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A B S T R A C T

The phenomenon of the Stokes–Darcy flow in coupled systems comprising a clear channel and a complex
3D porous medium is investigated through both numerical and theoretical approaches. A quartet structure
generation set (QSGS) method is used to generate random complex 3D porous structures imitating real
structures in nature. Pore-scale flow simulations are performed using the Lattice Boltzmann method, enabling
detailed analysis and characterization of the interfacial flow phenomena. Four key parameters with clear
physical meanings are introduced to quantitatively capture essential aspects of the flow dynamics, revealing
intriguing linear relationships with the square root of permeability – a fundamental characteristic length
scale dominating the phenomenon. Several existing models are examined by these parameters. To address the
limitations of existing models, a Brinkman double-layer(BDL) model is proposed. By comparing with several
classic models, the present BDL model stands out due to its simplicity, accuracy and robustness, providing a
comprehensive understanding of the complex flow behavior in the coupled system.
1. Introduction

Permeable boundaries are prevalent in both natural and industrial
settings. The coupled flow system containing a free-fluid region and
fluid-saturated porous bed finds extensive applications in various fields
such as lubrication with porous bearings [1], interfacial heat transfer
[2,3], geothermal operations [4,5], nuclear waste repositories [6,7],
underground coal gasification [8], groundwater hydrology [9], and
biological transport processes [10]. The inclusion of permeable bound-
aries, as opposed to solid walls, introduces significant distinctions
in bulk flow behavior due to intricate fluid–solid interactions and
momentum exchange across the free-porous interface.

The exploration of fluid flow within the free-porous coupled sys-
tems dates back to the 1950s when early investigations on fluid flow
confined by porous walls or rollers [11,12] were conducted. Later, a
significant milestone in this field was achieved by Beavers and Joseph
[13], who conducted an influential experiment using a binary channel
configuration comprising a long, naturally permeable block and a small,
uniformly spaced gap atop it. By measuring the total flow rate with
various fluids featuring distinct porous structures, they derived an
empirical equation that connected Darcy flow within the porous region
and Stokes flow within the channel as 𝑑𝑢

𝑑𝑦 = 𝛼
√

𝐾
(𝑢𝐵 − 𝑄). Here, 𝐾

denotes the permeability of the porous material, 𝑢𝐵 represents the
slip-flow velocity at the interface, 𝑄 indicates the filtration velocity
within the porous medium, and 𝛼 represents a dimensionless quantity
influenced by material properties. This equation is commonly referred
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to as the Beavers–Joseph boundary condition, or the B-J model, and has
since been widely employed by researchers. Subsequently, Saffman pro-
vided a theoretical basis for the Beavers–Joseph model (B-J model) by
deriving a simplified equation known as the Beavers–Joseph–Saffman
(B-J-S) boundary condition [14]. Numerous subsequent studies have
focused on analyzing and deriving theoretical expressions for 𝛼, as
well as proposing modifications to the B-J model [15,16]. Despite the
widespread adoption of the B-J model, several studies have highlighted
its limitations [17,18]. These deficiencies include the high sensitivity of
𝛼 to the definition of the nominal interface, the substantial difference
between Darcy filtration velocity and Darcy velocity near the interface,
and its failure to accurately represent certain scenarios. Despite these
drawbacks, the B-J model remains widely employed in various fields
due to its inherent simplicity [3,19–22].

A significant limitation of the B-J model is its reliance on the Darcy
equation to describe flow within porous media. Since Darcy’s Law
is only applicable to flow within the bulk portion of porous media,
it fails to capture flow behavior near boundaries. Neale and Nader
[23] addressed this limitation by incorporating Brinkman’s extension of
Darcy’s Law within the porous media, resulting in a model that ensures
fluid velocity continuity across the free-porous interface. Neale’s model
demonstrated that the interfacial fluid velocity obtained was equivalent
to the slip velocity predicted by the B-J model, and the dimensionless
parameter 𝛼 in the B-J model represented the square root of the ratio
of effective viscosity to fluid viscosity. Subsequent researchers further
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Nomenclature

𝑐 Dimensionless parameter in B-W model
𝑐𝑖 Lattice speed
𝑓𝑖 Boltzmann particle density distribution

function
𝐻 Channel height
𝐾 Permeability
𝐿 Particle side length
𝑀 Transformation matrix
𝑝 Pressure
𝑆 Relaxation-time matrix
𝒖 Fluid velocity
𝑢Darcy Darcy velocity
𝑢𝑠 Slip velocity
𝛼 Dimensionless parameter in B-J model
𝛽 Dimensionless parameter in O-W model
∗𝛽 Physical value in fluid phase
⟨

∗𝛽
⟩𝛽 Intrinsic average

⟨

∗𝛽
⟩

Superficial average
𝛾 Dimensionless parameter in present BDL

model
𝛿 Interface layer thickness
𝛥𝑡 Time step
𝛥𝑥 Lattice size
𝜀 Porosity
𝜂 Clean channel
𝜇 Fluid viscosity
∗𝜎 Physical value in solid phase
𝝉channel Shear stress from the side of clean channel
𝝉dif Shear stress difference
𝝉porous Shear stress from the side of porous media
𝜔 Porous medium
𝛺𝑖 BGK collision operator

refined and validated this model [24,25]. However, it is important
to note that the modeling results were not universally satisfactory,
and the Brinkman equation itself exhibited certain deficiencies, such
as overestimating seepage velocity and being inapplicable to certain
types of porous media [26,27]. The above results implies that a single
exponential curve described by the Brinkman equation is not enough to
capture the flow dynamics in the porous media, and other governing
equations may be required.

Notably, researchers have identified a narrow zone in the porous
medium near the interface, characterized by a rapid decay in fluid
velocity [28,29]. This critical zone has been previously referred to as
the ‘‘boundary layer’’ or ‘‘transition layer’’ [30,31]. In response, Bars
and Worster [30] proposed a model in which the thickness of this
zone acted as a parameter, yielding satisfactory results [32]. Referred
to as the B-W model, their approach employed the Stokes equation,
rather than the Darcy equation, to describe flow within this zone. The
B-W model assumed both velocity and velocity gradient continuity
across the free-porous interface. However, the continuity of the velocity
gradient (or shear stress) across the interface remains uncertain and
necessitates further investigation.

Over the past decades, extensive research has been conducted
through numerical simulations and experimental studies to explore
novel flow patterns across free-porous interfaces. Previous numerical
simulations primarily employed 2D porous structures composed of
regular arrays, with porosity values typically exceeding 0.5. Exam-
ples of such structures include arrays of circular cylinders [26,33],
2

ellipses oriented in various directions [34,35], square prisms [36],
and surface textures [37]. In contrast, the number of experimental
studies conducted on this topic remains relatively limited. Given the
inherent difficulty of directly measuring velocity profiles within natural
porous media, experiments often employed simplified regular porous
structures, such as packed glass beads [38,39] or arrays of rectangular
or circular pillars [40,41]. Utilizing Modern optical techniques like
Laser Doppler Anemometry (LDA) [42] and Particle Image Velocimetry
(PIV) [43], a few researchers suggested that the thickness of the ‘‘transi-
tion layer’’ is proportional to the size of the solid obstacles, such as glass
beads [38] and cylindrical rods [40]. However, the velocity profiles
exhibited wavy patterns due to structural regularity. Although these
patterns can be mitigated by averaging technique, recent studies have
highlighted additional errors in this smoothing process [44]. Moreover,
the inherent regularity of porous structures poses challenges in estab-
lishing a comprehensive and universally applicable law governing flow
behavior within such coupled systems.

The lattice Boltzmann method (LBM), a high-efficiency pore-scale
simulation method, has been rapidly developed in the last few decades
[45,46]. Unlike traditional continuum-based fluid mechanics
approaches, LBM is a mesoscopic method based on the Boltzmann
transport equation. Through the Chapman–Enskog multiscale analy-
sis, the Boltzmann equation can recover the macroscopic governing
equations of fluid dynamics [47,48]. LBM offers significant advan-
tages in handling complex boundary conditions [49,50] and parallel
computing [51], rendering it an ideal tool for modeling flow in large-
scale porous media with complex geometries [52]. Thus, LBM makes it
convenient to study the flow behaviors in free-porous coupled systems
with complex 3D porous structures numerically.

Upscaling techniques are commonly employed to derive macro-
scopic models, which can be broadly classified into two categories:
the one-domain approach [53] and the two-domain approach [54].
The one-domain approach utilizes a single set of governing equa-
tions to model momentum transport throughout the entire system,
for example, the heuristic combination of the Navier–Stokes (N-S)
equation with the Darcy term [55]. Consequently, the effective prop-
erties such as permeability and porosity become position-dependent,
necessitating the solution of complex auxiliary closure problems [56].
In contrast, the two-domain approach involves coupling different gov-
erning equations in the clean channel and the porous medium through
additional interfacial conditions, yielding great simplification to the
solution process.

