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Abstract: The modeling and understanding of micro- and nano-scale transport processes have raised increas-

ing attention and extensive investigation during the past decades. In this mini-review, we aim to summarize

our recent progress on the non-equilibrium thermodynamics of micro- and nano-scale flow and heat transfer.

Special emphasis is put on the entropy generation at the interface, which plays a dominant role at small scale

due to the strong non-equilibrium nature of particle-boundary interaction. We also prove the thermodynamic

compatibility of both the macroscopic hydrodynamic equation and the non-equilibrium boundary conditions

from the perspective of bulk and interfacial entropy generations respectively, as supported by the kinetic the-

ory of microscopic particles. The present review will contribute to a clearer elaboration of thermodynamics at

micro/nano-scale and its statistical mechanical demonstration, and thus will promote its further development

in the future.

Keywords: non-equilibrium thermodynamics;micro- and nano-scale flow; entropy generation; interfacial trans-

port

1 Introduction

With the rapid development of nanoscience and nanotechnology since the end of last century, the modeling and

understanding of micro- and nano-scale transport (fluid flow, ion transport, heat transport, etc.) becomes an

increasingly important task. The micro- and nano-scale fluid flow has important applications in the MEMS &

NEMS (micro/nano-electromechanical system) [1], [2], whereas the ion transport in micro- and nano-channels is

relevant tomicrofluidics and nanofluidics [3],many energy systems and devices (such as supercapacitors [4] and

fuel cells [5]). The extensive study on micro- and nano-scale heat conduction in semiconductors and dielectrics

has been mainly motivated by the thermal management of micro- and nano-electronics [6], [7], nanostructured

thermoelectrics [8], and also advanced machining process [9].

When coming to micro- and nano-scale, the classical macroscopic transport theory based on the continuum

assumption may be no long valid. As is known, the Navier–Stokes (N–S) fluid mechanic equation is not capable

of describing well gas flows in micro- and nano-channels [2]. The violation of classical Fourier’s law has been

shown in heat conduction through nanomaterials by both experiments [10], [11] and modeling [12], [13]. The

failure of classical continuum theory has led to the development of generalized macroscopic transport theory

for micro- and nano-scale gas flow and heat transfer. The N–S equation was supplemented with slip boundary

conditions to model the microscale gas flow in slip regime [2], whereas higher-order moment equations [14] and

regularized moment model [15] were proposed to describe the nanoscale gas flow in transition regime. As for

the nanoscale non-Fourier heat conduction, there have been a few macroscopic transport models [16], among
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which the phonon hydrodynamic model [17], [18] with natural statistical mechanical (i.e. kinetic theory) basis is

one of the most promising candidates.

On the other hand, the classical thermodynamic theory, based on equilibrium or local-equilibriumhypothe-

sis, may also not work well at small scale where strong non-equilibrium effects appear. The classical irreversible

thermodynamics (CIT), developed by Onsager [19] and Prigogine [20], was proved to be admissible by the linear

and local transport laws of mass, heat and momentum. However, non-linear and non-local effects [15], [21], [22]

are significant in nanoscale gas flow and heat transport. As a result, the entropy increase principle (i.e. second

law of thermodynamics) based on CIT was shown to fail in non-Fourier heat conduction [23]. Such a defect has

been removed by extended thermodynamic theories, represented by rational extended thermodynamics (RET)

[24] and extended irreversible thermodynamics (EIT) [25]. In RET and EIT, higher-order dissipative variables

(heat flux, stress tensor, etc.) were elevated in the state space to capture the strong non-equilibrium effect at

micro- and nano-scale. In this way, the Grad’s 13-moment and regularized moment equations for nanoscale gas

flow were shown to be compatible with the second law in the frame of EIT [25], [26]. The phonon hydrodynamic

model has been also derived from EIT in a phenomenological way [27], [28].

In thismini-review,we aim to summarize our recent work on the thermodynamics ofmicro- and nano-scale

fluid flow and heat transport. This review will include the following three aspects. Firstly, in Section 2, we will

discuss theway of statistical thermodynamic average in the analysis of nanoscale fluid flow via atomistic model-

ing, where a scale gap exists. The validity of the continuum transport theorywill be also examined by comparing

to the atomistic modeling results. Then in Section 3, we will present our viewpoint on the non-equilibrium ther-

modynamics of microscale gas flow and heat transfer. The entropy generation at interface, as usually neglected,

was derived from kinetic theory of gas and demonstrated to be important at small scale. In Section 4, we will

introduce our recent progress on the non-equilibrium thermodynamics for phononhydrodynamics of nanoscale

phonon heat conduction. The emphasis will be put on the previously missing kinetic theoretical derivation for

the thermodynamic compatibility of phonon hydrodynamic model. Finally, we will provide a brief summary

and some perspectives in Section 5.

