 3 of the examined experimental
data [17], the significant difference in ITC between GaN/SiN/diamond
and GaN/AlN/diamond is attributed to their inherent material prop-
erties, as well as smaller 𝑑 of the SiN barrier layer and the distinct
crystal structure of GaN. The mode-resolved ITCs indicate that when 𝑑
is smaller, the ITC of SH waves increases significantly and is notably
higher than that of SV and P waves. The fundamental reason is that
𝜔 increases with decreasing 𝑑, leading to a higher proportion of
5

𝑐𝑟
tunneling phonons (Fig. 3). Additionally, in contrast to SV waves, SH
waves scatter without mode conversion, resulting in higher 𝛼3→1,𝑗 for
tunneling phonons. Consequently, from a macroscopic perspective, SH
waves exhibit a higher ITC than that of SV waves. However, compared
to P waves, in addition to the influence of energy transmission coef-
ficients, there are also differences in velocities and phonon density of
state between SH and P waves. Moreover, the critical angles for SH and
P waves are also different. Therefore, the contributions of P waves and
SH waves to the total ITC are influenced by more factors and require
specific analysis. Furthermore, in Fig. 5(a) and (c), when 𝑑 reduces
to the sub-nanometer scale (∼0.8 nm), both GaN/SiN/diamond and
GaN/AlN/diamond exhibit the ITC, forming a plateau. This is because
at this point, the wavelengths 𝜆𝑝ℎ of all phonon waves that dominate
ITC are larger than 𝑑. These phonons transfer energy through tunneling,
possessing higher values of 𝛼3→1,𝑗 , hence resulting in maximum ITC. As
𝑑 decreases continuously, no additional tunneling phonons are excited,
thus, ITC remains at the plateau level.

The energy transmission spectra in Fig. 3 considers different in-
terlayer thicknesses for the GaN/AlN/diamond and GaN/SiN/diamond
structures. To facilitate comparison of the energy transmission among
different interlayer materials, we further calculate the energy trans-
mission spectra for three incident modes of GaN/AlN/diamond and
GaN/SiN/diamond with the same interlayer thickness (Fig. 6). We
select the interlayer thickness 𝑑 to be 0.5 nm. For this thickness,
as illustrated in Fig. 3(c) and (i), the interlayer thickness is smaller
than the minimum wavelength of incident phonons for both structures.
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Fig. 4. The angular distribution spectra of waves generated within each layer 𝜃𝑗 with respect to the incidence angle 𝜃𝑖, frequency 𝜔, and mode 𝑗 for GaN/AlN/diamond and
GaN/SiN/diamond.

Fig. 5. Overall ITC as a function of interlayer thickness of GaN/AlN/diamond and GaN/SiN/diamond at different temperatures, and corresponding mode-resolved ITC.
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Fig. 6. Energy transmission spectra for (a) GaN/AlN/diamond and (b) GaN/SiN/diamond with interlayer thickness 𝑑 = 0.5 nm.
Consequently, phonon tunneling occurs for all frequencies when the
incidence angle exceeds the critical angle, resulting in a plateau in
the ITC of both structures, as depicted in Fig. 5. Additionally, similar
to the energy transmission spectra in Fig. 3, the critical angle and
transmission coefficients of GaN/SiN/diamond are slightly higher than
those of GaN/AlN/diamond, resulting in slightly higher ITC values for
GaN/SiN/diamond in Fig. 5.

4. Conclusions

In summary, a phonon wave model is presented to describe heat
transport in 3-layer heterostructures with nanometric interlayers. The
model is based on a microscopic and continuous description of mul-
tiple reflections and transmissions of phonons within the interlayer,
enabling the direct calculation of effective ITC. Compared to the series
resistance model, this approach can avoid the uncertainty introduced
by the measurement of interlayer thermal conductivity. Furthermore,
the validity of employing phonon wave description is demonstrated for
3-layer structures with atomically smooth interfaces at temperatures
below or around room temperature. While exploring internal transport
mechanisms, we conducted a quantitative analysis of phonon energy
and angular spectra, mode-resolved transmission coefficients and ITC,
along with critical parameters determined by interface scattering and
phonon dispersions. The results suggest the existence of phonon wave
behaviors within the structure, including interference, transitions from
normal scattering to tunneling, and confinement effect arising from
total internal reflection and mode conversion. When applied to GaN-
on-diamond devices, we quantified the influence of temperature and
interlayer thickness on the ITC of GaN-on-diamond layered structures
with SiN and AlN barrier layers. Theoretical analysis suggests that
by modifying the material properties and geometric structure of the
3-layer configuration, it is feasible to effectively control the complex in-
ternal phonon wave behaviors, providing novel insights into enhancing
thermal transport in GaN-on-diamond devices.
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Appendix A. Method and computational details

A.1. Transfer matrix method

Displacement and Stress of Plane Waves. Within the 𝑛th layer of
a multilayer structure or material, the displacement 𝑢𝑗,𝑛 with a given
mode 𝑗 of the harmonic plane wave can be expressed as [38]:

