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Lattice Boltzmann model for immiscible three-phase flows with phase change
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This work presents a lattice Boltzmann (LB) model for immiscible multiphase flow with phase change. By
integrating the pseudopotential model with the color-gradient model, the current model is capable of capturing
phase change spontaneously during the immiscible multiphase flows for the first time, with corrected interaction
forces at interfaces. The proposed model is comprehensively verified via multiple benchmark cases and applied
to investigate the phase change effects on immiscible multiphase flow and displacement in porous media. Our
simulation results reveal mechanisms from the gas blockage effects at different capillary numbers and the
compressibility effect during immiscible multiphase displacement with phase change in porous media. The
pronounced disparity between models that incorporate phase change or not underscores the critical importance
of considering phase transitions in immiscible multiphase flow systems.

DOI: 10.1103/prh3-xhcb

I. INTRODUCTION

Immiscible multiphase flow often coexists with phase
transitions, resulting in a rich and complex dynamic inter-
play [1–4]. For instance, in an immiscible two-phase flow
composed of oil and water, the oil may undergo phase changes
due to variations of environmental temperature and pressure,
leading to the formation of oil-gas-water three-phase flow
system [1,2]. Similarly, in carbon geological sequestration,
the immiscible two-phase flow composed of water and carbon
dioxide (CO2) [3,4], as well as the two-phase flow in water
contamination remediation [5] may exhibit the same flow
phenomena. The intricate interplay of phases and fluid dy-
namics in immiscible multiphase flows, combined with phase
changes, presents significant challenges for both theoretical
and experimental investigation [6,7]. Therefore, it is crucial to
develop numerical methods to study immiscible multiphase
flow with phase change.

For direct numerical simulation of immiscible multi-
phase flow, there are several existing macroscopic methods,
such as the volume of fluid method [6,8], the level-set
method [8,9], and the phase field method [10,11]. However,
most phase-change models based on macroscopic methods re-
quire predefined vaporization nucleus and explicit calculation
of the mass transfer rate between the liquid and the vapor
phases [6,8,9,12]. Hence, such models cannot automatically
capture the transitions between two-phase and three-phase
flows.

On the other hand, mesoscopic methods, such as the
lattice Boltzmann method (LBM), have excelled at multi-
phase as well as phase change simulations [13–15]. Various
LBM models have been proposed to simulate multiphase
flow, generally classified into four categories the color-
gradient model [16,17], the pseudopotential model [18,19],
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the free-energy model [20], and the phase-field model [21,22].
Although all four types of models can simulate multiphase
flow successfully, each has its own advantages and limita-
tions [23,24]. For example, the free-energy model shows good
performance on multicomponent multiphase problems such
as three-phase liquid-liquid-gas coexistence (even more) and
flow [25], and the model shows thermodynamic consistency
without any tuning [26]. Although free-energy model is pow-
erful in non-phase-change multiphase problem, there is no
effective free-energy based model to achieve the description
of liquid-liquid-gas system with phase change process in
the one of the components. In the pseudopotential model,
the interfacial tension and thickness cannot be adjusted in-
dependently [15,27], while the phase-field model suffers
the mass conservation issue [28]. In comparison, the color-
gradient model shows good performance in low-density-ratio
cases and overcomes the above-mentioned limitations and
is widely adopted to study multiphase dynamics at micro-
and nanoscales [29–31]. Some researchers also extended the
color-gradient model to simulate three-phase flow as well
as multiphase-viscoelastic flow [32]. However, the color-
gradient model is only a phenomenological modeling of
immiscible multiphase flow and lacks a rigorous thermo-
dynamic basis, making it unsuitable for simulating phase
change [23,30,33].

With respect to phase change flow simulation, the pseu-
dopotential model is extensively employed [15,34–38]. Zhang
and Chen [39] first simulated the boiling process with the
pseudopotential model. To improve the density ratio and
thermal consistency of the original pseudopotential model,
many researchers proposed different force schemes [35,40–
42], successfully simulating the boiling curve of the pool boil-
ing process [43,44]. Nevertheless, such phase-change models
are single-component multiphase model which are based
on the equation of state (EOS) of pure substance [15,18].
More recently, some researchers also proposed the multi-
component multiphase model to study evaporation in porous
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media [36,37,45]. However, in their research the two compo-
nents are miscible, resulting in a two-component two-phase
system. Consequently, current phase change models cannot
simulate the transition between two-phase and three-phase
flows as the phase change occurs in immiscible multiphase
flow. Meanwhile, the lack of flexibility in interfacial parame-
ters further limits the application of the pseudopotential model
in immiscible multiphase flow [27].