The multiscale asymptotic method and the volume-averaging
method stand as the two most widely adopted upscaling approaches.
The multiscale asymptotic method assumes high periodicity in the
porous medium, which are decomposed to elementary cells of the
pore size. Through asymptotic expansion, approximations of differ-
ent orders are constructed. Additional auxiliary problems are intro-
duced to establish closure formulations and fulfill specific physical
requirements [57], yielding complex parameters whose theoretical
expressions are practically infeasible to apply in real rocks [58–60].
Though progress has been made recently in random 2D patterns [61],
these patterns still differ from natural structures significantly, ne-
cessitating further investigation. In contrast, the volume-averaging
method is simpler and more physically grounded. Based on the ho-
mogeneity assumption, this method take the mean value of physical
field in a representative elementary volume (REV) as the superficial
volume-averaged value, and decomposes values at other points into this
mean value and fluctuations. This method facilitates the derivation of
the volume-averaging form of the flow equations [62]. Utilizing the
volume-averaging method, Ochoa-Tapia and Whitaker [54] introduced
interfacial conditions (referred to as the O-W model) encompassing a
velocity-continuity condition and a stress-jump condition, connecting
the Stokes equation in the free channel with the Brinkman equation
in the porous medium. This O-W model involves a model param-

eter 𝛽, which represents a complex function dependent on various



International Journal of Mechanical Sciences 263 (2024) 108770J. Kang and M. Wang
Fig. 1. Schematic illustration of (a) the coupled flow system consisting of a clean channel and a porous medium and (b) real velocity distribution and results of different models.
The system is bounded by the upper solid wall. The height of the channel is denoted by 𝐻 .
parameters [63,64]. Models developed using this method must ad-
here to specific length-scale constraints [65] and typically incorporate
complex parameters that must be experimentally determined [56,66].
Recently, Ochoa-Tapia et al. [44] identified another potential draw-
back, whereby the averaging processes across the interface may give
rise to artificial transition layers.

In this work, we provide comprehensive quantitative understanding
and modeling of the primary flow mechanics in the free-porous coupled
flow systems as sketched in Fig. 1. Pore-scale direct simulations are
performed in such flow systems and four characteristic parameters are
proposed to capture the main flow dynamics quantitatively. A new
model comprising a new stress-jump interface condition and a novel
double-layer structure is proposed and examined by the four parame-
ters, together with several classic models. This paper is organized as
follows. §2 provides an overview of the numerical methods employed,
including the stochastic structure generation method and the lattice
Boltzmann method (LBM). In §3, four key parameters are proposed to
characterize the behaviors of the interfacial flow and their variations
in response to structure permeability are summarized. Several existing
models are examined by these parameters. §4 is dedicated to presenting
our new Brinkman double-layer model. We present a comparative
analysis of this model with simulation results and existing models,
highlighting its advantages. Finally, the conclusions are summarized in
§5.

2. Pore-scale simulation method

This section presents the numerical methods employed for con-
ducting pore-scale simulations in free-porous coupled flow systems.
These systems consist of complex 3D porous structures, which mimic
real structures found in nature. The numerical methods involve the
generation of random porous structures with varying porosity and per-
meability values, as well as a lattice Boltzmann method (LBM) [47]to
solve the governing equations.

The quartet structure generation set (QSGS) method is utilized to
generate the porous components of the coupled systems for pore-scale
simulations. This method, proposed by Wang et al. [67],Wang and Pan
[68], is inspired by the stochastic cluster growth theory and enables the
generation of complex microstructures that closely resemble realistic
porous media. To successfully generate representative microstructures,
three statistical parameters are required as inputs: porosity, average
grain size, and the degree of isotropy of the porous medium. In this
work, a periodic boundary condition is employed in the QSGS method
to ensure uniform porosity throughout the boundary region and the
bulk porous medium. Further details regarding the QSGS method are
provided in Appendix A.

In this study, homogeneous granular porous microstructures were
generated using the QSGS method, considering a range of porosity
values from 0.2 to over 0.9. For each porosity value, five cases with
3

different average grain sizes are considered, denoted as largest, large,
medium, small, and smallest grain size. Additionally, we generate
several high-porosity structures (𝜀 > 0.9) with extremely large cluster
sizes to simulate extreme conditions. Given the stochastic nature of the
generation method, we generate more than three individual microstruc-
tures (ten for benchmarking purposes) for each porosity and grain size
combination to ensure statistical reliability. The size of the generated
porous structures is intentionally chosen to be significantly larger than
the average pore size, which is measured using the maximum ball
method [69]. This ensures that the generated structures satisfy the rep-
resentative elementary volume (REV) scale requirement and minimizes
fluctuations caused by accidental large pores. Finally, each generated
microstructure is combined with a clean straight channel to construct
the desired coupled flow system.

The lattice Boltzmann method (LBM), a high-efficiency pore-scale
simulation method, is employed to model fluid flow in the coupled
systems. Though LBM is based on the mesoscopic Boltzmann trans-
port equation, it can recover the Navier–Stokes equation through the
Chapman–Enskog multiscale analysis [47,48]. Thus, LBM provides an
alternative strategy for solving the N-S equation in both the clean
channel and the pores of the porous media.

LBM offers several significant advantages, including its efficient
handling of complex boundary conditions, such as porous media [49,
50,70]. This method excels in implementing intricate boundary condi-
tions due to its local nature, where most of the evolution quantities
are computed locally on a lattice. Moreover, LBM exhibits excellent
scalability and is highly amenable to parallel computing [51], enabling
the simulation of large-scale problems. This parallelizability makes LBM
particularly suitable for modeling complex systems involving porous
media.

In LBM, the velocity space is discretized by certain velocity sets,
like the D3Q19 scheme used in this paper. In the discretized space, the
lattice Boltzmann equation (LBE) reads as follows

𝑓𝑖
(

𝒙 + 𝒄𝑖𝛥𝑡, 𝑡 + 𝛥𝑡
)

= 𝑓𝑖(𝒙, 𝑡) +𝛺𝑖(𝒙, 𝑡), (1)

where 𝑓𝑖(𝑥, 𝑡) is the Boltzmann particle density distribution function at
position 𝑥 in time 𝑡, 𝒄𝑖 is the lattice speed defined as 𝒄𝑖 = 𝛥𝑥∕𝛥𝑡, where
𝛥𝑥 is the lattice size and 𝛥𝑡 is the time step, and 𝛺𝑖 stands for the
collision operator. Based on this equation, the evolution of the density
distribution function can be decomposed into two steps: streaming
and collision. In the streaming part, the populations propagate to
neighboring nodes along the velocity directions. In the collision part,
the populations at each lattice node relax towards the equilibrium
distributions. The single-relaxation-time (SRT) model for LBM with the
Bhatnagar–Gross-Krook (BGK) collision operator is used in this work
for a given viscosity:

𝛺 (𝑓 ) = −
𝑓𝑖 − 𝑓 𝑒𝑞

𝑖 𝛿𝑡. (2)
𝑖 𝜏
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The relaxation time 𝜏 is a function of the kinetic viscosity 𝜈 of fluid as
follows

𝜏 = 3𝜈𝛥𝑡2

𝛥𝑥2
+ 𝛥𝑡

2
. (3)

The SRT-LBM works well only when the dimensionless relaxation time
𝜏∕𝛥𝑡 is within (0.5, 2) and may get unstable when 𝜏∕𝛥𝑡 approaches
0.5, which essentially constrains the capability of this method. In
this research, the relaxation time for SRT-LBM was set to 1 for all
cases. For fluids with a wide range of viscosity, we further employ the
multiple-relaxation-time(MRT) scheme of LBM [71] for better stability
and robustness. The evolution equation of MRT-LBM becomes

𝑓
(

𝒙 + 𝒄𝑖𝛥𝑡, 𝑡 + 𝛥𝑡
)

− 𝑓 (𝒙, 𝑡) = −𝑴−1𝑺𝑴
[

𝑓 (𝒙, 𝑡) − 𝑓 eq(𝒙, 𝑡)
]

𝛥𝑡, (4)

where 𝑴 is the transformation matrix through which populations are
transformed from population space to moment space. 𝑺 is a diagonal
matrix called the relaxation-time matrix. The relaxation-time matrix
contains multiple relaxation values, which allow each moment to be
relaxed at individual rates. To ensure the truncation errors are identical
for different values of viscosity, further constraints have been added to
the relaxation-time values [72].

To validate the accuracy and capability of our LBM codes, we
perform simulations of various flow scenarios. Results show that our
framework has a second-order accuracy and is capable of simulating
flow in complex porous media with various values of fluid viscosity.
Details of the validations are introduced in Appendix B.

For pore-scale modeling in the coupled system (Fig. 1(a)), non-
slip boundary conditions are imposed on the solid surfaces, including
the upper solid wall and the solid surfaces of the pores in the porous
medium. The widely used bounce-back boundary condition has been
implemented to handle the complex geometries in the generated porous
media. For the inlet and outlet boundaries, a non-equilibrium pressure
boundary condition [73] is utilized, with some appropriate modifi-
cations [74,75]. The remaining boundaries are treated as periodic
boundaries. Gravity effects are neglected in this study. These boundary
conditions are carefully selected to accurately represent the physical
behavior of the system under investigation.