2 Thermodynamics for transport analysis with scale gap

Themolecular dynamics (MD) simulation has beenwidely used inmodeling fluid and ion transport in nanochan-

nels. There is a scale gap since one has to do statistical average of the atomic attributes to obtain themacroscopic

variables (density, velocity, pressure, etc.) for transport analysis. In the viewpoint of thermodynamics, those

macroscopic variables are meaningful only when the bin size for sampling is sufficiently large, i.e. no smaller

than the molecular size.

As an example, we consider the MD simulation of electroosmotic flow in a nanochannel [29]. Very large

fluctuations of mass density distribution are observed near the wall of the nanochannel when a very fine bin

size of one tenth the molecular diameter is adopted, as shown in Figure 1(a). The largest mass density is even

around four times the normal density. However, when we use a bin size of one molecular diameter, the fluctua-

tions are smoothened and an almost uniform density distribution is obtained, as consistent with the continuum

theory. The large oscillation of mass density at small bin size is from the inherent microscopic fluctuations of

the molecular dynamics. Enough particles in a system are required to do statistical thermodynamic average

when we define and calculate macroscopic variables from atomistic simulations. Such an issue is further exam-

ined by studying the ion density distribution across the nanochannel, as shown in Figure 1(b). Again, very large

fluctuations emerge near the walls when using very fine bin size, and a smooth decaying ion density profile is

obtained with a bin size of one molecular diameter. In addition, the MD results are shown to deviate far from

the continuum Poisson-Boltzmann (PB) theory in the whole channel, while agree well with that in the diffusion

layer. It indicates that the PB theory fails to predict accurately the ion distribution across the whole nanochan-

nel when the thickness of Stern layer near the wall is comparable to or even larger than that of the diffusion

layer.



Y. Guo and M. Wang: Thermodynamics of micro- and nano-scale transport — 223

Figure 1: Dimensionless mass density and ion density of electroosmotic flow in nanochannel: (a) mass density by MD sampled with 0.1

and 1 molecular diameter bin size respectively; (b) ion density, the dotted line is MD results sampled with finest bin size, the circles and

triangles are MD results sampled with one molecular diameter bin size, the triangles are sampled in the whole channel whereas the

circles are sampled only in the diffusion layer, the dashed line and solid line are calculated based on Poisson-Boltzmann equation in the

whole channel and in the diffusion layer respectively. Figure (b) is reprinted from Ref. [29] with permission.

Indeed, the continuum theory may breakdown when the channel size is too small to validate a proper

macroscopic description. A systematic clarification has been recently conducted of the critical size via MD simu-

lation of single-phase liquid flow in nanochannel [30]. The N–S equation with no-slip boundary condition at the

wall is valid as long as the channel height is larger than around 100 molecular mean spacings, as demonstrated

in Figure 2(a). After considering the solid-like sticky layer near the wall and effective dynamic viscosity of the

liquid, the N–S equation remains still valid down to a channel height of 10 molecular mean spacings, as shown

in Figure 2(b).When the channel height is even smaller as in the case of Nh = 3 in Figure 2(a), the velocity profile

is no longer parabolic. Hydrodynamicmodel beyond N–S equation or direct atomistic modeling is necessary for

this strong non-equilibrium fluid transport.

3 Non-equilibrium thermodynamics for microscale gas flow and

heat transfer

One of the milestones in non-equilibrium thermodynamics is the optimization of heat and fluid trans-

port processes via the entropy generation minimization principle [31], [32], or second-law analysis [33].

The second-law analysis, originated from CIT, has been extended to microscale gas flow and heat trans-

fer processes [34]–[38]. These works follow the traditional methodology, i.e. computing the entropy gener-

ation based on the formula from CIT after solving the temperature and velocity fields. The size effect at

microscale is considered by solving the Navier–Stokes–Fourier (N–S–F) equations with velocity slip and

temperature jump boundary conditions. A common conclusion was made that the total entropy genera-

tion decreased with the increasing Kn (Knudsen number, defined as the ratio of gas mean free path to

channel width) [34], [35]. In our recent study [39], we have shown that the total entropy generation in

microscale gas flow and heat transfer should include both the bulk part counted previously [34], [35],

and the often neglected interfacial part. As the surface-to-volume ratio increases when the system size is

reduced, the interfacial entropy generation plays an increasingly important role and could even change

the common trend of the total one. In this section, first we briefly introduce the formula of bulk entropy

generation from CIT in Section 3.1. In Section 3.2, we summarize the derivation of interfacial entropy

generation from kinetic theory, and verify its non-negativeness as required by the second law. Finally,
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Figure 2: Velocity profiles of liquid argon flow in solid argon nanochannel with different dimensionless heights: (a) comparison of MD

results to Navier–Stokes equation with non-slip boundary condition at the wall (Eq. (3) in Ref. [30]); (b) comparison of MD results to

Navier–Stokes equation with effective viscosity and modified no-slip boundary condition considering the sticky layer near the wall

(Eq. (4) in Ref. [30]). Nh = 2h/d, with 2h the channel height and d the molecular mean spacing perpendicular to the transport direction.