Therefore, although multiphase LBM models for immis-
cible multiphase flow and phase-change flow have been
developed individually, current models are unable to simulate
both phenomena simultaneously. Furthermore, different mul-
tiphase models are suited to different physical problems. To
the best of our knowledge, previous LBM models for mul-
tiphase flow with other complexity are all based on a single
type multiphase model [15,23,24,27,30], with few attempts to
couple different models to enhance their capabilities for more
complex flow scenarios.

In this work, we propose a multiphase LBM model for
simulating immiscible multiphase flow with phase change.
By coupling the color-gradient model with the pseudopoten-
tial model, our approach leverages the strengths of both: the
color-gradient model’s capability for simulating immiscible
multiphase flow and the pseudopotential model’s capability
for simulating phase change flow. This integration enables
our model to automatically capture phase-change phenomena
within immiscible multiphase flow. In Sec. II, we introduce
the basic color-gradient model and its coupling with the
pseudopotential model. Several benchmarks are presented in
Sec. III to verify our model. In Sec. IV, we apply the model to
investigate the effects of phase change on immiscible multi-
phase displacement in porous media. Finally, conclusions are
drawn in Sec. V.

II. NUMERICAL METHODS

A. Color-gradient model for immiscible multiphase flow

The color-gradient model proposed by Leclaire
et al. [30,33,46] is selected as the foundational model,
offering independently control over interfacial tension,
interface thickness, density ratio, and fluid ratio, making it
a powerful tool to investigate multiphase flow [32,47,48].
Similarly to other color-gradient models, the two immiscible
fluids are denoted by two colored distribution functions,
f b
i and f r

i (with b representing blue and r representing
red), while the total distributions fi = f b

i + f r
i [17,30]. The

evolution equation of the distribution function can be written
as [23,30,46],

f k
i (x + eiδt, t + δt ) − f k

i (x, t )

= �3,k
i

[
�1

i + �2
i + F̃i

]
, k = r, b, (1)

where superscript k denotes either fluid b or fluid r, while
�1

i , �2
i , and �3,k

i represents the collision operator responsible
for viscous effect, interfacial tension, and phase separation,
respectively. F̄i is the source term that relates to the exter-

nal body force. The macroscopic variables can be calculated
via [49,50]

ρk =
∑

i

f k
i ρkuk =

∑
i

f k
i ei + ρkF

2
. (2)

ρ =
∑

k

ρk, ρu =
∑

k

ρkuk . (3)

Following Leclaire et al. [30], the viscous collision oper-
ator in multiple-relaxation time (MRT) [51,52] form can be
expressed as

�1 = −M−1SM(f − feq ), (4)

where M is the transformation matrix to the moment space, f
and feq are the vector form of the distribution function and its
equilibrium state, and S is a diagonal matrix composed of the
relaxation parameters. For the D3Q19 lattice employed in this
work [30,50,51],

S = diag(Sρ, Se, Sε, S j, Sq, S j, Sq, S j, Sq, Sν, Sπ ,

Sν, Sπ , Sν, Sν, Sν, Sm, Sm, Sm), (5)

where Sν is related to the viscosity via 1
Sν

= τ̄ = ν̄
c2

s δt + 1
2 ,

ν̄ denotes the harmonic density weighted average viscosity
which ensures a smooth transition of viscosity at inter-
face [30], which is described as

1

v̄
= ρr

ρr + ρb

1

vr
+ ρb

ρr + ρb

1

vb
, (6)

τ̄ is the relaxation time in standard BGK model and cs is
the lattice sound speed. Meanwhile, the relaxation parameter
corresponds to the conserved moments, like density and mo-
mentum, and should ensure Sρ = S j = 0. Other parameters
are adjusted to increase numerical stability [51,53]. Conse-
quently in this paper, we select

Sρ = S j = 0, Sπ = Sε = 1.0,

1

Se
= 1

Sν

= τ = νeff

c2
s δt

+ 1

2
, (7)

Sm = 1.2, Sq = 1.5.

Here the νeff is the value of effective viscosity in the model.
In normal models it can be the fluid viscosity value, but in the
multiphase problem of this work, it should be calculated as
the harmonic density weighted average viscosity ν̄. According
to [30,33,46], the equilibrium distribution function feq is the
function of macroscopic variables given by

f eq
i (ρ, u)

= ρ

[
φi+ ϕiᾱ+ ωi

(
3ei · u+ 9

2
(ei · u)2 − 3

2
u · u

)]
+ 
i,

(8)

i = ν̄[ψi(u · ∇ρ) + ξi(G : ei ⊗ ei )], (9)

in which 
i is the correction term related to the density ratio;
⊗ and : denotes the tensor product and contraction, respec-
tively. The tensor G is defined by