𝑢𝑗,𝑛(𝑧) = 𝐴𝑗,𝑛𝑒
𝑖𝒌𝒋,𝒏𝒓𝒋,𝒏 , (A.1)

where 𝑛 = 1, 2, and 3 represents the substrate, interlayer, and top
layer, respectively, as depicted in Fig. 1(b), 𝐴𝑗,𝑛, 𝒌𝒋,𝒏, and 𝒓𝒋,𝒏 denote
the displacement amplitude, wavevector, and space vector of the cor-
responding wave with mode 𝑗 in the 𝑛th layer, respectively. The time
dependence 𝑒−𝑖𝜔𝑡 in the plane wave equation can be omitted due to the
considered steady-state system, and the initial phase of the wave, 𝜑, is
assumed to be zero. The stress for shear waves is given by

𝑆𝑆,𝑗,𝑛(𝑧) = 𝜇𝑛
𝜕𝑢𝑗,𝑛
𝜕𝑧

, (A.2)

and the stress for pressure waves is

𝑆 (𝑧) = (𝜆 + 2𝜇 )
𝜕𝑢𝑗,𝑛 , (A.3)
𝑃 ,𝑗,𝑛 𝑛 𝑛 𝜕𝑧
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where 𝜇𝑛 and 𝜆𝑛 are the Lamé elastic constants of the material consti-
tuting the 𝑛th layer.

Incident SH wave. Considering an incident SH wave, the ampli-
tudes of the incident, reflected, and transmitted waves in the 3-layer
structure can be expressed as column vectors [40,42]:

𝒘𝟑 =
[

𝐴𝑖𝑆,3
𝐴𝑟𝑆,3

]

,𝒘𝟐 =
[

𝐴𝑡𝑆,2
𝐴𝑟𝑆,2

]

,𝒘𝟏 =
[

𝐴𝑡𝑆,1
0

]

, (A.4)

in the subscript 𝑖, 𝑟, and 𝑡 represent the incident, reflected, and trans-
itted wave, respectively. Therefore, the displacement and stress conti-
uity of the two interfaces within the 3-layer structure can be expressed
s follows:

𝟑(𝑧2)𝒘𝟑 = 𝑯𝟐(𝑧2)𝒘𝟐, (A.5)

𝑯𝟐(𝑧1)𝒘𝟐 = 𝑯𝟏(𝑧1)𝒘𝟏, (A.6)

where the 2 × 2 coefficient matrix 𝑯𝒏 (𝑧) is introduced, based on
Eqs. (A.1)–(A.3) to describe the wave displacement and stress at the
interfaces 𝑧1 and 𝑧2

𝑯𝒏 (𝑧) =
[

𝑒𝑖𝑧𝑘𝑡𝑆,𝑛𝑐𝑜𝑠𝜃𝑡𝑆,𝑛 𝑒−𝑖𝑧𝑘𝑟𝑆,𝑛𝑐𝑜𝑠𝜃𝑟𝑆,𝑛
𝜇𝑛𝑘𝑡𝑆,𝑛𝑐𝑜𝑠𝜃𝑡𝑆,𝑛𝑒𝑖𝑧𝑘𝑡𝑆,𝑛𝑐𝑜𝑠𝜃𝑡𝑆,𝑛 −𝜇𝑛𝑘𝑟𝑆,𝑛𝑐𝑜𝑠𝜃𝑟𝑆,𝑛𝑒−𝑖𝑧𝑘𝑟𝑆,𝑛𝑐𝑜𝑠𝜃𝑟𝑆,𝑛

]

.

(A.7)

Eliminating the intermediate vector 𝒘𝟐, we establish the relation-
ship between 𝒘𝟑 and 𝒘𝟏 as follows:

𝒘𝟏 = 𝑻𝒘𝟑, (A.8)

where the transfer matrix 𝑻 =
[

𝑯𝟏
(

𝑧1
)]−1 𝑯𝟐

(

𝑧1
) [

𝑯𝟐
(

𝑧2
)]−1 𝑯𝟑

(

𝑧2
)

.
The propagation angles 𝜃𝑗 of generated waves within the 3-layer struc-
ture, as shown in Fig. 1(b), are interconnected in accordance with
Snell’s law [38]. By solving Eq. (A.8), we can compute the amplitude
ratio 𝐴𝑡𝑆,1∕𝐴𝑖𝑆,3 of the transmitted SH wave entering the substrate to
the incident SH wave.

For a given phonon wave, the time-averaged power transfer per unit
area across the interface 𝜂𝑗,𝑛 can be expressed as [39]:

𝜂𝑗,𝑛 =
1
2
𝜌𝑛𝜔

2𝑣𝑔,𝑗,𝑛𝐴
2
𝑗,𝑛, (A.9)

where 𝜔 is the angular frequency, 𝑣𝑔,𝑗,𝑛 is the group velocity, 𝜌𝑛 is the
mass density of corresponding medium.