𝛿d is the thickness of sticky layer, 𝛽𝜇 is the effective dynamic viscosity, and∆ denotes the relative difference of volume flow rates

between MD and continuum theory. Figures are reprinted from Ref. [30] with permission.

in Section 3.3, we demonstrate the comparison of the bulk and interfacial entropy generations in a microscale

heat convection.

3.1 Bulk entropy generation from CIT

In thiswork,we considermicroscale gas flow in the slip regime,which could bemodeled by theN–S–F equations

with velocity slip and temperature jump boundary conditions. In the bulk region, the balance equation of

entropy (s) is [40]:

𝜌
ds

dt
= −∇ ⋅ Js + 𝜎s

b
, (1)

where 𝜌 denotes the mass density, and the expressions of entropy flux (Js) and entropy generation (𝜎s
b
) are from

CIT respectively [40]:

Js = q

T
, (2)

𝜎s
b
= 𝜆

T2
(∇T)2 + 𝜇

T

[
∇u+ (∇u)T

]
:∇u− 2

3

𝜇

T
(∇ ⋅ u)2, (3)

where q, T , and u represent respectively the heat flux, temperature and velocity, 𝜆 and 𝜇 denote the thermal

conductivity and dynamic viscosity of the fluid respectively, and the superscript ‘T’ denotes the transpose of

a second-order tensor. For incompressible fluid flow (∇ ⋅ u = 0) considered in this work, the bulk entropy

generation in Eq. (3) is reduced to:

𝜎s
b
= 𝜆

T2
(∇T)2 + 𝜇

T

[
∇u+ (∇u)T

]
:∇u. (4)
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3.2 Derivation of interfacial entropy generation from kinetic theory

The velocity slip and temperature jump at the boundaries inmicroscale gas flow come from the non-equilibrium

interaction between the gas and wall. Here we provide the idea of deriving the interfacial entropy generation

from kinetic theory of gases [39]. For simplicity, we assume negligible coupling between fluid flow and heat

transport, and evaluate the entropy generation at the interface induced by velocity slip and temperature jump

separately, as shown in Figure 3(a) and (b).

The starting point is the fundamental Boltzmann transport equation (BTE) under BGK relaxation approxi-

mation [41], [42]:
𝜕 f

𝜕t
+ c ⋅

𝜕 f

𝜕x
= −

f − feq

𝜏
, (5)

where f = f (x, c, t) is the velocity distribution function dependent on space (x) and time (t), cbeing themolecular

velocity, 𝜏 is the relaxation time, and the equilibrium distribution function feq is the local Maxwell-Boltzmann

distribution:

feq =
𝜌

m

(
m

2𝜋kBT

)3∕2
exp

[
−m

(
c𝛼 − u𝛼

)2
2kBT

]
, (6)

where m is the molecular mass, with kB the Boltzmann constant. The Einstein’s rule of summation is adopted

hereafter, with the subscripts 𝛼 (𝛽 , . . . ) the indices of Cartesian coordinate components. Since the fluid flow in

bulk region is described by the N–S–F equations, the first-order Chapman–Enskog expansion solution of Eq. (5)

is adopted for further analysis [41], [43]:

f = feq −

⎡⎢⎢⎢⎢⎢⎣

m2 feq

𝜌
(
kBT

)2 (c𝛼 − u𝛼
)(
c𝛽 − u𝛽

)
𝜇
𝜕u𝛼
𝜕x𝛽

−
m2 feq

3𝜌
(
kBT

)2 (c𝛼 − u𝛼
)(
c𝛼 − u𝛼

)
𝜇
𝜕u𝛽
𝜕x𝛽

−
m2 feq

𝜌
(
kBT

)2 (c𝛼 − u𝛼
)
𝜆
𝜕T

𝜕x𝛼
+

m3 feq

5𝜌
(
kBT

)3 (c𝛼 − u𝛼
)(
c𝛼 − u𝛼

)(
c𝛽 − u𝛽

)
𝜆
𝜕T

𝜕x𝛽

⎤⎥⎥⎥⎥⎥⎦
. (7)