G = (u ⊗ ∇ρ) + (u ⊗ ∇ρ )T . (10)

The superscript T denotes the transpose operator. The ψi,
ξi, φi, ϕi, and ωi are lattice-dependent weights, and the specific
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values of different lattices can be found in the Appendix of
Ref. [30]. The parameter α is related to the density ratio
between the two fluids [30,54],

γrb = ρ0
r

ρ0
b

= 1 − αb

1 − αr
, (11)

where the superscript represents the initial reference value.
The parameter ᾱ in the Eq. (8) denotes the arithmetic density
weighted average [30],

ᾱ = ρb

ρr + ρb
αb + ρr

ρr + ρb
αr . (12)

In the bulk region of fluid k, the pressure is pk = ρk (ck
s )

2 =
ρkξ (1 − αk ), where ck

s is the isothermal sound speed of fluid
k, and ξ is a lattice-dependent weight parameter related to the
isothermal speed of sound; for D3Q19 it is ξ = 0.5. The ξ

parameter is recommended to be consulted in the Appendix
of Ref. [30]. In order to avoid unphysical negative pressure,
we assume ρb � ρr and let the free parameter αk satisfies 0 <

ωi = αb � αr < 1.
To address interfacial tension, the perturbation operator is

employed in the color-gradient model [30,54] as

�2
i = A|∇C|

[
ωi(∇C · ei )2

|∇C|2 − Bi

]
, (13)

where C = (ρr − ρb)/(ρr + ρb) denotes the color function.
Bi are lattice-dependent parameters, which should be well
chosen to comply with the capillary stress tensor in the macro-
scopic equations [54]. Parameter A is related to the interfacial
tension σ ,

A = 9σ

4τ̄
. (14)

Although the perturbation operator successfully repro-
duces the macroscopic interfacial dynamics, fluid immisci-
bility cannot be guaranteed. Hence, the recoloring operator
in Refs. [30,55] is applied to the postcollision distribution
functions f +

i to prevent fluid mixing as

f ++,k
i (x, t ) = ρk

ρ
f +
i ± β

ρbρr

ρ2
cos (ψi ) f eq

i (ρk, 0), (15)

where

cos (ψi ) = |ei · ∇C|
|ei||∇C| . (16)

To this point, we have established the LB framework for
simulating immiscible multiphase flow with large density and
viscosity ratio. However, the color-gradient model cannot cap-
ture liquid-vapor phase change spontaneously. For this reason,
it is required to incorporate the pseudopotential model [18,41]
to realize phase change, which will be introduced in the next
section.

B. Pseudopotential model for phase change flow

As mentioned in the Introduction, we propose to incorpo-
rate the pseudopotential model [18,41] into the color-gradient
model [17,30] to consider the phase-change phenomena of the
immiscible multiphase flow. In the pseudopotential model, a
nonlocal interaction force related to pseudopotential is em-
ployed to account for the nonideal gas effect which allows

the fluid phase change [18,41]. Without loss of generality, we
assume that the fluid b (water, volatile hydrocarbons or carbon
dioxide, hereinafter referred to as phase-change fluid) is more
prone to phase change than fluid r (hereinafter referred to as
non-phase-change fluid). Therefore, the interaction force in
fluid b can be defined as [18,19]

FSC
b (x) = −Gψb(x)

∑
i

ω(|ei|2)ψb(x + ei )ei, (17)

where SC denotes pseudopotential model (proposed by Shan
and Chen), � denotes the pseudopotential, G denotes the
interaction strength, and ω(|ei|2) denotes the weight coef-
ficient. For the D3Q19 lattice and the nearest-neighboring
interaction scheme employed in this work, ω(1) = 1/6 and
ω(2) = 1/12. Therefore, the equation of state for fluid b
is [19,56]

p = ρ
(
cb

s

)2 + c2Gψ2
b

2
. (18)

To achieve thermodynamic consistency, we employed Yuan
and Schaefer [57] pseudopotential scheme along with the Li
et al. [41,42]. forcing scheme. The schemes are shown as
follows:

ψ (ρb, T ) =
√

2
(
pEOS(ρb, T ) − ρb

(
cb

s

)2)
Gc2

, (19)

F̃ SC
i = ωi

(
1 − δt

2τ

)[
3
(
eiα − u

′
α

)
c2

+ 9
(
eiβu

′
β

)
c4

eiα

]
F SC

α δt,

(20)

where pEOS is the pressure calculated via the equation of
state, F̃ SC

i is the discrete Shan-Chen force term in the LB
equation, u′ = ∑

i fiei + Fδt/2ρ + λF SC/(νψ2) is the mod-
ified velocity, and λ is a constant adjustable parameter to
achieve thermodynamic consistency [41,42] which is 0.11 in
this study. It is worthwhile to note that the thermodynamic
consistency is necessary to achieve the correction density
relationship; otherwise, the density value especially the gas
density value will be significantly overpredicted. Based on
pseudopotential scheme defined by Eq. (19), the interac-
tion strength G does not affect the interaction force FSC

b
provided that the term inside arithmetic square root is posi-
tive [41,42,57]. In this work, we employ G = −1 for all cases.