3. Assessment of existing models

In this section, pore-scale simulations are conducted in free-porous
coupled systems featuring complex 3D porous structures, by which
several existing models are examined. Four key factors quantitatively
characterizing the interfacial transport phenomena are summarized,
and their variations with respect to the structure morphology are
analyzed.

To bridge the scale gap between the pore and Darcy scales, a
volume-average statistical method is employed to calculate the Darcy
velocity within a sufficiently large volume, surpassing the Representa-
tive Elementary Volume (REV) size [5]. However, to avoid additional
errors in the Darcy velocity estimation [44] and to maintain consistency
in length scale concepts [76], a modified approach is adopted. Instead
of the conventional three-direction volume averaging, the averaging
process is performed on the x-z plane spanning the entire domain.
This choice is justifiable as the physical variables (pressure, velocity)
are independent of x and z, and solely depend on the 𝑦-direction.
This horizontal-plane-averaging technique offers several advantages,
including the elimination of fluctuations and the revelation of dominant
patterns without introducing additional errors.

Fig. 2 displays the plane-averaged velocity profile along the 𝑦-axis
for a porous structure with a medium cluster size and a porosity of
0.6. In the clean channel region, the velocity profile closely resembles
that of Poiseuille flow, except for the presence of a non-zero veloc-
ity at the free-porous interface. Within the bulk porous medium, the
fluid velocity matches the Darcy filtration velocity. However, near the
free-porous interface, there exists a distinct narrow zone where the
4

fluid velocity significantly exceeds the Darcy filtration velocity. This
observation highlights the presence of enhanced flow near the interface
region.

In addition, a comparison has been conducted between the pore-
scale simulation results and three classic models: the B-J model, the
O-W model, and the B-W model. These models have been selected
based on their wide usage and representation of three distinct classes of
boundary conditions: velocity-jump conditions, stress-jump conditions,
and conditions involving transition layers. While there exist other
models, such as two-domain models incorporating both velocity-jump
and stress-jump conditions [77] and other one-domain models [57,78],
these models either exhibit forms similar to the selected models [53]
or involve numerous complex parameters that are computationally
infeasible to evaluate in intricate 3D structures. Each of these classic
models incorporates a model parameter: 𝛼 in the B-J model, 𝛽 in the
O-W model, and 𝑐 in the B-W model. Previous studies have proposed
various recommended values for these parameters, which are detailed
in Appendix C. For a porosity of 0.6, empirical values of 𝛼 = 0.1, 𝛽 = 1.0,
and 𝑐 = 1.0 have been suggested based on previous investigations [13,
30,79,80].

The results demonstrate significant disparities between both the B-J
model (represented by open triangles) and the O-W model (represented
by open diamonds) when compared to the pore-scale simulation results
(represented by solid circles). While the B-W model agrees well with
the simulation results in the clear channel and bulk porous medium,
it fails to capture the flow characteristics within the narrow transition
zone near the interface. Conversely, the O-W model, the only model
that somewhat reflects the decreasing trend within this transition zone,
greatly overestimates the fluid velocity. This comparison highlights that
velocity distribution profiles, commonly employed in previous studies,
are inadequate for quantifying flow in coupled systems. Firstly, the
results obtained from different structures cannot be directly compared,
thereby raising the possibility of better model performance in alter-
native structures. More importantly, velocity distribution profiles fail
to capture the flow behavior within the transition zone, where most
models exhibit deficiencies. Furthermore, velocity profiles are insuffi-
cient in addressing pivotal questions, such as whether the stress (or
velocity gradient) is continuous at the interface. Hence, velocity profiles
alone are insufficient for characterizing interfacial flow behaviors, and
additional physical and quantitative factors are required to compare the
performance of models in complex porous structures.

This work presents four key factors as follows to characterize the
flow behavior in a coupled system quantitatively and to assess the
performance of models at the free-porous interface.

• Slip velocity 𝑢s. This slip velocity refers to the fluid velocity at
the free-porous interface from the free-space side. This parameter
essentially reflects the morphology of the porous structure at the
interface by telling how much it differs from a solid wall. In
the pore-scale simulations, this slip velocity can be obtained by
interpolating the plane-averaged velocity profile for the intercept
at the free-porous interface. Actually, except for the B-J model
which admits a discontinuity of velocity, other models all suppose
a continuous velocity at the interface, so that determination from
either side of the interface shall provide the same result.

• Interface layer thickness 𝛿. This parameter refers to the thickness
of the interface region where the fluid velocity decays rapidly in
the porous part. The existence of this region is the most important
feature of this coupled system and this parameter describes how
fast the fluid velocity decays inside this region. The thicker this
interface layer, the more the interfacial flow deviates from Darcy
flow in the bulk porous media. Inspired by the definition of the
boundary layer, we here propose that the velocity of fluid inside
this interface layer should meet the following inequality

𝒖 − 𝒖 ≤ 0.95
(

𝒖 − 𝒖
)

, (5)
s s Darcy
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Fig. 2. Schematic diagram of the plane-averaged fluid velocity along the 𝑦-axis in a coupled system with a porous structure having a porosity of 0.6. The results of the pore-scale
simulation and three previous models are shown in the left figure. The right figure provides an enlarged view of velocity profiles near the free-porous interface. 𝑈0 and 𝐻0 stand
or the average velocity of Poiseuille flow and the height of the channel, respectively.
where 𝒖Darcy is the Darcy filtration velocity and 𝒖𝑠𝑙𝑖𝑝 is the slip
velocity. Since the Reynolds number in the system concerned
in this work is much lower than that in the boundary layer
theory, the deviation coefficient value of 0.99 may lead to a high
numerical instability at the edge of the interface layer in the
pore-scale simulation. A too-low value of this coefficient, such as
0.9, would cause this determined interface region to be unable to
cover the entire transition region. Therefore a compromise value,
0.95, has been chosen to determine the thickness of this interface
layer.

• Shear stress at the free-porous interface from the side of clean
channel 𝜏channel. The shear stress from the channel side reflects
the magnitude of the force that the porous structure exerts on the
outer flow. This value is calculated by

𝝉channel = 𝜇
𝜕
⟨

𝒖𝛽
⟩

𝜂

𝜕𝑦
|

|

|

|𝑦→0+
(6)

In the pore-scale simulation, the velocity gradient on the right-
hand side is calculated by extrapolation using the velocity of the
neighboring three nodes in the clean channel.

• Shear stress difference between two sides at the free-porous inter-
face 𝜏dif. The shear stress difference reflects the force balance at
the interface. This value is determined by

𝝉dif = 𝝉channel − 𝝉porous = 𝜇
𝜕
⟨

𝒖𝛽
⟩

𝜂

𝜕𝑦
|

|

|

|𝑦→0+
− 𝜇eff

𝜕
⟨

𝒖𝛽
⟩

𝜔
𝜕𝑦

|

|

|

|𝑦→0−
, (7)

where 𝜇eff = 𝜇∕𝜀, following conventions from the previous
studies [63,80–83]. A positive shear-stress difference means that
the shear stress from the channel side is larger than that from
the porous side, and vice versa. The two velocity gradients on
the right-hand side are calculated using the same extrapolation
method as stated above in the pore-scale simulation.

All four of these parameters possess clear physical interpretations
and can be easily quantified. Among them, particular emphasis should
be placed on the last two parameters, particularly the shear stress differ-
ence, as it directly reflects the consequences of fluid–solid interactions
arising from the presence of porous structures.

A total of 48 random porous structures with diverse porosity and
permeability values were chosen for analysis. Pore-scale simulations
were conducted in the corresponding coupled flow systems to calculate
the values of the four key factors mentioned above. The outcomes are
presented in Fig. 3, where each data point represents an individual
structure. Distinct sizes and colors indicate different cluster sizes. To
determine the permeability (𝐾) of the porous structures, supplemen-
tary pore-scale simulations were performed within these structures
employing periodic boundary conditions.
5

In Fig. 3(a), it is observed that the slip velocity demonstrates a
linear correlation with the square root of permeability. As permeability
approaches zero, the slip velocity also tends to zero, indicating that the
porous medium is equivalent to a solid wall. On the other hand, the
interface layer thickness is proportional to the square root of perme-
ability divided by porosity. The presence of stochastic factors in the
structure generation process can lead to larger fluctuations in interface
layer thickness for structures with higher porosity values. To obtain
the precise location of the interface layer edge, interpolation methods
were utilized due to the discretization in the pore-scale simulations,
resulting in a small positive intercept. The fluid shear stress at the free-
porous interface, originating from the channel side, exhibits a linear
decrease with the square root of permeability. Notably, the intercept
of the fitting line remains constant, equaling the velocity gradient
at the solid wall in a planar Poiseuille flow with the same channel
height and pressure gradient. As permeability increases, the flow in the
free channel deviates further from Poiseuille flow. These three factors
display strong linearity regardless of cluster sizes. It is possible for
data points of different sizes and colors to overlap since structures
with varying porosity and cluster sizes may occasionally possess similar
permeabilities.