We assume elastic scattering at the interface, where an incident
phonon can only excite phonons with the same frequency 𝜔𝑖 = 𝜔𝑟 =
𝜔𝑡, and the components of the wavevector parallel to the interface
are conserved. Based on the obtained amplitude ratio 𝐴𝑡𝑆,1∕𝐴𝑖𝑆,3 and
the portion of phonon wave energy transmitted through the 3-layer
structure, the transmission coefficient of incident SH wave 𝛼3→1,𝑆𝐻 is
determined as follows:

𝛼3→1,𝑆𝐻 =
𝜂𝑡𝑆,1
𝜂𝑖𝑆,3

=
𝜌1𝑣𝑔,𝑆,1𝑐𝑜𝑠𝜃𝑡𝑆,1
𝜌3𝑣𝑔,𝑆,3𝑐𝑜𝑠𝜃𝑖𝑆,3

(𝐴𝑡𝑆,1

𝐴𝑖𝑆,3

)2
. (A.10)

Incident SV or P wave. The situations involving the incidence of SV
nd P waves onto the structure are analogous to the incident SH wave.
owever, the computations for these two types of waves are more

ntricate due to the existence of mode conversions, as illustrated in
ig. 1. The column vectors 𝒘𝒏 in the top layer, interlayer, and substrate

comprise of four amplitude terms

𝒘𝟑 =

⎡

⎢

⎢

⎢

⎢

⎣

𝐴𝑖𝑆,3
𝐴𝑖𝑃 ,3
𝐴𝑟𝑆,3
𝐴𝑟𝑃 ,3

⎤

⎥

⎥

⎥

⎥

⎦

,𝒘𝟐 =

⎡

⎢

⎢

⎢

⎢

⎣

𝐴𝑡𝑆,2
𝐴𝑡𝑃 ,2
𝐴𝑟𝑆,2
𝐴𝑟𝑃 ,2

⎤

⎥

⎥

⎥

⎥

⎦

,𝒘𝟏 =

⎡

⎢

⎢

⎢

⎢

⎣

𝐴𝑡𝑆,1
𝐴𝑡𝑃 ,1
0
0

⎤

⎥

⎥

⎥

⎥

⎦

, (A.11)

where 𝐴𝑖𝑃 ,3 = 0 for incident SV wave, while 𝐴𝑖𝑆,3 = 0 for incident P-
wave. The displacement and stress continuity conditions of the 3-layer
structure are as follows:
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z

𝑯𝟑(𝑧2)𝒘𝟑 = 𝑯𝟐(𝑧2)𝒘𝟐, (A.12)

𝟐(𝑧1)𝒘𝟐 = 𝑯𝟏(𝑧1)𝒘𝟏, (A.13)

hile 𝑯𝒏 (𝑧) here is the 4 × 4 coefficient matrix and defined as

𝒏 (𝑧) = 𝑵𝒏 (𝑧)𝑴𝒏 (𝑧) , (A.14)

here the matrix

𝒏 (𝑧)

=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

−𝑠𝑖𝑛𝜃𝑡𝑆,𝑛 𝑐𝑜𝑠𝜃𝑡𝑃 ,𝑛 𝑠𝑖𝑛𝜃𝑟𝑆,𝑛 −𝑐𝑜𝑠𝜃𝑟𝑃 ,𝑛
𝑐𝑜𝑠𝜃𝑡𝑆,𝑛 𝑠𝑖𝑛𝜃𝑡𝑃 ,𝑛 𝑐𝑜𝑠𝜃𝑟𝑆,𝑛 𝑠𝑖𝑛𝜃𝑟𝑃 ,𝑛

− 𝜇𝑛
𝑣𝑆,𝑛

𝑠𝑖𝑛2𝜃𝑡𝑆,𝑛
𝜆𝑛+2𝜇𝑛𝑐𝑜𝑠2𝜃𝑡𝑃 ,𝑛

𝑣𝑃 ,𝑛
− 𝜇𝑛

𝑣𝑆,𝑛
𝑠𝑖𝑛2𝜃𝑟𝑆,𝑛

𝜆𝑛+2𝜇𝑛𝑐𝑜𝑠2𝜃𝑟𝑃 ,𝑛
𝑣𝑃 ,𝑛𝜇𝑛

𝑣𝑆,𝑛
𝑐𝑜𝑠2𝜃𝑡𝑆,𝑛

𝜇𝑛
𝑣𝑃 ,𝑛

𝑠𝑖𝑛2𝜃𝑡𝑃 ,𝑛 − 𝜇𝑛
𝑣𝑆,𝑛

𝑐𝑜𝑠2𝜃𝑟𝑆,𝑛 − 𝜇𝑛
𝑣𝑃 ,𝑛

𝑠𝑖𝑛2𝜃𝑟𝑃 ,𝑛

⎤

⎥

⎥

⎥

⎥

⎥

⎦

,

(A.15)

nd

𝒏 (𝑧)

=

⎡

⎢

⎢

⎢

⎢

⎣

𝑒𝑖𝑧𝑘𝑡𝑆,𝑛𝑐𝑜𝑠𝜃𝑡𝑆,𝑛 0 0 0
0 𝑒𝑖𝑧𝑘𝑡𝑃 ,𝑛𝑐𝑜𝑠𝜃𝑡𝑃 ,𝑛 0 0
0 0 𝑒−𝑖𝑧𝑘𝑟𝑆,𝑛𝑐𝑜𝑠𝜃𝑟𝑆,𝑛 0
0 0 0 𝑒−𝑖𝑧𝑘𝑟𝑃 ,𝑛𝑐𝑜𝑠𝜃𝑟𝑃 ,𝑛

⎤

⎥

⎥

⎥

⎥

⎦

.