For simplicity, we adopt the reduced form of the Peng-
Robinson equation of state (PR EOS) which is widely applied
in the literature [58–61],

pEOS(ρ, T ) = RgT ρ

1 − bρ
− a�(T )ρ2

12 + 2bρ − b2ρ2

�(T ) = [
1 + (

0.37464 + 1.54226ωa − 0.26992ω2
a

)
× (1 −

√
T/Tc)

]2
, (21)

where ωa is the acentric factor, Rg is the gas constant, a =
0.45724R2

gT 2
c /pc, b = 0.07780RgTc/pc, and Tc and pc denote

the critical temperature and pressure, respectively. In this
work, a set of parameters commonly employed in the litera-
ture [41,62,63] is applied, a = 2/49, b = 2/21, Rg = 1, and
ωa = 0.344 for water and ωa = 0.225 for carbon dioxide. Ac-
cording to theorem of corresponding states, simulation results
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FIG. 1. Schematic diagrams of a three-phase flow system.
(a) Density profile composed of fluid b undergoing liquid-vapor sepa-
ration and fluid r. (b) Illustration at component and phases interfaces
with different surface effect σ , the superscript represents effect from
the model, the subscript represents the type of interfaces.

can be converted to the actual quantities (temperature, pres-
sure, and density) via a trivial algebraic procedure [41,57].

C. Coupling method of color-gradient model and
pseudopotential Model

The aforementioned procedure establishes the phase
change model of fluid b. Nevertheless, the pseudopotential
and the interaction force of the fluid r is undefined. Before we
further provide the actual solution to this problem, a simple
analysis is conducted to demonstrate the necessity of defining
the pseudopotential and the interaction force for the fluid r.

Consider a three-phase system consisting of fluid r, liquid
phase (denoted via l hereafter), and vapor phase (denoted via
v hereafter) of fluid b. In this system, there are three inter-
faces: the l-v interface, the r-l interface, and the r-v interface
displayed in Fig. 1. For a planar interface at steady state, the
bulk pressure on both sides of the interface is identical. First, it
supposes the pseudopotential and the interaction force is only
defined for fluid b. Then the l-v interface and the r-l interface
can be modeled by the pseudopotential model [18,19] and the
color-gradient model [30,54], respectively. The interfaces are
described as

l-v interface : pSC
l = (

cb
s

)2
ρl + c2G

2
(ψl )

2

= (
cb

s

)2
ρv + c2G

2
(ψv )2 = pSC

v

r-l interface : pCG
r = (

cr
s

)2
ρr = (

cb
s

)2
ρl = pCG

l , (22)

where SC denotes Shan-Chen model and CG denotes the
color-gradient model. Similarly, since there is no interaction
force across the r-v interface, the pressure balance requires

pCG
r = pCG

v = pCG
l , leading to ρl = ρv , which contradicts to

the pseudopotential EOS. Most significantly, the system lacks
a unified equation of state for the fluids, particularly for the
liquid phase of fluid b.

Hence, in this paper, the pseudopotential is extended to the
non-phase-change fluid as well. Meanwhile, the interaction
force is introduced to the r-v interface and the r-l inter-
face correspondingly. To avoid altering the original models
of the l-v and r-l interfaces when introducing interaction
forces at the r-v interface, we define �r = �l at the bulk
phase. Consequently, F SC = 0 at the r-l interface, while
F SC is equal but in the opposite-direction l-v and r-v inter-
faces. Additionally, the equation of state of this system is
defined as

p = ρk
(
ck

s

)2 + c2Gψ2

2
, (23)

ψ = ψ (ρb, ρr, T ). (24)

It can be verified that this EOS consistent with the afore-
mentioned three-phase system at the bulk region with ψr = ψl

and (cr
s )2ρr = (cb

s )
2
ρl . Moreover, �(ρb, ρr, T ) should vary

smoothly in the interface region due to the diffuse interface
nature of the multiphase model. In this paper, we adopt the
following scheme for the pseudopotential:

ψ (ρb, ρr, T ) = ψk (ρb, T ) + ψr (ρr,eff , T ), (25)

ψk (ρk, T ) =
√

2
(
pEOS(ρk, T ) − ρk

(
ck

s

)2)
Gc2

, (26)

ρr,eff = max

(
ρr

γrl
, ρl,sat

(
γrv (C − 1) + 2

2

))
, (27)

where ρr,eff is the effective density of non-phase-change fluid
r, γrm = ρr/ρm,sat is the density ratio reference to saturated
density of phase m of the phase change fluid b, and C is the
color function in the color-gradient model. The derivation of
this scheme and a discussion of other unsuccessful attempts
are detailed in the Appendix.