By multiplying –kBlnf on both sides of the BTE in Eq. (5) and integrating over the molecular velocity space,

we obtain the entropy balance equation in Eq. (1), together with the kinetic definitions of entropy density and

entropy flux respectively [25]:

𝜌s = −kB ∫ f ln fdc, (8)

Js = −kB ∫ (c− u) f ln fdc. (9)

Figure 3: Derivation of interfacial entropy generation in microscale gas flow and heat transport: (a) isothermal microscale gas flow with

velocity slip, (b) microscale gas conduction with temperature jump, (c) kinetic theory foundation of interfacial entropy generation. Figures

are reproduced from Ref. [39].
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Let’s first derive the interfacial entropy generation induced by velocity slip as shown in Figure 3(a). In this

case, from Eq. (7), the non-equilibrium distribution function of gases incident onto the wall from the bulk region

is reduced to:

f − = f −
eq

[
1− m2

𝜌
(
kBT

)2 (cx − us
)
cy𝜇

(
𝜕ux
𝜕y

)
s

]
, (10)

where the subscript ‘s’ denotes the variable of gas at the wall surface, us is the gas slip speed at the wall, and the

local equilibrium distribution function is:

f −
eq
= 𝜌

m

(
m

2𝜋kBT

)3∕2
exp

[
−
(
cx − us

)2 + c2
y
+ c2

z

2kBT∕m

]
. (11)

The basic idea of deriving the interfacial entropy generation is computing it as the difference of entropy

flux of gas and entropy flux of solid side at the wall interface, as illustrated in Figure 3(c) [39]:

𝜎s
i
= Js

s
− Js

w
= Js

s
= −kB ∫ cy fs ln fsdc. (12)

The entropy flux of solid side Js
w
= 0 since we consider isothermal fluid flow in this case. In Eq. (12), the

velocity distribution of gases at the wall is:

fs =
⎧⎪⎨⎪⎩
f −, for cy < 0

f +, for cy > 0
, (13)

where the distribution function of gases reflected from the wall f + is related to f − through the gas-surface

interaction model. For simplicity, the fully diffuse Maxwell model is considered here: f + = f0
(
Tw

)
, with f0 the

globalMaxwell–Boltzmann distribution. Putting Eq. (13) into Eq. (12) and integrating over themolecular velocity

space, we obtain the explicit expression of interfacial entropy generation for velocity slip [39]:

𝜎s
i
= 𝜇

𝜋T
Λ
[(

𝜕ux
𝜕y

)
s

]2
. (14)

In Eq. (14), the gas mean free path Λ has been related to the dynamic viscosity 𝜇 as [41]: 𝜇 = 1

2
𝜌cΛ =

𝜌Λ
√
2kBT∕𝜋m. With the gas slip speed in the fully diffuse Maxwell model: us = Λ

(
𝜕ux
𝜕 y

)
s
, Eq. (14) is slightly

reformulated into:

𝜎s
i
= 𝜇

𝜋T
us

(
𝜕ux
𝜕y

)
s

. (15)

Let’s then consider the derivation of interfacial entropy generation induced by temperature jump, as shown

in Figure 3(b). In principle, it could be derived through a similar procedure to that of velocity slip. However, it is a

non-trivial task to obtain the entropy flux of non-equilibrium solid side at the interface because of the distinction

between kinetic theories of solids and gases. Thus we simply estimate the entropy generation at the interface as

the difference of entropy fluxes at the gas side and at the solid side assuming the classical form in Eq. (2) [39]:

𝜎s
i
= Js

w
− Js

s
= qn

Tw
− qn
Ts
. (16)

A further investigation of the microscopic foundation of the gas-solid interfacial entropy generation is

pending in a future study.

To sum up, the interfacial entropy generations in Eq. (15) and (16) are proportional to the slip speed and

temperature jump at the wall. The interfacial entropy generation of velocity slip is obviously non-negative, as

seen in Eq. (14). Also, the interfacial entropy generation of temperature jump is non-negative, since Tw < Ts.

Therefore, the expressions of entropy generation at the interface are well compatible with the second law of
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thermodynamics. The non-equilibrium thermodynamics for microscale gas flow and heat transfer are sum-

marized in Table 1. In the limit of macroscopic scale, the interfacial entropy generation is vanishingly small

due to the negligible velocity slip and temperature jump. However, it becomes an appreciable contribution at

microscale, where those non-equilibrium slip and jump phenomena are salient. A quantitative demonstration

will be given in the following sub-section.