(A.16)

Eliminating the intermediate vector 𝒘𝟐, the amplitude ratios are
lso calculated using Eq. (A.8). The transmission coefficient for incident
V wave, which includes the contribution of two mode of transmitted
aves (SV and P waves) in the substrate, can be expressed as

3→1,𝑆𝑉 =
𝜂𝑡𝑆,1
𝜂𝑖𝑆,3

+
𝜂𝑡𝑃 ,1
𝜂𝑖𝑆,3

, (A.17)

here, according to Eq. (A.9) and using the calculated amplitude ratios,
he energy ratio of the transmitted SV wave (in the substrate) to the
ncident SV wave (in the top layer) is

𝜂𝑡𝑆,1
𝜂𝑖𝑆,3

=
𝜌1𝑣𝑔,𝑆,1𝑐𝑜𝑠𝜃𝑡𝑆,1
𝜌3𝑣𝑔,𝑆,3𝑐𝑜𝑠𝜃𝑖𝑆,3

(𝐴𝑡𝑆,1

𝐴𝑖𝑆,3

)2
, (A.18)

nd the energy ratio of the transmitted P wave to the incident SV wave
s
𝜂𝑡𝑃 ,1
𝜂𝑖𝑆,3

=
𝜌1𝑣𝑔,𝑃 ,1𝑐𝑜𝑠𝜃𝑡𝑃 ,1
𝜌3𝑣𝑔,𝑆,3𝑐𝑜𝑠𝜃𝑖𝑆,3

(𝐴𝑡𝑃 ,1

𝐴𝑖𝑆,3

)2
. (A.19)

The transmission coefficient for the incident P wave also comprises
wo terms

3→1,𝑃 =
𝜂𝑡𝑆,1
𝜂𝑖𝑃 ,3

+
𝜂𝑡𝑃 ,1
𝜂𝑖𝑃 ,3

, (A.20)

here the energy ratios

𝜂𝑡𝑆,1
𝜂𝑖𝑃 ,3

=
𝜌1𝑣𝑔,𝑆,1𝑐𝑜𝑠𝜃𝑡𝑆,1
𝜌3𝑣𝑔,𝑃 ,3𝑐𝑜𝑠𝜃𝑖𝑃 ,3

(𝐴𝑡𝑆,1

𝐴𝑖𝑃 ,3

)2
, (A.21)

nd
𝜂𝑡𝑃 ,1
𝜂𝑖𝑃 ,3

=
𝜌1𝑣𝑔,𝑃 ,1𝑐𝑜𝑠𝜃𝑡𝑃 ,1
𝜌3𝑣𝑔,𝑃 ,3𝑐𝑜𝑠𝜃𝑖𝑃 ,3

(𝐴𝑡𝑃 ,1

𝐴𝑖𝑃 ,3

)2
. (A.22)

By solving this set of equations of the 3-layer structure, we obtain
he amplitude of each excited mode, leading to the knowledge of
he individual mode-dependent energy transmission coefficient, which
s defined as the fraction of phonon energy transmitted across the
tructure.

.2. Phonon dispersions and effective interfacial thermal conductance

Treatment on the Phonon Dispersions. It is well known that the
se of Debye dispersion overestimates the contributions of Brillouin-
one edge phonons to the thermal transport [55,56]. Therefore, instead,
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we utilize real phonon dispersions with isotopic approximation to
determine the frequency-dependent transmission coefficient 𝛼3→1,𝑗 and
interfacial thermal conductance (ITC). Phonon dispersions obtained
from experiments or first-principles results serve as inputs for the
transfer matrix calculation. And phonon dispersions for materials con-
sidered in this study (Al [57], Au [58], SiO2 [59], Si [60], Al2O3 [61],
diamond [62], GaN [63,64], SiN [65], and AlN [64]) are formulated
by fitting a fourth-order polynomial to experimentally obtained or first-
principle values of frequency 𝜔𝑗 as a function of wavevector 𝑘, for each
acoustic polarization branch 𝑗:

𝜔𝑗 (𝑘) =
4
∑

𝑚=1
𝑎𝑗,𝑚𝑘

𝑚. (A.23)

For a given frequency 𝜔𝑗 of the incident wave, the group velocity

𝑣𝑔,𝑗 (𝜔) =
𝜕𝜔
𝜕𝑘

, (A.24)

and the phase velocity

𝑣𝑝,𝑗 (𝜔) =
𝜔
𝑘
, (A.25)

are determined by the dispersion relations given in Eq. (A.23). By
introducing the frequency-dependent velocities into the transfer matrix
calculation of the 3-layer structure, the model can incorporate lattice
discreteness effects that are not accounted for in traditional acoustic
theories.