Since both the color-gradient model and the pseudopoten-
tial model is applied at the r-v interface and contributes to the
density ratio, the correction term 
i [30,46] is required to be
modified into


i = v̄[ψi(u · ∇ρCG) + ξi((u ⊗ ∇ρCG

+ (u ⊗ ∇ρCG)
T

) : ei ⊗ ei )]

ρCG = ρr − ρr

γrl
, ρSC = ρr

γrl
+ ρb. (28)

Moreover, the interfacial tension σrv = σ SC
rv + σ CG

rv accord-
ing to �r = �l and σ SC

rv = σlv .
Finally, the r-l interface and the r-v interface have different

interfacial tensions in order to incorporate different interfacial
tension γ and recoloring parameter β for the r-v interface
and the r-l interface separately (key parameters to in color
gradient model phase separation), F SC is adopted as the cri-
terion to distinguish between the r-v interface and the r-l
interface considering the F SC = 0 at the r-l interface, the two
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parameters in the model are selected as

γ =
{
γ rv |F SC| � 10−2,

γ rl |F SC| < 10−2 (29)

β =
{
βrv |F SC| � 10−2

βrl |F SC| < 10−2. (30)

Since F SC is generally on the order of 0.5, and the contri-
bution to surface tension mainly comes from regions where
∇C and ∇� are large, which coincide with areas where F SC

is also large, this paper sets |F SC| � 10−2 as the criterion.
This does not introduce significant errors in the calculation
of surface tension.

The coupling method proposed above is based on a single-
component equation of state which means it assumes the
liquid and vapor phases of the phase change component fol-
lows the same equation of state. For some real cases that needs
multicomponent, a similar coupling method can be introduced
by considering more interface interactions between the dif-
ferent phases and components and they can follow different
equations of state. However, it also means a complex interface
treatment and larger computation costs.

The temperature field that used to support the phase change
is described as Ref. [64]. The corresponding thermal LB equa-
tion was given by

gα (x + eαδt , t + δt ) − gα (x, t ) = − 1

τg

(
gα − geq

α

) + δt Gα,

(31)
where gα is the temperature distribution function, τg is nondi-
mensional relaxation time for the temperature field, and the
source term Gα = ωαφ, in which φ is described as

φ = T

[
1 − 1

ρcv

(
∂ pEOS

∂T

)
ρ

]
∇ · v. (32)

The equilibrium temperature distribution function geq
α was

given by

geq
α = ωαT

[
1 + eα · v

c2
s

+ vv :
(
eαeα − c2

s I
)

2c4
s

]
, (33)

where I is the unit tensor and cv is the specific heat at constant
volume and the thermal diffusivity χ = λ/ρcv , with thermal
conductivity λ at the local node.

III. VERIFICATIONS

In this section, a series of benchmarks are conducted to
verify the proposed method by comparisons with theoretical
models.

A. Liquid-vapor coexistence

For a phase-change model, the most fundamental
validation lies in verifying its thermodynamic consis-
tency [35,41,57]. In other words, it is necessary to verify the
accuracy of the simulated densities of the saturated liquid and
vapor phases against those predicted by the equation of state
during liquid-vapor coexistence. The stationary droplet test
is adopted to verify the liquid-vapor coexistence. Initially a

liquid droplet with a radius of R0 = 25 surrounded by va-
por phase is placed at the center of a computational domain
of sized 1003. In the non-phase-change fluid, fluid r is not
involved in this benchmark. Periodic boundary condition is
applied at all domain boundaries. The initial density distribu-
tion is [41]

ρ(x) = ρl + ρv

2
− ρl + ρv

2
tanh

(
2(R − R0)

w

)
, (34)

where w = 5 denotes the initial interface width, R =√
(x − x0)2 + (y − y0)2 + (z − z0)2 , and (x0, y0, z0) is the

center of the computational domain. The coexistence curve of
the cases τ = 0.6 and τ = 0.8 is presented in Fig. 2. The error
is analyzed with MRT results. The average relative density
error at the same reduced temperature of case τ = 0.6 and
τ = 0.8 at the gas phase are 5.53 × 10−2 and 5.89 × 10−2.
The average relative density error at the liquid phase for the
two τ cases are 7.87 × 10−3 and 1.55 × 10−2. The relative
error of gas phase is significantly higher than the liquid phase.
The parameter λ = 0.12 for Li et al. forcing scheme [41]
is employed for all cases. Our simulated results agree well
with those predicted via the Maxwell construction with the
lowest reduced temperature about T/Tc = 0.7, indicating our
model is capable of accurately simulating single-component
phase equilibrium. Figure 2(c) shows the pressure difference
between the inside and outside of droplets with different ra-
dius at various reduced temperatures, further validating the
Young-Laplace law.