Fig. 3(d) illustrates the shear stress difference, which exhibits a non-
linear relationship with permeability. As permeability approaches zero,
the shear stress difference converges to a fixed value, corresponding to
the scenario where the porous medium is replaced by a solid wall. With
increasing permeability, the shear stress difference initially decreases
rapidly and then gradually approaches zero, indicating the transition
from the porous region to a clear channel. It is noteworthy that the
shear stress difference remains positive regardless of the structure’s
permeability, indicating that the fluid shear stress from the channel side
is always greater than that from the porous side. Among the four key
factors, the shear stress difference is the most sensitive to the interfacial
morphology of the porous structure, leading to the zig-zag patterns
observed in Fig. 3(d). Porous structures with similar permeabilities may
possess different grain sizes, resulting in distinct surface morphologies
and consequently yielding varying shear stress difference values.

The results of the three existing models are also presented in Fig. 3 .
The B-W model demonstrates favorable performance in predicting slip
velocity, whereas both the B-J model and the O-W model with previ-
ously suggested parameter values exhibit significant overestimation in
slip velocity. Conversely, only the O-W model exhibits good agreement
with simulation results for the interface layer thickness, whereas the
other two models underestimate this parameter. In terms of fluid shear
stress from the channel side, only the B-W model shows satisfactory
alignment with the pore-scale simulation, while the other two models
underestimate this parameter. However, none of the three models
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Fig. 3. Non-dimensional results of the four key factors by pore-scale simulations and three classic models of pressure-driven flow in coupled systems. (a) slip velocity. (b) interface
layer thickness. (c) fluid shear stress on the channel side at the free-porous interface. (d) shear stress difference between two sides at the free-porous interface (𝜏dif = 𝜏channel−𝜏porous).

0, 𝐻0, and 𝜏Poiseuille are the average velocity, the height of the channel, and the fluid shear stress at the wall in a corresponding Poiseuille flow, respectively.
rovide satisfactory results for the shear stress difference. Among them,
nly the B-J model displays a similar decreasing trend, whereas the
ther two models yield incorrect predictions.

To examine the universality of the aforementioned relationships
or the four key factors, shear-driven flows were simulated in the
oupled flow systems consisting of a clean channel and the same 48
orous structures. In the shear-driven flow, the pressure gradient was
et to zero, and a constant velocity was applied to the upper wall,
pproximately equal to the maximum velocity in the pressure-driven
low, ensuring a similar Reynolds number. All other conditions were
ept consistent. The results of these simulations as well as the three
lassic models are presented in Fig. 4.

In the shear-driven flow, the same relationships persist for all
our key factors. The linearity of the first three factors becomes even
tronger, particularly for the interface layer thickness, as the filtra-
ion velocity in the bulk porous media is zero, resulting in reduced
luctuations. The results for the shear stress difference remain largely
nchanged since the surface morphology of the porous structures
emains the same.

The results of these models are consistent, as each model demon-
trates satisfactory performance in one or two parameters while falling
hort in others. The B-J model exhibits a similar decreasing trend in
hear stress difference compared to the pore-scale simulation. The O-W
odel yields satisfactory results for the interface layer thickness, while

he B-W model performs well in predicting slip velocity and fluid shear
tress from the channel side

These findings highlight the significant influence of the porous
edium morphology in the free-porous coupled flow system, with
ermeability emerging as the dominant parameter. Notably, the square
oot of permeability,

√

𝐾, appears to serve as a characteristic length
cale in boundary flow problems involving porous media. The outcomes
6

obtained from the aforementioned classical models underscore their
limitations in accurately capturing the dynamics of free-porous coupled
flow systems that involve complex 3D porous structures, particularly in
accurately representing the force balance at the free-porous interface.

4. Brinkman double-layer model

Based on the aforementioned limitations of previous macroscopic
models in accurately representing the four key parameters in free-
porous coupled flow systems, it is evident that these models fail to
capture the underlying physical mechanisms. In this section, we intro-
duce a novel model called the Brinkman double-layer (BDL) model to
describe fluid flow in the coupled system. By incorporating the four
key factors proposed in the previous section, we aim to validate this
new model and compare its performance against pore-scale simulation
results.

In this BDL model, the Stokes equation is used to describe flow in
the clean channel. At the free-porous interface, an obvious velocity-
continuum condition and a stress-jump condition are proposed corre-
sponding to pore-scale simulation results:
⟨

𝒖𝛽
⟩

𝜂 =
⟨

𝒖𝛽
⟩

𝜔 , (8)

𝜕
⟨

𝒖𝛽
⟩

𝜂

𝜕𝑦
− 1

𝜀
𝜕
⟨

𝒖𝛽
⟩

𝜔
𝜕𝑦

= (1 − 𝜀) ⋅ 𝛾 ⋅
𝒖𝑠
√

𝐾
. (9)

The detailed derivation of these boundary conditions is included in
Appendix D for interested readers.

In the above and following equations, we use some notations
that have been commonly adopted by studies employing the volume-
averaging technique [62,65,84,85]: 𝛽 refers to the fluid phase, 𝜎 refers
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Fig. 4. Non-dimensional results of the four key factors by pore-scale simulations of shear-driven flow in coupled systems. (a) slip velocity. (b) interface layer thickness. (c) fluid
shear stress on the channel side at the free-porous interface. (d) shear stress difference between two sides at the free-porous interface (𝜏dif = 𝜏channel − 𝜏porous). 𝑈wall, 𝐻0, and 𝜏Couette
stand for the velocity of the moving upper wall, the height of the channel, and the fluid shear stress in the corresponding Couette flow, respectively.
to the solid phase, 𝜔 refers to the porous medium, and 𝜂 refers
to the clean channel. We also introduce two definitions of average
velocity: one is the intrinsic average velocity ⟨𝒖𝛽⟩𝛽 , and the other is
the superficial average velocity ⟨𝒖𝛽⟩. These two velocities are related
by
⟨

𝒖𝛽
⟩𝛽 = 1

𝜀
⟨

𝒖𝛽
⟩

, (10)

in which 𝜀 stands for the porosity of the porous medium.
In the stress-jump condition, there is a dimensionless model param-

eter 𝛾. It has been introduced in a linear assumption of the shear stress
function 𝒇 due to the linearity of the flow system:

𝒇
(

𝒖𝑠, 𝐾, 𝜀
)

= 𝜇 ⋅ 𝛾(𝜀) ⋅
𝒖𝑠
√

𝐾
, (11)

and is supposed to be a dimensionless constant related to the charac-
teristics of the microstructures of the porous medium. By dimensional
analysis, this 𝛾 should be a function of porosity 𝜀, which will be studied
later.

The linear Darcy equation is primarily a linear empirical equa-
tion applicable for characterizing flows in the bulk of porous me-
dia, rendering it inadequate for describing flow within the interface
layer. Brinkman [86] introduced modifications to achieve a formulation
of the equation that adheres to boundary conditions, resulting in what
is commonly known as the Brinkman equation. This modified equation
encompasses the Darcy term and an additional second-order differen-
tial term of velocity. The Brinkman equation is of second order and
thus compatible with the Stokes equation. Neale and Nader [23] was
the first to employ the Brinkman equation in describing flow within
porous media in the free-porous coupled flow system. Nevertheless,
certain experiments and simulations have highlighted discrepancies
between the velocity profile depicted by the Brinkman equation and
7

Fig. 5. A schematic diagram of the Brinkman double layers near the free-porous
interface.

the observed behavior, often leading to overestimation of seepage
velocities [32,39,43]. These findings suggest that a singular exponential
curve from the Brinkman equation fails to entirely capture the velocity
characteristics within the interface region. Consequently, the present
study introduces a double-layer structure, named after Brinkman, as an
alternative approach to elucidate fluid flow characteristics within the
boundary region. (Fig. 5).

The inclusion of additional terms beyond the Darcy term in the in-
terfacial region is necessitated by the need to achieve force equilibrium
within porous structures in the presence of adjacent high-velocity outer
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flow. Various forces come into play in this region, including bulk damp-
ing resistance arising from the porous structure, viscous resistance due
to the no-slip boundary, viscous force exerted by the adjacent fluid, and
pressure gradient (if a pressure difference exists) [28]. Consequently,
this force balance evolves as the distance from the free-porous interface
varies. Previous studies have highlighted that the applicability of the
Brinkman term might be limited to the immediate vicinity of the free-
porous interface [27], and a new term may be required to bridge the
gap between the Brinkman and Darcy terms for fluid located further
away from the interface within this interfacial region.