Landauer Formalism. By substituting the frequency-dependent ve-
locities 𝑣𝑔,𝑗 (𝜔) and 𝑣𝑝,𝑗 (𝜔) into the transfer matrix calculation, as well
s transmission coefficients of three modes given by Eqs. (A.10), (A.17),
nd (A.20), we obtain the mode-, angular- and frequency-dependent
or spectral) transmission coefficients 𝛼3→1,𝑗 (𝜃𝑖, 𝜔). Moreover, utilizing

these calculated 𝛼3→1,𝑗 (𝜃𝑖, 𝜔), we can estimate the effective ITC 𝐺3→1 of
the 3-layer structure by summing over all phonon-wave contributions
with the Landauer formula [32]:

𝐺3→1 =
1
2
∑

𝑗 ∫

𝜔𝑐𝑢𝑡𝑜𝑓𝑓

0 ∫

𝜋
2

0
ℏ𝜔𝑣𝑔,𝑗𝛼3→1,𝑗𝐷𝑗

𝜕𝑓
𝜕𝑇

𝑐𝑜𝑠𝜃𝑖𝑠𝑖𝑛𝜃𝑖𝑑𝜃𝑖𝑑𝜔, (A.26)

where 𝜔𝑐 is the cutoff frequency, 𝐷𝑗 = 𝜔2∕
(

2𝜋2𝑣𝑔,𝑗𝑣2𝑝,𝑗
)

is the density

f states, 𝑓 =
[

𝑒𝑥𝑝
(

ℏ𝜔∕𝑘𝐵∕𝑇
)

− 1
]−1 is the Bose–Einstein distribution

function of phonons, 𝑘𝐵 is the Boltzmann constant, and ℏ = ℎ∕2𝜋 is
he reduced Planck’s constant. Note that the cutoff frequency 𝜔𝑐𝑢𝑡𝑜𝑓𝑓
orresponds to the lowest acoustic branch of the materials on both
ides of the interface. When the incident frequency 𝜔 exceeds 𝜔𝑐𝑢𝑡𝑜𝑓𝑓 ,

one or more branches will lack its corresponding state 𝜔𝑗 (𝑘), and the
interface continuity condition will not be satisfied, resulting in total
internal reflection of the incident wave [30].

A.3. Tunneling phonons and mathematical formulation

Taking the total internal reflection and tunneling of SH waves as
an example. As shown in Fig. 1(a) in the manuscript, according to
Snell’s Law 𝑣𝑡𝑆,𝐵∕𝑣𝑖𝑆,𝐴 = 𝑠𝑖𝑛𝜃𝑡𝑆,𝐵∕𝑠𝑖𝑛𝜃𝑖𝑆,𝐴, as 𝑣𝑡𝑆,𝐵 ≤ 𝑣𝑖𝑆,𝐴, 𝜃𝑡𝑆,𝐵 takes
real values, there must be a transmitted wave. If 𝑣𝑡𝑆,𝐵 > 𝑣𝑖𝑆,𝐴 and
the angle of the transmitted SH wave 𝜃𝑡𝑆,𝐵 = 𝜋∕2, the incident angle
determined by Snell’s Law is the critical incident angle of the SH wave,
denoted as 𝜃𝑐𝑟. In this case, the transmitted wave propagates along the
interface. If 𝜃𝑖𝑆,𝐴 > 𝜃𝑐𝑟, 𝜃𝑡𝑆,𝐵 is a complex value, and the transmitted
wave becomes an SH surface wave propagating along the interface. In
this case, 𝜃𝑡𝑆,𝐵 = 𝜋∕2+ 𝑖𝜑, where 𝜑 = 𝑎𝑟𝑐𝑐ℎ(𝑣𝑡𝑆,𝐵𝑠𝑖𝑛𝜃𝑖𝑆,𝐴∕𝑣𝑖𝑆,𝐴), and the
displacement of the transmitted SH surface wave is

𝑢𝑡𝑆,𝐵 = 𝐴𝑡𝑆,𝐵 exp(−
𝑧𝜔𝑠ℎ𝜑
𝑣𝑡𝑆,𝐵

) exp(
𝑖𝑥𝜔𝑐ℎ𝜑
𝑣𝑡𝑆,𝐵

). (A.27)