3.3 Bulk versus interfacial entropy generation at microscale

In this sub-section, we aim to quantify the entropy generation in microscale heat convection through a micro-

pipe with a radius R, as shown in Figure 4(a). The hydrodynamically and thermally fully-developed steady-state

Table 1: Summary of non-equilibrium thermodynamics for microscale gas flow and heat transport.

Non-equilibrium phenomena Transport or constitutive equations Entropy generation

Fluid flow & heat conduction Navier–Stokes–Fourier equations 𝜎s
b
= 𝜆

T2

(
∇T

)2 + 𝜇

T

[
∇u+

(
∇u

)T]
:∇u ≥ 0

Velocity slip us = Λ
(
𝜕ux
𝜕 y

)
s

𝜎s
i
= 𝜇

𝜋T
us

(
𝜕ux
𝜕 y

)
s
= 𝜇

𝜋ΛT u
2
s
≥ 0

Temperature jump qn = G
(
Ts − Tw

)
𝜎s
i
= qn

Tw
− qn

Ts
= q2

n

GTwTs
≥ 0

Figure 4: Thermodynamic analysis of fully-developed microscale gas heat convection: (a) schematic of the physical model; (b) bulk

entropy generation number; (c) interfacial entropy generation number induced by temperature jump; (d) interfacial entropy generation

number induced by velocity slip. Three different Brinkman numbers are considered: Br = 0.001, 0.005, 0.01. Figures are reproduced from

Ref. [39].
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laminar gas flow is studied, with the axial heat conduction neglected and constant fluid properties considered

[39], [44]. The velocity and temperature fields are computed by an analytical solution of N–S–F equation with

first-order velocity slip and temperature jump boundary conditions, with the details given in Ref. [39]. Then the

entropy generation can be calculated based on Eq. (4), (15) and (16). The source of entropy generation includes

four parts: (i) viscous fluid flow, and (ii) heat conduction in the bulk region; (iii) velocity slip, and (iv) temperature

jump at the wall. Thus the total entropy generation is expressed as:

Sgen = Sgen, H + Sgen, F + Sgen,V + Sgen,T, (17)

where the subscripts ‘H’, ‘F’, ‘V’ and ‘T’ denote ‘heat conduction’, ‘fluid flow’, ‘velocity slip’ and ‘temperature

jump’ respectively. Taking a volume element dV = Ac dx along the axial direction of the pipe within (x, x + dx),

with Ac the cross-sectional area, we compute each part of the entropy generation as follows [39]:

Sgen,H = ∫
V

𝜎s
H
dV = ∫

V

𝜆

T2
(∇T)2dV = dx∫

Ac

𝜆

T2

(
𝜕T

𝜕r

)2

dA, (18)

Sgen,F = ∫
V

𝜎s
F
dV = ∫

V

𝜇

T

(
du

dr

)2

dV = dx∫
Ac

𝜇

T

(
du

dr

)2

dA, (19)

Sgen,V = ∫
Σ

𝜎s
V
dΣ = ∫

Σ

𝜇

𝜋Ts
us

(
du

dr

)
s

dΣ = Pdx
𝜇

𝜋Ts
us

(
du

dr

)
s

, (20)

Sgen,T = ∫
Σ

𝜎s
T
dΣ = ∫

Σ

q

(
1

Ts
− 1

Tw

)
dΣ = Pdxq

(
1

Ts
− 1

Tw

)
. (21)

In Eqs. (20) and (21),Σ= P dx is the surface element of the volume element, with P the perimeter of the circu-

lar cross-section of the micro-pipe. For convenience, a dimensionless entropy generation number is introduced

as:

Ns =
Sgen

𝜆

R2
Acdx

=
Sgen

𝜋𝜆dx
. (22)

Our definition of entropy generation number in Eq. (22) follows a previous study [35], where 𝜆∕R2Acdx
denotes a reference entropy generation inside the volume element dV .

The entropy generation numbers of viscous flowandheat conduction in the bulk region, and of temperature

jump and velocity slip are shown in Figure 4(b)–(d) respectively. Three different Brinkmannumbers (Br, defined

as the ratio of viscous dissipation heat to external heat supply: Br = 𝜇u2
m
∕2Rq) are considered. Generally, the

bulk entropy generation number in Figure 4(b) decreases with increasing Kn (defined as Kn = Λ/2R), which
could be explained by the more flattened profiles and smaller gradients of velocity and temperature fields due

to larger velocity slip and temperature jumpat thewall. In contrast, the interfacial entropy generationnumber in

Figure 4(c) and (d) increases with increasing Kn, as both the non-equilibrium slip and jump are correspondingly

enhanced. As a result, the total entropy generation number, including the contribution fromboth the bulk region

and interfacial region, will increase as Kn increases, as shown in Figure 5. This is a reverse trend compared to

that in previous works [34]–[38] considering only the irreversibility from heat and fluid transport in the bulk

region. The interfacial irreversibility becomes increasingly important at small scale, where the equilibration

and thermalization between the gas molecules and solid wall is more difficult, i.e. a stronger non-equilibrium

effect emerges.