In the current model, the interfacial region within the porous
medium is divided into two layers with distinct governing equations
for each layer. The inner layer, referred to as the inner Brinkman layer
(𝜔1), is described by the Brinkman equation. Through dimensional
analysis, it becomes evident that the influence of the outer flow dimin-
ishes as one goes deeper into the porous media, rendering the Brinkman
term inapplicable beyond a certain depth. Consequently, in the outer
layer, known as the outer Brinkman layer (𝜔2), a first spatial derivative
is introduced as a replacement for the Brinkman term. By comparing
the second derivative term of velocity (associated with the Brinkman
term) with this first derivative term, the following relationship can be
established
𝜇𝛽
𝜀
∇2 ⟨𝒖𝛽

⟩

𝜔1
∼

𝜇𝛽

𝜀
√

𝐾
∇
⟨

𝒖𝛽
⟩

𝜔2
. (12)

This comparison leads to the conclusion that

𝑦 ∼
√

𝐾, (13)

indicating that the influence of the Brinkman term diminishes as the
depth increases and is gradually replaced by the first derivative term.
This relationship also suggests that the thickness of the inner Brinkman
layer should be of the same order of magnitude as

√

𝐾.
Similarly, the total thickness of the Brinkman layer, comprising

oth the inner and outer Brinkman layers, can be estimated using the
ollowing comparison:
𝜇𝛽

𝜀
√

𝐾
∇
⟨

𝒖𝛽
⟩

𝜔2
∼

𝜇𝛽
𝐾

⟨

𝒖𝛽
⟩

Bulk . (14)

This yields the relationship:

𝑦 ∼
√

𝐾∕𝜀, (15)

indicating that the total thickness of the Brinkman layer should be
of a comparable magnitude to

√

𝐾∕𝜀. This represents the boundary of
the interface layer. Beyond this depth, the influence of the outer flow
diminishes, and the seepage velocity approaches the Darcy velocity.
This offers a good explanation of the strong linearity between interface
layer thickness and the square root of the permeability over porosity,
as obtained by previous pore-scale simulations.

Given the homogeneity of the porous structures and the continuity
of both solid and fluid phases, it is expected that velocity, stress, and
pressure remain continuous across the interface between the inner
and outer Brinkman layers. Therefore, the pressure

⟨

𝑝𝛽
⟩𝛽 should also

exhibit continuity across this interface. For simplicity, we designate
the location of this interface as −

√

𝐾. It is worth noting that for
more accurate results, this location could be chosen as −𝑐

√

𝐾, where
𝑐 is an additional parameter that can be determined through fitting
experiments or simulation results. However, the improvement gained
from this refinement is minor compared to the increased complexity it
introduces.

Thus, the complete mathematical description of the Brinkman
double-layer model for the coupled flow system can be summarized
by incorporating the governing equations and boundary conditions as
follows:

B.C.1 (solid wall)

𝒖 = 0, at 𝑦 = 𝐻, (16)
8

s

n which 𝐻 marks the height of the clean channel.
Eq. (1) (flow in the clean channel)

0 = −∇
⟨

𝑝𝛽
⟩𝛽
𝜂 + 𝜇𝛽∇2 ⟨𝒖𝛽

⟩

𝜂 , 0 < 𝑦 < 𝐻. (17)

B.C.2&3 (free-porous interface)
⟨

𝒖𝛽
⟩

𝜂 =
⟨

𝒖𝛽
⟩

𝜔1
, at 𝑦 = 0. (18)

𝜕
⟨

𝒖𝛽
⟩

𝜂

𝜕𝑦
− 1

𝜀

𝜕
⟨

𝒖𝛽
⟩

𝜔1

𝜕𝑦
= 𝛾(1 − 𝜀)

𝒖𝑠
√

𝐾
, at 𝑦 = 0. (19)

Eq. (2) (inner Brinkman layer)

0 = −∇
⟨

𝑝𝛽
⟩𝛽
𝜔1

+
𝜇𝛽
𝜀
∇2 ⟨𝒖𝛽

⟩

𝜔1
−

𝜇𝛽
𝐾

⟨

𝒖𝛽
⟩

𝜔1
. (20)

B.C.4&5 (interface between inner and outer Brinkman layer)
⟨

𝒖𝛽
⟩

𝜔1
=
⟨

𝒖𝛽
⟩

𝜔2
, at 𝑦 = −

√

𝐾, (21)

𝜕
⟨

𝒖𝛽
⟩

𝜔1

𝜕𝑦
=

𝜕
⟨

𝒖𝛽
⟩

𝜔2

𝜕𝑦
, at 𝑦 = −

√

𝐾. (22)

Eq. (3) (outer Brinkman layer)

0 = −∇
⟨

𝑝𝛽
⟩𝛽
𝜔2

+
𝜇𝛽

𝜀
√

𝐾
∇
⟨

𝒖𝛽
⟩

𝜔2
⋅
𝒖𝛽
|

|

|

𝒖𝛽
|

|

|

−
𝜇𝛽
𝐾

⟨

𝒖𝛽
⟩

𝜔2
. (23)

B.C.6 (flow in the bulk of porous medium)
⟨

𝒖𝛽
⟩

𝜔2
→ 𝒖Darcy , when 𝑦 → −∞. (24)

By solving Eqs. (16) ∼ (24), the velocity field and pressure/stress
field can be obtained. One notable advantage of this model is its
ability to yield simple analytical solutions for unidirectional flows. The
analytical solutions for pressure-driven flow are presented below:

𝑢𝜂(𝑦) =
∇𝑝
𝜇

(𝑦 −𝐻)(𝑦∕2 + 𝐶1

√

𝐾), 0 < 𝑦 ≤ 𝐻, (25)

𝑢𝜔1
(𝑦) = −

𝐾∇𝑝
𝜇

(1 + 𝐶2𝑒
√

𝜀∕𝐾𝑦 + 𝐶3𝑒
−
√

𝜀∕𝐾𝑦), −
√

𝐾 ≤ 𝑦 < 0, (26)

𝜔2(𝑦) = −
𝐾∇𝑝
𝜇

(1 + 𝐶4𝑒
𝜀𝑦∕

√

𝐾 ), 𝑦 < −
√

𝐾, (27)

where

𝐶1 =

√

𝐾(1 + 𝐶2 + 𝐶3)
𝐻

, (28)

𝐶2 =
𝜎∕2 − 1∕𝜎 − 𝛾(1 − 𝜀)

[1∕𝜎 + 1∕
√

𝜀 + 𝛾(1 − 𝜀)] + [1∕𝜎 − 1∕
√

𝜀 + 𝛾(1 − 𝜀)] ⋅ 1−
√

𝜀
1+

√

𝜀
⋅ 𝑒−2

√

𝜀
,

(29)

3 = 𝐶2 ⋅
1 −

√

𝜀

1 +
√

𝜀
⋅ 𝑒−2

√

𝜀, (30)

𝐶4 = (𝐶2𝑒
−
√

𝜀 + 𝐶3𝑒
√

𝜀) ⋅ 𝑒𝜀. (31)

.1. Determination of 𝛾

The coefficient 𝛾 has been supposed to be a dimensionless coeffi-
ient related to the structural characteristics of the porous medium. The
ressure-jump condition Eq. (9) can be rewritten as:

=

𝜕⟨𝑢𝛽⟩𝜂
𝜕𝑦 − 1

𝜀
𝜕⟨𝑢𝛽⟩𝜔

𝜕𝑦

(1 − 𝜀) 𝑢𝑠
√

𝐾

. (32)

To estimate the value of 𝛾 for each porous structure, all the terms
n the right-hand side of the equation can be calculated through pore-
cale simulations. This allows for the determination of 𝛾 based on the
pecific structural properties of the porous medium under investigation.
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Fig. 6. Relationship between the dimensionless coefficient 𝛾 and (a) porosity 𝜀 in pressure-driven flow, (b) porosity 𝜀 in shear-driven flow, and (c) Reynolds number in pressure-
riven flow. At each value of porosity in (a) and (b), structures with five different grain sizes were tested. The Darcy filtration velocity and average pore size are chosen as the
haracteristic velocity and length in calculating the Reynolds number.
a

he obtained values of 𝛾 in both pressure-driven and shear-driven flows
re then analyzed, as presented in Fig. 6. Structures with porosities
xceeding 0.9 are excluded from the analysis due to the presence
f sporadically distributed solid grains that are not characteristic of
atural porous structures. Nonetheless, the results obtained for these
tructures still adhere to the linear relationship discussed below, albeit
ith increased scattering.

The discovered linear relationships between 𝛾 and porosity for
orous structures of varying porosity levels reveal interesting insights.
n the case of pressure-driven flow, a linear fit with zero intercept yields
= 1.9𝜀, while for shear-driven flow, the linear fit results in 𝛾 = 2.2𝜀.
oth fits exhibit high correlation coefficients of 0.98. However, it is
xpected that the value of 𝛾 remains consistent and dependent solely on
tructural characteristics, irrespective of the flow driving mechanism.