B. Droplet evaporation

To further validate the accuracy of the phase-change algo-
rithm, we also simulate the evaporation process of a single
droplet [64]. As shown in Fig. 3(a), an initial droplet with
a diameter of 80 is placed at the center of a computational
domain of size 2003. The liquid phase inside the droplet has
a density of ρl = 6.50, while the surrounding vapor phase
has a density of ρv = 0.38, both at saturated state with Tsat =
0.86Tc. Similarly to the first benchmark, the boundaries of
the flow field are all periodic. The temperature field is solved
using the LBM scheme from Ref. [64], and the physical prop-
erties, initial conditions and boundary conditions are identical
to those in Ref. [64]. Initially, the liquid phase is at the sat-
uration temperature Tl = Tsat, while the vapor phase is at a
temperature higher than that of the liquid phase. Two cases are
simulated with superheat of � T = 0.14Tc and �T = 0.10Tc.
The boundary conditions of the temperature field are isother-
mal, with the temperature matching that of the vapor phase.
Constant properties are adopted with the specific heat capacity
cv = 5.0, thermal conductivity is k = 2/3, and the kinematic
viscosity is ν = 0.1.

Simulation results are displayed in Fig. 3(b), which demon-
strates good agreement with the D2 law of the evaporation
process, indicating that the current phase-change model can
accurately simulates the phase-change process between liquid
and vapor.

065310-5



GUANG YANG, HANGYU CHEN, AND MORAN WANG PHYSICAL REVIEW E 111, 065310 (2025)

(a)

(b)

(c)

FIG. 2. Validation of single-component phase equilibrium. Com-
parison of the saturated density obtained from the Peng-Robinson
equation with theoretical values: (a) τ = 0.6 and (b) τ = 0.8.
(c) Benchmark on Young-Laplace law at different temperatures.
τ = 0.8.

C. Three-phase interfacial tension

Since the color gradient model for immiscible two-phase
flows has been validated and applied in numerous stud-
ies [30,33,46], standard benchmarks including Young-Laplace

FIG. 3. Simulation of droplet evaporation process. (a) Schematic
diagram of the simulation setup; (b) variation of the droplet diameter
over the simulation time (sphere in cube). Blue dots are simulation
results of �T = 0.14Tc and the blue line represents their linear fitting
results. Orange dots are simulation results of �T = 0.10Tc and the
orange line represents their linear fitting result.

benchmark and single channel displacement can be found in
our pervious papers [29]. In this paper, we primarily focus on
validating the accuracy of three-phase system formed by the
coupled multiphase model.

For that purpose, we first present the benchmark on
Neumann triangle which verifies the three-phase interfacial
tension [46,65]. As Fig. 4 displays, the interfacial tensions
at equilibrium satisfy the Neumann triangle if the three-phase
junction point exists for a three-phase system. The equilibrium
contact angle is related to the interfacial tension via [46,65]

cos(θmn) = σ 2
mk + σ 2

nk − σ 2
mn

2σmkσnk
.

Here m, n, and k represent different fluid phases; θmn de-
notes the contact angle between phase m and phase n; and
σmn represents the interfacial tension between phase m and
phase n.

Our simulation system is shown in Fig. 5. In order to mea-
sure the contact angle accurately, this benchmark is conducted
in two-dimensional (2D) with a computational domain size of
4002. As is shown in Fig. 5(a), a droplet of non-phase-change
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FIG. 4. Schematic diagram of the Neumann triangle. It is impor-
tant to note that for the liquid (r)-liquid (l)-gas (g) three-phase system
considered in this paper, the magnitudes of the interfacial tensions are
not arbitrary. For example, in a water (w)-oil (o)-gas (g) system, the
typical relationships are σgw � σwo � σgo and σgw ≈ σwo + σgo [66].

fluid (red) with a diameter of 60 is placed at the center of
the computational domain, surrounded by liquid (blue) and
vapor (green) phases, each occupying half of the surrounding
space. The phase-change fluid is at saturated state. The top
and bottom boundaries are solid walls, while the remaining
boundaries are periodic. Due to the interfacial tension, the
central droplet of non-phase-change fluid will move to its
equilibrium position. In this benchmark, we set ρr = 10.0,
ρl = 5.9, and ρv = 0.58. The kinematic viscosity of the three
fluids is identical, with ν = 0.4. Since the interfacial tension
and the density ratio is related to the temperature in the
pseudopotential model, we set to T = 0.9Tc, with interfacial
tensions σlv = σ SC = 0.099, σrl = 0.215, and σrv = 295. The
current interfacial tension setup has the same contact angles as
the n-decane/n-decane vapor/water three-phase system com-
monly used in experiments [66,67].