4 Non-equilibrium thermodynamics for phonon hydrodynamics

of micro- and nano-scale heat transport

Owing to the failure of classical Fourier’s law and expensive cost of directly solving phonon BTE for micro-

and nano-scale heat conduction, people have been trying to seek macroscopic transport models with simpler



Y. Guo and M. Wang: Thermodynamics of micro- and nano-scale transport — 229

Figure 5: Total entropy generation number of microscale

gas heat convection versus Kn. The solid lines with sym-

bols represent the results counting both bulk and interfa-

cial entropy generation, whereas the dashed lines with sym-

bols represent the results counting only bulk entropy gen-

eration. Three different Brinkman numbers are considered:

Br = 0.001, 0.005, 0.01. The figure is reproduced from Ref.

[39].

mathematical description and clearer physical picture [16]. In our recent study [18], we have derived a macro-

scopic phonon hydrodynamicmodel from phonon BTE by regularizedmoment method. The starting point is the

phonon BTE under single mode relaxation time (SMRT) approximation:

𝜕 f

𝜕t
+ vg ⋅∇ f = − f − f

eq

R

𝜏R
, (23)

where vg and 𝜏R are the group velocity and relaxation time of phonons respectively, and the equilibrium dis-

tribution f
eq

R
is the Bose–Einstein distribution. The basic idea of the regularized moment method [15], [18] is a

perturbative expansion of the phonon distribution function around a four-moment non-equilibrium solution

obtained by maximum entropy principle. In this way, the derived macroscopic equation will be able to describe

heat transport in a stronger nonequilibrium regime, as given below [18]:

𝜏R
𝜕q

𝜕t
+ q = −𝜆∇T + 1

5
Λ2

[
∇2q+ 1

3
∇
(
∇ ⋅ q

)]
, (24)

whereΛ is themean free path of phonons here. Compared to Fourier’s law, Eq. (24) contains relaxation term and

non-local terms of heat flux, which are crucial to capture the size effects from both small time and space scales.

Equation (24) is known to be theGuyer–Krumhansl type heat conduction equation,whichwas originally derived

for phonon hydrodynamics in crystals at low temperatures [45] and has been also shown towell explain the heat

pulse propagation in macro-scale heterogeneous materials at room temperatures in recent years [46]–[48]. The

corresponding solution of phonon distribution function to Eq. (23) is written as [18]:

f = f
eq

R
+ 3

CV𝑣
2
g

𝜕 f
eq

R

𝜕T
q𝛼𝑣g𝛼 +

𝜏R
CV

𝜕q𝛼
𝜕x𝛼

𝜕 f
eq

R

𝜕T
− 3𝜏R
CV𝑣

2
g

𝑣g𝛼𝑣g𝛽
𝜕q𝛼
𝜕x𝛽

𝜕 f
eq

R

𝜕T
, (25)

where CV denotes the volumetric heat capacity of the solid.

In the following, we will demonstrate that the phonon hydrodynamic equation (24) is compatible with sec-

ond law of thermodynamics. In Section 4.1, the entropy density and fluxwill be derived from the phonon kinetic

theory, and the entropy generation will be proved to be positive-definite in the frame of EIT. In Section 4.2, we

will derive the expression of interfacial entropy generation and show its non-negativeness as required by the

second law.
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4.1 Entropy density, flux, and generation in the bulk region

Phonons are bosons, and the statistical mechanical definition of entropy density is expressed as [49], [50]:

s = −kB ∫
[
f ln f −

(
1+ f

)
ln
(
1+ f

)]
dk, (26)

where k denotes the phonon wave vector. The time derivative of entropy density is calculated from Eq. (26) as:

𝜕s

𝜕t
= −kB ∫

{
𝜕
(
f ln f

)
𝜕t

− 𝜕
[(
1+ f

)
ln
(
1+ f

)]
𝜕t

}
dk. (27)

With the help of phonon BTE in Eq. (23), Eq. (27) yields the balance equation of entropy similar to Eq. (1) and

the kinetic definition of entropy flux:

Js = −kB ∫ vg
[
f ln f −

(
1+ f

)
ln
(
1+ f

)]
dk. (28)

Putting the non-equilibrium solution of phonon distribution function in Eq. (25) into the kinetic definition

in Eq. (26) and integrating over the wave vector space, we obtain the explicit expression of entropy density as:

s = seq −
𝜏R
2𝜆T2

q ⋅ q− 𝜏R
5𝜆T2

Λ2
(
∇q

)s
o
:
(
∇q

)s
o
. (29)