The displacement of the SH surface wave decays exponentially with
ncreasing depth 𝑧 into medium B, indicating that the transmitted SH
ave is limited within the surface region of medium B. And the trans-
ission coefficient is zero. However, in the presence of an interlayer
9

at the interface with small thickness, the contribution of SH surface
waves to the transmission cannot be ignored. Eq. (A.27) indicates that,
for a given 𝜃𝑖𝑆,𝐴 with determined 𝜑, 𝑢𝑡𝑆,𝐵 is related to the phonon
frequency 𝜔 and propagation depth 𝑧. For a 3-layer structure, 𝜔∕𝑣𝑡𝑆,𝐵
can be interpreted as the attenuation rate of 𝑢𝑡𝑆,𝐵 . Due to dissipation
effects, SH surface wave will not propagate infinitely along the 𝑥-
direction with its energy gradually decaying to zero. Considering the
complexity of dissipation effects, as well as more complex P and SV
wave calculations with mode conversion, referring to previous works,
we assume that phonons with wavelength larger than the interlayer
thickness can transfer energy into the third medium by the tunneling
of surface wave. By introducing an effective critical frequency, we
associate the attenuation rate 𝜔∕𝑣𝑡𝑆,𝐵 with the propagation depth 𝑧 →

𝑑, as 𝑢𝑡𝑆,𝐵 → 0. When 𝑧 → 𝑑, the energy of high-frequency phonons
is considered to approach zero. Thermal phonons are matter particles
with wave-like properties, and their wavelength 𝜆𝑝ℎ,𝑗 for a given mode
𝑗 can be calculated using the following formula [18]:

𝜆𝑝ℎ,𝑗 =
2𝜋𝑣𝑝,𝑗
𝜔𝑗

, (A.28)

where the phase velocity of the thermal phonon 𝑣𝑝,𝑗 is determined by
Eq. (A.25), using the information about the Brillouin zone in the crystal
and the phonon dispersion relations. Additionally, a critical frequency
𝜔𝑐𝑟,𝑗 = 2𝜋𝑣𝑝,𝑗∕𝑑 is determined to divide all phonons into tunneling
phonons (𝜔 ≤ 𝜔𝑐𝑟) and normal-scattering phonons (𝜔 > 𝜔𝑐𝑟), where
𝑑 is the interlayer thickness.

The integration over frequency in Eq. (A.26) needs to be divided
into sections to account for the tunneling and normal scattering.
For normal-scattering phonons, when the incidence angle 𝜃𝑖 exceeds
the critical angle 𝜃𝑐𝑟, the transmission coefficient 𝛼3→1,𝑗 of normal-
scattering phonons is zero. However, for tunneling phonons, 𝛼3→1,𝑗
can be nonzero and calculated using the transfer matrix established
in the previous section. By treating tunneling and normal-scattering
phonons as two distinct groups, the integration over the frequency is
thus divided into two sections, allowing us to express the overall ITC
of the 3-layer structure as follows:

𝐺3→1 = 𝐺3→1, 𝑡𝑢𝑛𝑛𝑒𝑙𝑖𝑛𝑔
|

|

|

𝜔𝑐𝑟

0
+ 𝐺3→1,𝑛𝑜𝑟𝑚𝑎𝑙

|

|

𝜔𝑐𝑢𝑡𝑜𝑓𝑓
𝜔𝑐𝑟

. (A.29)

Appendix B. Quantitative analysis of phonon wave behaviors

We examine the phonon wave behaviors within several typical
heterogeneous structure mentioned in the main text, including the
microscopic mechanisms behind the phonon energy and angle spectra,
as well as the contributions of different modes to heat conduction.

B.1. Energy transmission spectra and division of transport mechanisms

The model offers microscopic information through transmission
spectra 𝛼3→1,𝑗 , indicating that the energy transmission of phonon is
highly angle-, frequency-, and mode-dependent. In Fig. B.7, the trans-
mission spectrum is divided into the tunneling region (𝜔 ≤ 𝜔𝑐𝑟) and
the normal scattering region (𝜔 > 𝜔𝑐𝑟). In the normal scattering region,
as 𝜃𝑖 > 𝜃𝑐𝑟, total internal reflection occurs, and no energy transmitted
through the 3-layer structure. In contrast, for tunneling phonons, as
𝜃𝑖 > 𝜃𝑐𝑟, partial incident energy still penetrates the interlayer via
an evanescent wave. This highlights the significance of the phonon
tunneling effect within the 3-layer structure. The multiple bandgaps
indicate the phonon interference effect within the 3-layer structure.
As phonons traverse through a multilayer structure, they undergo
reflection and transmission at various material interfaces, giving rise to
interference phenomena. The confinement resulting from total internal
reflection and interference reduces the heat conductance of the 3-
layer structure, whereas the tunneling effect contributes to a moderate
recovery. A systematic analysis is required to understand the influence
of temperature and interlayer thickness on ITC of 3-layer structure.
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Fig. B.7. Energy transmission spectra and wavelengths of phonons for (a) Al/SiO2/Si, (b) Au/SiO2/Si, (c) Al/Al2O3/Si, and (d) Al/Al2O3/diamond. The transmission spectra are
calculated using Eqs. (A.10), (A.17), and (A.20), and these equations are further integrated with phonon dispersions. The transmission spectra exhibit dependence on phonon
frequency, angle, and mode. In the plot of 𝜆𝑝ℎ,𝑗 (𝜔), we have depicted the interlayer thickness corresponding to the interface under consideration. The frequencies corresponding
to the intersections of the curves represent the critical frequencies that separate normal scattering and tunneling phonons.
B.2. Angle spectra of phonon waves

For a given incident angle, the angles of various mode phonon
waves within each layer are determined by Snell’s law and the
frequency-dependent phase velocity. As depicted in Fig. B.8, it becomes
evident that replacing of any material within the 3-layer structure will
result in a noticeable change in the angle distribution. The angle spectra
illustrate the critical angles corresponding to SH, SV, and P incident
waves for the examined structures, as a function of incident frequency
and angle. Notably, these critical angles align with those depicted in
transmission spectra in Fig. B.7.