In addition, the introduction of stochastic factors during the gen-
ration process of porous structures can lead to slight variations in
he fitting values. To ensure consistency, elegance, and simplicity in
ractical applications, we propose a correlation formula that establishes
direct relationship between the model coefficient 𝛾 and the structural

haracteristics of the present Brinkman double-layer (BDL) model:

= 2𝜀. (33)

This correlation formula serves to bridge the gap between the model
coefficient 𝛾 and the structural characteristics of the porous medium
within the BDL model. The predictions generated by this simplified
relation are represented by solid lines in Fig. 6(a) and (b), where
they are compared against the results of pore-scale simulations and the
best-fitting relationships. The agreement between the proposed simple
correlation and the pore-scale modeling results is deemed acceptable
based on both figures. Nonetheless, further verification is required to
9

w

Table 1
The value of porosity, cluster size, and permeability of the porous structures in the five
selected coupled systems.

Name Porosity Cluster size Permeability (D or 10−12 m2)

Struct.1 0.2 Largest 0.22
Struct.2 0.4 Large 1.21
Struct.3 0.6 Small 3.62
Struct.4 0.6 Large 6.26
Struct.5 0.8 Medium 18.44

determine the universality of this linear relation in other specific types
of porous media, such as fibrous porous structures. Nevertheless, this
correlation can provide valuable guidance for applications involving
common granular porous materials.

To investigate the influence of the Reynolds number on 𝛾, further
examinations were conducted. The Reynolds number of flow in the
coupled systems was defined as 𝑅𝑒 = 𝑢𝐷𝐿

𝜈 , where 𝑢𝐷 represents the
Darcy velocity in the bulk porous medium, 𝐿 denotes the average pore
size of the porous structure determined through the maximum ball
method [69], and 𝜈 represents the fluid viscosity. The Reynolds number
was manipulated by varying the pressure gradient in the pressure-
driven flow. In order to provide clarity, the results of five representative
structures were selected from the overall range of structures, and their
properties are presented in Table 1. These structures likely exhibit dif-
ferent porosity and permeability values, which enable the exploration
of a wide range of flow conditions. The obtained results are depicted
in Fig. 6(c).

The findings indicate that when 𝑅𝑒 ≪ 1, the value of 𝛾 remains un-
ffected by the Reynolds number. Additionally, pore-scale simulations
ere performed for the same structures under conditions where 𝑅𝑒 ∼ 1.
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Fig. 7. Comparison of four key factors calculated by pore-scale simulations and different models in pressure-driven flows. (a) slip velocity. (b) thickness of the interface layer. (c)
fluid shear stress on the channel side at the free-porous interface. (d) shear stress difference between two sides at the free-porous interface.
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As depicted in Fig. 6(c), even at significantly larger Reynolds numbers,
the parameter 𝛾 displays minimal differences compared to the low 𝑅𝑒
ases. It is worth noticing that when the Reynolds number defined
bove approaches one, the Reynolds number defined by using channel
eight 𝐻 as the characteristic length has already exceeded one. Since
he LBM scheme can fully recover the N-S equation in the clean channel
nd the pore spaces in the porous media, this observation suggests that
he present model may still exhibit reliable performance beyond the
tokes limit, as long as the channel flow stays in a laminar regime.
urther investigations may be conducted concerning turbulent flow in
he future.

This observation suggests that the present model may still exhibit
eliable performance beyond the Stokes limit, as long as the Reynolds
umber does not exceed a certain threshold.

.2. Comparison of different models

The performance of four models, namely the B-J model, the O-W
odel, the B-W model, and the proposed BDL model with the linear

ormula 𝛾 = 2𝜀, was compared to pore-scale simulation results based
n the four key factors mentioned earlier. To highlight the advantages
f the BDL model, modifications were made to the B-J model and the
-W model by fitting the slip velocity results. The modified values for 𝛼
nd 𝛽 were determined as 0.8 and −0.3, respectively. It should be noted
hat while values close to 0.8 have been used as reference values for 𝛼
n some literature (albeit with different porosity or in different types of
orous structures), the value of −0.3, to the best of our knowledge, has
ever been reported in previous studies. In fact, according to previous
nvestigations, 𝛽 should have a positive value [63,80]. The value of
0.3 has no physical basis and was solely used for comparison purposes
10

s a result of best-fitting. t
Results of all four models with different model parameter values
are compared to pore-scale simulation results for pressure-driven flow
in the free-porous coupled systems, as shown in Fig. 7.

The slip velocity analysis revealed that both the B-J model and the
O-W model with their previously suggested parameter values exhibit
significant deviations from the simulation results. However, by using
best-fitted model parameters, the agreement between these models and
the simulation results improves to a great extent. Nonetheless, among
all the models considered, the proposed BDL model demonstrates the
best agreement with the simulation results. Regarding the interface
layer thickness, both the present BDL model and the O-W model yield
equally satisfactory results, while the other models fail to capture the
correct behavior regardless of the chosen model parameters. In terms
of the fluid shear stress from the channel side, the B-J model with
modified parameters, the O-W model with modified parameters, the
B-W model, and the BDL model all provide reasonably good results.
However, the BDL model exhibits the best agreement with the simu-
lation results. When examining the shear stress difference as the last
factor, the BDL model stands out as the only model that consistently
agrees well with the simulation results across all permeability values.
In contrast, the B-J model, regardless of the chosen model parame-
ters, exhibits significant deviations from the simulation results. The
B-W model, which assumes stress continuity across the free-porous
interface, yields trivial results. Although the O-W model with the
modified 𝛽 value agrees well with low-permeability structures, it fails
o accurately predict the shear stress difference in high-permeability
ituations. The BDL model, on the other hand, not only captures the
orrect trend of shear stress difference with respect to permeability but
lso distinguishes structures with similar permeabilities but different
icrostructures, producing distinct zig-zag patterns.

The performance of the models was also evaluated for shear-driven
low in the free-porous coupled system using the same porous struc-

ures and model parameters as in the pressure-driven flow case. The
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Fig. 8. Comparison of pore-scale simulation results with the different models in shear-driven flow. (a) slip velocity, (b) thicknesses of the interface layers, (c) fluid shear stress on
he channel side at the free-porous interface, and (d) shear stress difference between two sides at the free-porous interface.
esults, as shown in Fig. 8, exhibit similar trends to those observed in
ressure-driven flow.

Notably, the B-J model with the modified 𝛼 value fails to accurately
predict all four key factors, resulting in non-linear trends in both the
slip velocity and the fluid shear stress from the channel side. The B-W
model performs slightly better in terms of the slip velocity and the fluid
shear stress from the channel side, but it still falls short in accurately
predicting the interface layer thickness and the shear stress difference.
The O-W model with the modified 𝛽 value yields good results for most
actors except for the shear stress difference. In contrast, the BDL model
onsistently outperforms the other models, providing satisfactory re-
ults for all four key factors, particularly excelling in predicting the
hear stress difference. These findings highlight the BDL model’s ability
o accurately capture the force balance and momentum transfer at the
ree-porous interface.

In summary, the BDL model demonstrates superior performance
ompared to the other models considered, including the B-J model, the
-W model, and the B-W model, for both pressure-driven and shear-
riven flow in terms of slip velocity, interface layer thickness, fluid
hear stress from the channel side, and shear stress difference. Its ability
o provide a comprehensive and accurate representation of the complex
low behavior in porous media makes it a valuable tool for practical
pplications.

.3. Comparison with previous experimental data

To further validate our model, we conducted a comparative analysis
etween the BDL model and experimental data reported by Wu and
irbod [87] in 2018. In these experiments, porous media with intricate

D random structures were utilized, resulting in stable, non-fluctuating
elocity profiles that facilitate direct comparisons. In the following
11
comparisons, the model parameter 𝛾 was consistently defined as 𝛾 = 2𝜀
for consistency and clarity.

Fig. 9 presents the results obtained across three distinct porous
structures characterized by varying porosities. The solid line in the
figure represents the predictions of the BDL model, while different point
shapes correspond to experimental data obtained from different porous
structures. We normalize both the fluid velocity and the y-coordinate
by the channel height(𝐻) and the maximum velocity, respectively.

Across all three structures, the BDL model demonstrates remarkable
agreement with the experimental results. Notably, it excels in accu-
rately predicting the slip velocity and capturing the trend of descending
velocity within the thin interface layer. It is worth emphasizing that
the porous structures investigated in these experiments exhibit signif-
icant differences from the granular structures examined in our study,
underscoring the potentially broad applicability of our BDL model.

4.4. Sensitivity analysis on 𝛾

The sensitivity of model parameters is a critical aspect to consider in
any theoretical model. A model is deemed robust if minor adjustments
to its parameters do not significantly alter its predictions. In the case of
the BDL model, it is important to evaluate the sensitivity of the model
to the parameter 𝛾. To assess this sensitivity, different values ranging
from 0 to 8 have been assigned to 𝛾, and the corresponding predictions
by the BDL model are compared with pore-scale simulation results in
Fig. 10.