In Eq. (29), the equilibrium entropy density is defined as:

seq = −kB ∫
[
f
eq

R
ln f

eq

R
−
(
1+ f

eq

R

)
ln
(
1+ f

eq

R

)]
dk. (30)

The symmetric traceless part of the gradient of heat flux∇q is fully expressed as:(
∇q

)s
o
= 1

2

[
∇q+

(
∇q

)T]− 1

3

(
∇ ⋅ q

)
I, (31)

with I the unit tensor. Similarly, putting Eq. (25) into Eq. (28) and integrating over the wave vector space, we

obtain the explicit expression of entropy flux:

Js = q

T
+ 2Λ2

5𝜆T2
q ⋅

(
∇q

)s
o
. (32)

The details of the derivation of Eq. (29) and (32) can be found in our previous work [50].

With the explicit expressions of phonon entropy density and flux, nowwewill show that the corresponding

phonon hydrodynamic equation (24) is compatible with the second law in the frame of EIT. In EIT, the entropy

density is a function of the state variables: s = s
(
e,q,

(
∇q

)s
o

)
, as inferred fromEq. (29),with e the energy density.

The generalized Gibbs relation is thus obtained [25], [50]:

ds = de

T
− 𝜏R

𝜆T2
q ⋅ dq− 2𝜏R

5𝜆T2
Λ2

(
∇q

)s
o
: d
(
∇q

)s
o
. (33)

Eq. (33) is slightly rewritten into the time derivative form:

ds

dt
= 1

T

de

dt
− 𝜏R

𝜆T2
q ⋅

dq

dt
− 2𝜏R
5𝜆T2

Λ2
(
∇q

)s
o
:
d
(
∇q

)s
o

dt
. (34)

With the help of the balance equations of energy (de∕dt + ∇ ⋅ q = 0) and entropy, together with the entropy

flux in Eq. (32), finally we derive the explicit expression of entropy generation in bulk region as:

𝜎s
b
= q

𝜆T2
⋅
{
−𝜆∇T − 𝜏R

dq

dt
+ Λ2

5

[
1

3
∇
(
∇ ⋅ q

)
+∇2q

]}
+ 2Λ2

5𝜆T2
(
∇q

)s
o
:
(
∇q

)s
o
. (35)

With the phonon hydrodynamic equation (24) at hand, the entropy generation in Eq. (35) becomes:
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𝜎s = q ⋅ q
𝜆T2

+ 2Λ2

5𝜆T2
(
∇q

)s
o
:
(
∇q

)s
o
. (36)

Equation (36) admits exactly a positive-definite quadratic form, i.e. 𝜎s ≥ 0. In other words, even in micro-

scale and nanoscale heat conduction, the macroscopic transport equation of phonons still satisfies the second

law in the frame of EIT. Note that the essence of EIT is to postulate the expressions of entropy and entropy flux

with forms as in Eq. (29) and (32) and derive a constitutive heat transport equation from the entropy princi-

ple (i.e., second law) [25], [51], [52]. However, the phonon kinetic theory is used here to provide a microscopic

interpretation of the entropy and entropy flux, as well as the transport coefficients in the phonon hydrodynamic

equation (24).

4.2 Interfacial entropy generation

In modeling micro- and nano-scale heat conduction, the phonon hydrodynamic equation (24) should be also

supplemented with boundary conditions. In our previous work [18], we have derived from phonon kinetic

theory the heat flux tangential retardant (HFTR) boundary condition for in-plane heat transport as shown in

Figure 6(a):

qxs =
8

15
Λ
(
𝜕qx
𝜕y

)
s

. (37)

The heat flux reductionwithin the Knudsen layer near the boundary represents the strong non-equilibrium

between the phonons inside the transport channel and the boundary. Such non-equilibrium effect will also

induce entropy generation at the boundary, similar to the situation in microscale gas flow in Section 3.2. Actu-

ally, the thermodynamic consistency of the boundary conditions in nanoscale heat transport has been already

investigated by introducing the interfacial entropy generation in a phenomenological way [53], [54]. Here, we

will provide a kinetic theoretical derivation of the entropy generation at the lower boundary in in-plane phonon

heat transport, as shown in Figure 6(b).