B.3. Accumulation of interfacial thermal conductance

In parallel to previous theoretical works on thermal conductivity
accumulation [66,67], we can define a ITC accumulation 𝐺𝑎,3→1 as

𝐺𝑎,3→1
(

𝜔𝑎
)

= 1
𝐺3→1

𝐺3→1
(

𝜔𝑎
)

, (B.1)

where 𝐺3→1
(

𝜔𝑎
)

is calculated using Eq. (A.26), with the only change
being the replacement of the upper limit in the frequency integral
with 𝜔𝑎. 𝐺3→1

(

𝜔𝑎
)

is the un-normalized ITC accumulation function
and represents the portion of the total ITC due to carriers in the top
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layer with phonon frequencies less than 𝜔𝑎 transmitting energy to the
substrate.

From Fig. B.9(a) and (b), we can infer that the majority of heat
is carried by low-frequency phonons in Au but is more evenly spread
across the spectrum in Al. Due to the same interlayer and substrate, in
the case of the first 50% Al phonons (low frequencies) participating in
heat conduction, they contribute 40% to the ITC, while the first 50%
of Au phonons contribute 60% to the ITC. This finding is consistent
with conclusions drawn from other studies on single Au/Si and Al/Si
interfaces [68], indicating the significant role of material properties
in phonon interface energy transport, irrespective of the layer count
of the structure. Furthermore, it is evident that as the normalization
cutoff frequency is increased, the slope of the corresponding accumu-
lation function decreases, leading to a reduced role of high-frequency
phonons.

Fig. B.9(c) and (d) demonstrate that the scattering of phonons
in diamond is significantly higher compared to Si, as evidenced by
the smaller slopes and the relatively gradual increase in accumulated
ITC. Discontinuities in the slopes of the various calculations occur
at the frequencies corresponding to transition from tunneling to nor-
mal scattering for different phonon modes (Fig. B.7), as well as the
total internal reflection caused by the critical frequency (Fig. B.8).
For instance, owing to the high longitudinal (pressure) and transverse
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Fig. B.8. The angular distribution spectra of waves generated within each layer with respect to the incidence angle, frequency, and mode for the 3-layer structures considered. It
is worth mentioning that the subscript 𝑆 represents transverse waves, which can be either SH or SV waves.
(shear) velocities of diamond, multiple critical frequencies exist for
the Al/Al2O3/diamond. Since the interface scattering process is elastic,
temperature does not affect the critical frequencies, critical angles, and
transmission spectra of phonons within the 3-layer structure. Conse-
quently, under different temperatures, the trends of the accumulated
ITC curves remain similar. With increasing temperatures, the height-
ened excitation of mid- to high-frequency phonons gradually increases
their contribution to ITC, resulting in a rightward shift of the curves.
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B.4. Interfacial thermal conductance and comparison with series resistance
approach

Fig. B.10 presents a comparative analysis of the ITC calculated by
the 3-layer phonon wave model and the series resistance model, which
is commonly used to analyze 3-layer structures where components
are connected in series. In this approach, the thermal resistance of
each component (whether material or interface) is treated as a series
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Fig. B.9. Accumulated ITC 𝐺𝑎,3→1
(

𝜔𝑎
)

for (a) Al/SiO2/Si, (b) Au/SiO2/Si, (c) Al/Al2O3/Si, and (d) Al/Al2O3/diamond as a function of phonon frequency at different temperatures.
resistor. And the total thermal resistance of the system is the sum
of all individual resistances [45]. According to the series resistance
model, the effective 3-layer ITC 𝐺−1