The comparisons demonstrate that even with a more than 400%
increase in 𝛾, the BDL model still exhibits good agreement with pore-
scale simulation results for the slip velocity, interface layer thickness,
and fluid shear stress from the channel side, as shown in Fig. 10.
Although the shear stress difference between the two sides is slightly
more sensitive to the value of 𝛾 (as depicted in Fig. 10(d)), the overall
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Fig. 9. Comparison between the BDL model and the experimental results by Wu and Mirbod [87]. (a) velocity profiles in the structure with a porosity of 0.95. (b) velocity
profiles in the structure with a porosity of 0.98. (c) velocity profiles in the structure with a porosity of 0.99. (a1), (b1), and (c1) are corresponding local velocity profiles near the
fluid-porous interface for the three structures. The interface is located at 𝑦 = 0.
Fig. 10. Comparisons of the results of pore-scale simulation and the present model with different values of 𝛾 in pressure-driven flow. (a) shows the non-dimensional slip velocity
v.s. permeability; (b) shows the non-dimensional interface layer thicknesses v.s. permeability; (c) shows the non-dimensional fluid shear stress on the channel side at the free-porous
interface; and (d) shows the shear stress difference between two sides at the free-porous interface.
trend is still accurately captured for all cases. Therefore, the present
BDL model demonstrates robustness to variations in the value of the
model parameter 𝛾 within the range of 0 < 𝛾 < 6.
12
In summary, the present BDL model not only improves the ac-
curacy of predictions and establishes a physical correlation for the

model parameter 𝛾, but it also exhibits robust performance suitable
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for engineering applications. The model’s ability to maintain consistent
results across a reasonable range of parameter values further enhances
its practical utility.

5. Conclusions

In this study, we have provided comprehensive numerical inves-
tigations and modeling of flow in a coupled system consisting of a
straight channel and a porous medium. Through the generation of
realistic porous microstructures using the QSGS method and pore-
scale fluid flow simulations using Lattice Boltzmann Method (LBM), we
have gained valuable insights into the complex flow behavior near the
free-porous interface.

By introducing four key parameters – slip velocity, interface layer
thickness, fluid shear stress from the channel side, and fluid shear
stress difference at the free-porous interface – we have successfully
quantified and characterized the flow characteristics in the coupled
system. Notably, linear relationships have been established between
certain parameters and the square root of permeability, highlighting
the significance of this quantity as a characteristic length in boundary
flow problems involving porous media. The positive fluid shear stress
difference across the interface consistently demonstrates a stress-jump
condition, indicating a strong force balance and momentum transfer at
the interface. Several existing models have been assessed by these four
key parameters and their deficiencies have been illustrated.

To address the limitations of existing models, we have proposed
the Brinkman double-layer (BDL) model, which incorporates a velocity-
continuum interface condition, a new stress-jump interface condition,
and a novel double-layer structure in the porous medium near the
interface. The BDL model has demonstrated superior performance com-
pared to three classic models, exhibiting excellent agreement with
pore-scale simulation results across all four key parameters, particularly
the shear stress difference at the free-porous interface. Furthermore, the
BDL model has exhibited remarkable robustness, maintaining accurate
predictions even with significant variations in the model parameter 𝛾.

In summary, the BDL model offers a valuable tool for accurately
epresenting and understanding the complex flow behavior in coupled
ystems comprised of channels and porous media. Its simplicity, accu-
acy, and robustness make it a promising candidate for a wide range
f practical applications. Future research can focus on exploring the
pplicability of the BDL model to other types of porous media and
alidating its effectiveness in different flow regimes.
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Appendix A. QSGS algorithm and microstructure generations

The Quartet Structure Generation Set (QSGS) method has been de-
veloped as a reliable approach for generating complex microstructures
of porous media within the coupled system. The QSGS utilizes statistical
information, including porosity, grain size, and degree of isotropy,
to randomly reproduce microstructures that closely resemble real or
targeted porous media. The generation process consists of two main
stages: seeding and growing, which closely mimic the natural formation
process observed in many porous media.

During the seeding process, solid cores are randomly distributed
throughout the entire domain. The number of solid cores is adjusted
according to the desired grain size, with fewer cores for larger grains
and vice versa. In the subsequent growing process, each solid core
undergoes growth in all directions with a predefined probability. By
manipulating the growth rate in different directions, the degree of
isotropy in the resulting porous structure can be controlled. For our
study, all generated porous structures are isotropic, with equal growth
rates assigned to the six main directions. The growing process concludes
when the porosity of the structure reaches or exceeds the desired
value.

To measure the pore size distributions within the generated porous
media, we employ the maximum ball method, as outlined by Gostick
et al. [69]. Typically, the probability density function exhibits patterns
similar to the Gaussian function, capturing the statistical characteristics
of the microstructure. To ensure reliable simulation results, the size of
the generated porous structures is set to be significantly larger than the
average pore size.

In the context of generating porous structures within a cubic do-
main, we address the issue of non-uniform porosity near the edges of
the structure, which arises due to boundary effects. To mitigate this
concern, we apply a periodic boundary condition during the generation
process of QSGS (Fig. A.11). The modified QSGS method ensures that
the newly generated structures exhibit uniform porosity throughout.
This approach enhances the accuracy of simulations and subsequent
analyses.

Throughout this study, all porous structures have been generated
using the modified QSGS method, guaranteeing a uniform porosity dis-
tribution for our mechanistic investigation. The advantages of this mod-
ified approach ensure reliable and consistent porosity profiles within
the generated structures.

Appendix B. Validations of pore-scale modeling method

We validated the pore-scale modeling method, lattice Boltzmann
method with single-relaxation-time (SRT) scheme or multiple-relaxation
time (MRT) scheme in this work, by simulating a Poiseuille flow in a
3D square channel with a constant pressure gradient. The analytical
solution is as follows

𝑢(𝑥, 𝑦) = −
∇𝑝
2𝜇

[

𝑏2

4
− 𝑦2 − 𝐶(𝑥, 𝑦)

]

, (B.1)

with 𝐶(𝑥, 𝑦) = 8𝑏2

𝜋3

∞
∑

𝑛=0
(−1)𝑛

cosh((2𝑛 + 1)𝜋𝑥∕𝑏) cos((2𝑛 + 1)𝜋𝑦∕𝑏)
(2𝑛 + 1)3 cosh((2𝑛 + 1)𝜋∕2)

,

(B.2)

where 𝑏 stands for the side length of the square channel.
We conducted simulations with varying fluid viscosities in the

square channel. The velocity profiles at the central plane were non-
dimensionalized by the maximum velocity at the middle of the cross-
section, and the results are presented in Fig. B.12(a). The results
show excellent agreements between the analytical solution and pore-
scale LBM simulations for different values of viscosity. To estimate the
truncation error, we compared the simulation results obtained using
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Fig. A.11. Schematic diagrams of generated porous structures by QSGS and the distribution of porosity. (a) microstructure generated under a constraint boundary, and (b) the
corresponding porosity profiles for different grain sizes; (c) microstructure generated under a periodic boundary and (d) the corresponding porosity profiles for different grain sizes.
The aiming porosity is 0.6 and the fluctuations using the periodic boundary condition are within 10% of the designed value.
different numbers of lattice points with the analytical solution and
calculated the mean relative error of the velocity. For both the SRT
and MRT schemes, the relative error decreases with the increase of
lattice number, with slopes approximately equal to −2 (Fig. B.12b, c).
The mean relative errors remain changeless for different values of fluid
viscosity. The results indicate a second-order accuracy for both schemes
of LBM.

To further validate our codes, we applied them to simulate flows
in two classical spherical packing structures: the body-centered cubic
(BCC) and the face-centered cubic (FCC) structures. Theoretical analysis
demonstrates that the ratio of permeability over the square of sphere
diameter is a constant for these two structures [88]. The constant value
for FCC is 1.736 × 10−4, while for BCC it is 5.023 × 10−4. As the sphere
diameter increases, the solid sphere surfaces become smoother due to
lattice discretization in the pore-scale modeling, resulting in simulation
results that approach the theoretical values. As depicted in Fig. B.13(a,
b), the permeability calculated by LBM with an SRT scheme gradually
approaches the theoretical value when the spheres grow for both BCC
and FCC structures, consistent with findings in the literature [89].
The LBM simulation results obtained with the MRT scheme for these
structures exhibit a similar trend across a wide range of fluid viscosities
(Fig. B.13c, d).

The aforementioned results demonstrate the validity of our pore-
scale algorithms and codes, enabling us to accurately simulate flow in
complex porous structures with various fluid viscosities. This capability
allows us to measure the permeability of generated porous structures,
conduct simulations in the coupled system, and analyze flow behavior
near the free-porous interface.
14
Appendix C. Selection of model parameters

The determination of empirical model parameters is an important
aspect of previous models. Various studies have focused on finding suit-
able values for these dimensionless parameters. Among them, the value
of 𝛼 in the B-J model has garnered significant attention. The original
study that developed the B-J model conducted quantitative experiments
using foametal and aloxite, resulting in reference values of 𝛼 ranging
from 0.1 to 4.0, based on matching the total flow rate in the coupled
system [13]. Subsequently, Beavers et al. [79] conducted experiments
using foametal produced by GE and recommended a reference value of
0.1 for 𝛼. Other artificial materials, such as piles of cylinders [90] and
networks of glass strands [42], have also been used, leading to different
recommended values for 𝛼, most of which were below 1.