(a) (b)

(c) (d)

FIG. 5. Validation of the three-phase Young-Laplace law. (a)
Initial state; (b) partial spreading (σlv + σrl > σrv), with σlv =
0.099, σrl = 0.215, σrv = 0.295; (c) exactly full spreading (σlv +
σrl = σrv), with σlv = 0.099, σrl = 0.15, σrv = 0.245; (d) complete
spreading (σlv + σrl < σrv), with σlv = 0.099, σrl = 0.15, σrv =
0.299.

Simulation result is displayed in Fig. 5(b), with the simu-
lated angles θrv = 139.7◦, θrl = 28.7◦, and a maximum error
of less than 5% compared to the theoretical solution. Fig-
ures 5(c) and 5(d) also displays simulation results of the
complete spreading states (i.e., where the interfacial tensions
cannot form a triangle) [65], specifically simulating the cases
where the red fluid droplet is either tangent to or completely
detached from the l-v interface, both in good agreement with
the theory. These results indicate that the current model can
accurately simulate the three-phase Young-Laplace law.

D. Multilayer Couette flow

To further validate the accuracy of multiphase momentum
transport, we conduct the two-dimensional multilayer Couette
flow benchmark [32,46]. As shown in Fig. 6, the computa-
tional domain size is 30 × 100, with the top boundary set
as the velocity boundary at uw = 0.01, implemented via the
nonequilibrium bounce-back (Zou-He) scheme [68], while
the bottom boundary is a no-slip solid wall via the standard
bounce-back collision, and the remaining boundaries are pe-
riodic. In this benchmark, we set ρr = 10 and νr = 0.1 while
the phase-change fluid is at T = 0.86Tc, with ρl = 6.5 and
ρv = 0.38, and νl = νv = 0.5. Two types of fluid distribution
is simulated, i.e., red-blue-green-red and red-green-blue-red,
from top to bottom. At steady state, the momentum distribu-
tion across the cross-section is shown in Fig. 6. The proposed
modified correction term [i.e., Eq. (28)] matches the analytical
solution well [46], demonstrating that the current model can
accurately simulate three-phase layered Couette flow while
the original correction term [33] cannot be directly applied
to the immiscible multiphase phase-change systems.

IV. RESULTS AND DISCUSSION

In this section, we apply the proposed model to investigate
the phase change effect on immiscible multiphase displace-
ments in porous media. As mentioned in the Introduction,
such a process could happen extensively in numerous in-
dustrial applications [1–5]. Based on the extensive review
of existing literature, our study marks the pioneering ef-
fort in conducting pore-scale direct numerical simulations
specifically targeting immiscible multiphase displacements
that encompass phase change. Furthermore, we delve into the
impact of liquid-vapor phase change, a phenomenon that has
received limited attention in the previous works, thereby con-
tributing insights into this complex fluid dynamics process.

A. Numerical setup

In this work, two types of displacements are considered: (1)
phase-change fluid being displaced by a non-phase-change
fluid and (2) vice versa. There is a similar scenarios such
as volatile oil being displaced by water in oil recovery [1]
and liquid carbon dioxide displacing underground water in
carbon geological sequestration [3,4], respectively. In order
to provide a simple and common case verification for the
experiments in the future, the phase change material is set as
water. The numerical setup is illustrated in Fig. 7.

For the phase-change fluid displaced by the non-phase-
change fluid case, the computational domain size is 1600 ×
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(a)

(b)

(c)

FIG. 6. Three-phase layered Couette flow validation. (a)
Schematic diagram of the simulation setup; (b) cross-sectional
momentum distribution at steady state for Case 1; (c) cross-sectional
momentum distribution at steady state for Case 2. Leclaire (2013) is
from Ref. [33].