eff ,3→1 = 𝐺−1
single interface + 𝐺−1

interlayer ,
where the interlayer conductance 𝐺interlayer is expressed as the ratio of
thermal conductivity to thickness, 𝐺interlayer = 𝜅interlayer∕𝑑. Moreover,
the term 𝐺single interface is computed utilizing the single-interface phonon
wave model, enabling an examination of the distinct treatments of the
interlayer within these two methodologies. The results demonstrate
applicability of both the 3-layer model and single-interface & series
resistance model in computing the ITC of 3-layer structures. How-
ever, it is essential to address the uncertainties associated with the
measured thermal conductivity 𝜅interlayer of the interlayer material. As
shown in Fig. B.10(a) and (b), the utilization of temperature-dependent
thermal conductivities for bulk and thin film SiO2 𝜅interlayer can influ-
ence the ITC results of the series resistance model 𝐺eff ,3→1 [69–71].
Particularly, when employing a thin film thermal conductivity with
a thickness closer to the actual interlayer thickness, the results tend
to align more closely with measured ITC. In Fig. B.10(a) we also
compare the predicted and measured ITC at nominally flat and oxide-
free Al/Si interface [72]. As the data indicate, even a thin oxide layer
(<2 nm) at the interface significantly reduces the effective ITC (by
more than 50% at room temperature). Furthermore, these two datasets
exhibit notably different temperature dependencies, suggesting that the
SiO2 oxide layer inhibits multiple scattering events of phonon waves,
which would otherwise contribute to ITC. In Fig. B.10(c) and (d),
the selection of the measured thermal conductivity values for Al2O3
interlayer has a noticeable impact on the calculated ITC 𝐺eff ,3→1 by the
series resistance model. Firstly, the ITC of Al/Si 𝐺single interface from the
single-interface model and the effective ITC of Al/Al2O3/Si 𝐺eff ,3→1 are
almost overlapped. This is primarily due to the significantly higher bulk
thermal conductivity of Al2O3 𝜅interlayer and corresponding high thermal
conductance 𝐺interlayer within the considered temperature range, which
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is several orders of magnitude higher than the ITC 𝐺single interface of Al/Si
and Al/diamond. In Fig. B.11, we present the temperature dependence
of the different thermal conductances for the considered structures.

The increase in temperature leads to the excitation of high-
frequency phonons, which are susceptible to scattering by interface
roughness or defects. Moreover, the different Debye temperatures of
the materials considered in Fig. B.10 result in variations in the domi-
nant phonon wavelengths at room temperature. This discrepancy may
contribute to an increase in diffuse scattering and inelastic phonon
processes [73]. The phonon wave model assumes ideal regular struc-
tures with atomically smooth interfaces, along with elastic interfacial
scattering. This idealization may lead to discrepancies between theo-
retical and experimental results. The temperatures examined in this
study are either lower than or close to room temperature. As the
temperature approaches the Debye temperature, further consideration
of inelastic scattering processes becomes necessary [74]. Furthermore,
the interlayer thickness investigated in this work is typically at the
nanoscale (<2 nm). As the interlayer thickness increases and exceeds
the mean free path of certain phonon modes, the particle nature and
diffusive thermal transport of phonons cannot be ignored. In this case,
the single-interface ITC model with the series resistance approach
becomes more suitable, as it accounts for the thermal conductivity of
the interlayer material.

When employing a phonon wave description for nanostructures,
attention should be paid to its applicable range, including factors
like temperature and interface quality. For instance, in superlattices,
coherent heat transport is typically observed at low temperatures, short
periods, and near-perfect interface structures [21]. However, at higher
temperatures, middle- and high-frequency phonons tend to lose their
coherence due to imperfections in the nanostructure, resulting in a
greater contribution of particle-like behaviors [75,76]. Similarly, for
a single interface, both the acoustic mismatch model (AMM) with
specular scattering assumption and the diffuse mismatch model (DMM)

with completely diffuse scattering assumption yield similar results at
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(

Fig. B.10. Comparison of the 3-layer model and the single-interface with series-resistance (single-interface&SR) model for calculating the ITC of (a) Al/SiO2/Si, (b) Au/SiO2/Si,
c) Al/Al2O3/Si, and (d) Al/Al2O3/diamond structures.
Fig. B.11. Calculated single-interface ITC for Al/Si, Au/Si, and Al/diamond interfaces
𝐺single interface, compared with the thermal conductance for SiO2 and Al2O3 interlayers,
𝐺interlayer = 𝜅interlayer∕𝑑, the thickness 𝑑 = 2 nm.

low temperatures (<30 K), with the DMM becoming more applicable
at elevated temperatures or for rough interfaces due to its diffuse
scattering assumption [77].
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The present model, which considers energy and momentum conser-
vation along with explicit phonon modes and scattering angles before
and after interfacial interactions, differs from the DMM. While it is
essential to specify the applicable range of the present model due
to its assumptions, primarily include the temperature range, which
may be lower than the Debye temperature of materials due to the
elastic assumption, and interface morphology, especially at atomically
smooth interface. It is worth noting that the experiments under com-
parison involve interlayer thicknesses at the nanoscale, with meticulous
control over the quality of interfaces and layers during sample prepa-
ration [45,46]. As a result, the impact of amorphous structures is
minimal. However, it is important to acknowledge that amorphous
structures have the potential to perturb the wave behavior of phonons,
underscoring the importance of careful consideration and incorporation
of phonon decoherence processes [78]. Compared to particle models,
a notable advantage of the present model is its capability to directly
compute the effective transmission coefficient of 3-layer structures.
This is achieved through the consideration of multiple reflections and
transmissions of phonon waves within the interlayer, eliminating the
need for measurements of bulk or thin-film thermal conductivity of the
interlayer.
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