Early studies on the 𝛽 parameter in the O-W model were carried
out by Ochoa-Tapia and Whitaker [91], who used experimental data
from [13] and proposed reference values around 0.6 for foametal
structures and 1.47 for granular structures. In subsequent studies, dif-
ferent expressions for structure permeability were employed, resulting
in different values for 𝛽. Most of these values were greater than one,
such as 1.23 [63], 1.1, and 1.25 [80]. It is worth noting that in some
previous works, researchers have formulated closure problems [80] to
determine the parameter 𝛽. However, due to the complexity of the 3D
porous structures generated in this study, solving these closure prob-
lems would incur a prohibitively high computational cost. Therefore,
these approaches were not adopted in this work.

On the other hand, for the B-W model, the model parameter 𝑐
has been suggested to have a reference value of 1.0, regardless of the
structure type or porosity [30].
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Fig. B.12. (a) shows the fluid velocity profile at the central plane parallel to the channel wall. 𝑢max and 𝑏 stand for the maximum fluid speed at the central point of the cross-section
and the side length of the square channel, respectively. Relative errors of the SRT LBM program and MRT LBM program with different fluid viscosity are shown in (b) and (c).
𝑁 stands for the number of lattices per side of the square channel, and 𝑢0 stands for the analytical solution.

Fig. B.13. The permeability of BCC (a) and FCC (b) calculated by SRT-LBM used in this paper and a previous work by Eshghinejadfard et al. [89]. The permeability of BCC (c)
and FCC (d) is calculated by our MRT-LBM with various values of fluid viscosity. 𝐾 stands for the permeability calculated by LBM, 𝐾∗ stands for the theoretical value, and 𝐷
stands for the diameter of spheres in BCC and FCC structures.
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Table C.2
Different values for the model parameters in previous models.
Model parameter Model Value Porosity Structure type Reference

𝛼 B-J model 0.78–4 0.8 Foametal Beavers and Joseph [13]
𝛼 B-J model 0.1 0.58 Granular Beavers and Joseph [13]
𝛼 B-J model 0.1 0.52 Granular Beavers and Joseph [13]
𝛼 B-J model 0.1 – Foametal Beavers et al. [79]
𝛽 O-W model 1.47 0.58, 0.52 Granular Ochoa-Tapia and Whitaker [91]
𝛽 O-W model 1.23 – Granular Goyeau et al. [63]
𝛽 O-W model 1.0 0.58 Granular Valdés-Parada et al. [80]
𝑐 B-W model 1.0 – – Bars and Worster [30]
Fig. D.14. (a) Schematic of a cylindrical control volume across the free-porous interface. The volume is divided into two parts with the same height, ℎ, by the interface 𝛤 . (b)
Schematic of the cuboid REV across the free-porous interface with only one pore plotted for clarity. Solid parts of the porous medium are denoted by the shaded area. 𝐴 stands
for the solid–liquid interface and 𝐵 stands for the liquid–liquid interface.
The typical reference values for these parameters are summarized in
Table C.2. Considering the structure type and porosity (e.g., the poros-
ity of granular structures being around 0.6), we have chosen the model
parameters that demonstrate the best performance for comparison. In
this work, we selected 𝛼 = 0.1 and 𝛽 = 1.0 as the reference values for
the B-J model and the O-W model, respectively. For the parameter 𝑐 in
the B-W model, a value of 1.0 has been suggested irrespective of the
structure type or porosity [30].

Appendix D. Derivation of Brinkman double-layer model

The volume-averaging method is employed to derive the boundary
conditions at the interface. In the following sections, we use some
notations that have been commonly adopted by studies employing the
volume-averaging technique [62,65,84,85]: 𝛽 refers to the fluid phase,
𝜎 refers to the solid phase, 𝜔 refers to the porous medium, and 𝜂 refers
to the clean channel. We also introduce two definitions of average
velocity: one is the intrinsic average velocity ⟨𝒖𝛽⟩𝛽 , and the other is
the superficial average velocity ⟨𝒖𝛽⟩. These two velocities are related
by
⟨

𝒖𝛽
⟩𝛽 = 1

𝜀
⟨

𝒖𝛽
⟩

, (D.1)

in which 𝜀 stands for the porosity of the porous medium.
A cylindrical control volume across the free-porous interface is se-

lected to derive the velocity-continuum condition, as shown in
Fig. D.14(a).

This volume 𝑉 is separated into two parts by the interface 𝛤 :
the upper part 𝑉𝜂 in the clean channel and the lower part 𝑉𝜔 in the
porous medium. Since the fluid is assumed incompressible, one has the
following continuity equation for pore-scale velocity

∇ ⋅ 𝒖𝛽 = 0. (D.2)

By the spatial averaging theorem [92], one can get the continuity
equation for the average velocity

∇ ⋅
⟨

𝒖𝛽
⟩

= 0. (D.3)

Then, following the same deviations used by [54], one can derive the
following equation
⟨

𝒖
⟩

=
⟨

𝒖
⟩

, on 𝛤 . (D.4)
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𝛽 𝜂 𝛽 𝜔
This shows that the averaged velocity is continuous across the interface
𝛤 , which is natural and quite evident.

A cuboid representative elementary volume 𝑉 across the interface
is chosen to drive the stress-jump condition. Suppose the size of this
volume is much larger than the pore size, but we only plot one pore
for clarity (see Fig. D.14(b)). The free-porous interface included in
the volume can be divided into two groups: the solid–liquid interface
denoted by A and the liquid–liquid interface denoted by B. By analyzing
the relationship of shear force at the interface, we have

𝜇
𝜕
⟨

𝒖𝛽
⟩𝛽
𝜔

𝜕𝑦
− 𝜇

𝜕
⟨

𝒖𝛽
⟩𝛽
𝜂

𝜕𝑦
= 0, on B, (D.5)

and assume

𝝉𝜂 = 𝜇
𝜕
⟨

𝒖𝛽
⟩𝛽
𝜂

𝜕𝑦
= 𝒇 , on A. (D.6)

Here, 𝒇 is a function that should rely on the slip velocity 𝑢𝑠 and the
surface geometries of the porous structure. Since the porous medium is
supposed to be homogeneous, this 𝒇 is then supposed to be a function
of bulk porosity and permeability, which are the only two known
geometrical parameters. Thus, 𝒇 is supposed to have the following form
𝒇 = 𝒇

(

𝑢𝑠, 𝐾, 𝜀
)

.
Let 𝜀 × (2.8) − (1 − 𝜀) × (2.9), after simplification, we have

⎛

⎜

⎜

⎝

𝜕
⟨

𝒖𝛽
⟩𝛽
𝜔

𝜕𝑦

⎞

⎟

⎟

⎠𝐵

− 1
𝜀

𝜕
⟨

𝒖𝛽
⟩

𝜂

𝜕𝑦
= 𝜀 − 1

𝜀
⋅
1
𝜇
𝒇
(

𝒖𝑠, 𝐾, 𝜀
)

. (D.7)

Since the porous medium is supposed to be homogeneous, we have

𝜕
⟨

𝒖𝛽
⟩

𝜔
𝜕𝑦

= 𝜀

(

𝜕
⟨

𝒖𝛽
⟩

𝜔
𝜕𝑦

)

𝐵

+ (1 − 𝜀)

(

𝜕
⟨

𝒖𝛽
⟩

𝜔
𝜕𝑦

)

𝐴

= 𝜀2
⎛

⎜

⎜

⎝

𝜕
⟨

𝒖𝛽
⟩𝛽
𝜔

𝜕𝑦

⎞

⎟

⎟

⎠𝐵

.

(D.8)

Substituting Eq. (D.8) into Eq. (D.7) leads to

1
𝜀
𝜕
⟨

𝒖𝛽
⟩

𝜔
𝜕𝑦

−
𝜕
⟨

𝒖𝛽
⟩

𝜂

𝜕𝑦
= 𝜀 − 1

𝜇
𝒇
(

𝒖𝑠, 𝐾, 𝜀
)

. (D.9)

Due to the linearity of this flow system, this force function 𝒇 is
also expected to have a linear expression [93]. Through dimensional
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analysis, the following form has been obtained:

𝒇
(

𝒖𝑠, 𝐾, 𝜀
)

= 𝜇 ⋅ 𝛾(𝜀) ⋅
𝒖𝑠
√

𝐾
, (D.10)

where 𝛾 = 𝛾(𝜀) is a dimensionless constant related to characteristics
of the microstructures of the porous medium and is supposed to have
certain relationships with porosity.

Finally, we get the stress-jump condition at the interface

𝜕
⟨

𝒖𝛽
⟩

𝜂

𝜕𝑦
− 1

𝜀
𝜕
⟨

𝒖𝛽
⟩

𝜔
𝜕𝑦

= (1 − 𝜀) ⋅ 𝛾 ⋅
𝒖𝑠
√

𝐾
. (D.11)
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