Following the same idea of entropy balance at the interface in Section 3.2, we have the interfacial entropy

generation as:

𝜎s
i
= −kB ∫ 𝑣gy

[
fs ln fs −

(
1+ fs

)
ln
(
1+ fs

)]
dk, (38)

where the distribution function of phonons at the boundary is:

fs =
⎧⎪⎨⎪⎩
f −, k ⋅ n < 0

f +, k ⋅ n > 0
, (39)

with n the normal unit vector at the boundary, as illustrated in Figure 6(b). The distribution function of incident

phonons on the boundary is exactly that in Eq. (25), which is reduced to the following expression in the present

in-plane case:

Figure 6: Non-equilibrium thermodynamics for micro- and nano-scale phonon heat transport: (a) non-equilibrium effect and phonon

hydrodynamic modeling; (b) schematic of in-plane heat transport for derivation of interfacial entropy generation. Figure (a) is reprinted

from Ref. [18], whereas Figure (b) is reproduced from Ref. [50].
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Table 2: Summary of the brief history of non-equilibrium thermodynamics for transport theory together with the kinetic theory support.

Hydrodynamic equation Kinetic theory method Thermodynamic theory

Navier–Stokes–Fourier equations Chapman–Enskog expansion (1916) [41] Classical irreversible thermodynamics (CIT)

(1930s–1940s) [19], [20]

Grad’s 13-moment equations, R13

moment equations

Grad’s moment method (1949) [14],

regularization (2003) [15]

Extended thermodynamics (RET, EIT) (1960s–1980s)

[24], [25]

Phonon hydrodynamic models Eigen-state analysis (1966) [45], regularized

moment method (2018) [18]

EIT frame (since 1990s) [27]

f − = f
eq

R
+ 3

CV𝑣
2
g

𝜕 f
eq

R

𝜕T
qxs𝑣gx −

3𝜏R
CV𝑣

2
g

𝑣gx𝑣gy

(
𝜕qx
𝜕y

)
s

𝜕 f
eq

R

𝜕T
. (40)

As consistent with the derivation of the HFTR boundary condition in Eq. (37), the distribution function

of reflected phonons is related to that of incident ones via the fully thermalizing diffuse phonon-boundary

scattering [55]:

f + = f
eq

R
. (41)

Putting Eqs. (39)–(41) into Eq. (38) and conducting integration over the wave vector space, we finally obtain

the interfacial entropy generation as [50]:

𝜎s
i
= 9

32

q2
xs

CV𝑣gT
2
+ 3

32

𝜏2
R
𝑣g

CVT
2

(
𝜕qx
𝜕y

)2

s

+ 3

10

𝜏R
CVT

2
qxs

(
𝜕qx
𝜕y

)
s

. (42)

With the help of HFTR boundary condition in Eq. (37), Eq. (42) is reformulated into:

𝜎s
i
= 801

2048

Λq2
xs

𝜆T2
≈ 0.4

Λq2
xs

𝜆T2
. (43)

The non-negative quadratic form of interfacial entropy generation in Eq. (43) infers that the non-

equilibrium boundary condition for the phonon hydrodynamic equation (24) is also compatible with the second

law of thermodynamics.

To sum up, the crucial contribution of our work in Section 4 is that we provide a statistical mechanical (i.e.

kinetic theory) demonstration for the phenomenological EIT scheme for phononhydrodynamicmodel formicro-

and nano-scale heat conduction in solids. Thus we contribute to a further step in the understanding of non-

equilibrium thermodynamics for heat and fluid transport theory, as summarized in Table 2. Note that we have

also included the classical phonon hydrodynamic equation derived for heat transport at low temperatures [45],

[56]. In contrast, the phonon hydrodynamic model discussed in this paper is mainly focused on the non-Fourier

heat conduction at micro- and nano-scale around ordinary temperatures [18], [57].

5 Summary and perspectives

In summary, the present mini-review mainly includes the following points: (i) statistical thermodynamic aver-

age should be carefully treated in atomistic modeling and analysis of nanoscale transport processes; (ii) the

irreversibility at the interface, as counted by the interfacial entropy generation, plays an important role and

may even determine the overall trend of the results in thermodynamic analysis of microscale gas flow and heat

transfer; (iii) the macroscopic hydrodynamic model for micro- and nano-scale heat conduction can be derived

from the second law in the frame of extended irreversible thermodynamics, with a microscopic support from

the kinetic theory of phonons.

As a perspective, the interfacial irreversibility in gas flow and heat transfer at nanoscale, i.e. in transition

regime, is pending to investigate. The transport is more non-equilibrium and the interfacial entropy generation
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may be dominant, compared to the microscale transport considered in Section 3. In terms of the micro- and

nano-scale heat conduction, ourwork on phonon hydrodynamicmodel and its thermodynamic derivation relies

on the simplified assumption of gray Debye model. It remains a challenging task to consider the more realistic

non-linear dispersion and spectral lifetime of phonons in future study.
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