800. To ensure computational stability, buffer zones of 100
and 1800 are added at the inlet and outlet, respectively. Ini-
tially, the porous medium is at a high temperature of T =
0.98Tc, and the phase-change fluid inside is in a saturated
liquid state. Due to temperature and pressure changes in the
reservoir, the system temperature decreases to T = 0.90Tc,
causing the phase-change fluid to transition from a saturated
state to a superheated state, resulting in phase change. The

out

out

FIG. 7. Schematic diagram of the simulation setup for non-
phase-change fluid displacing phase-change fluid in (a) and vice
versa in (b).

inlet boundary is the velocity boundary, while the outlet
boundary is the pressure boundary with an outlet pressure of
pout = 0.44pc, slightly lower than the saturation pressure at
T = 0.90Tc. At T = 0.90Tc, ρr = 10.0, νr = 0.1 while ρl =
5.90, ρν = 5.90, and νl = νv = 0.4. The interfacial tension
σlv = σ SC = 0.099, σrl = 0.215, and σrv = 295. The contact
angles to the solid wall are all 90◦.

Similarly, the computational domain size of the non-phase-
change fluid displaced by the phase-change fluid case is
1600 × 800, while the buffer size of the inlet and outlet is 300
and 1800, respectively. Initially the temperature of the porous
medium region is at T = 0.98Tc and decreases to T = 0.90Tc

when the saturation of the displacing fluid is Sin = 45%. The
inlet boundary is a velocity boundary where the liquid phase
of the phase-change fluid flows in, while the outlet boundary is
a pressure boundary with an outlet pressure of pout = 0.44pc.
Here the non-phase-change fluid is assumed to have a higher
kinematic viscosity, we set νr = 0.4 while νl = νv = 0.1.
Other properties are identical to those of the former case.

Since this work primarily focuses on the impact of phase
change induced by temperature and pressure variations in
the reservoir environment, it is assumed that during the
displacement process, the system temperature equals the
environmental temperature, and the effect of flow on the tem-
perature field is not considered.

B. Phase-change fluid displaced by non-phase-change fluid

The phase distribution results of the phase-change fluid dis-
placed by the non-phase-change fluid are presented in Fig. 8.
with an inlet velocity of uin = 1 × 10−5. For comparison, the
results without the phase-change process are obtained via
the color-gradient model with the same parameters. It can
be observed that, during the early stage of the simulation,
due to the temperature decrease in the system, the fluid in
the porous medium region becomes superheated, forming a
large number of bubbles inside the porous medium. Addi-
tionally, since the outlet pressure is lower than the saturation
pressure at that temperature, a gas layer forms at the end
of the porous medium. In comparison, such phase change
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FIG. 8. Simulation of phase distribution over time during the displacement of phase-change fluid by non-phase-change fluid. (a) With the
phase-change process considered; (b) without the phase-change process considered. The inlet velocity is uin = 1 × 10−5, and the capillary
number is Ca = 5 × 10−5.

phenomenon cannot be captured by the former color-gradient
model.

As the displacement time increases, the number of in-
terfaces within the porous medium increases, leading to an
increase in capillary pressure and fluid pressure, resulting in a
decrease in both the number and volume of bubbles within the
porous medium. After breakthrough, gas remains only at the
end of the porous medium.

Moreover, due to the presence of gas, the displacement
path with phase change differs significantly from that without
phase change. Noted that σrv > σrl > σlv , the local capillary

force is greater when the non-phase-change fluid (red) con-
tacts the vapor phase (green) than when it contacts the liquid
phase (blue). This blocks the displacement front, causing the
variation in the displacement path. This phenomenon cannot
be captured by simulations without phase change model. Fig-
ure 9 demonstrates the change in displacement path caused
by bubble blockage during the displacement process. As il-
lustrated, due to the heterogeneity of the microscopic pore
structure, preferential flow is formed in the result without
considering phase change. However, in the simulation with
phase change, the presence of bubbles blocks the preferential

FIG. 9. Simulation of the internal bubble blockage during the displacement of phase-change fluid by non-phase-change fluid. (a) With
the phase-change process considered; (b) without the phase-change process considered. The inlet velocity is uin = 1 × 10−5, and the capillary
number is Ca = 5 × 10−5. The yellow-framed areas indicate the bubble blockage regions.
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FIG. 10. Simulation of the breakthrough process during the displacement of phase-change fluid by non-phase-change fluid. (a) With the
phase-change process considered; (b) without the phase-change process considered. The inlet velocity is uin = 1 × 10−5 and the capillary
number is Ca = 5 × 10−5.

flow, resulting in different displacement path. However, such
blockage is not permanent. As the pressure increases, the bub-
bles phase-change back into the liquid phase and the blockage
effect disappears. Then the non-phase-change fluid continues
to displace along the original preferential flow path. There-
fore, this gas blockage effect depends on the local pressure
within the pore and relates to the actual pore structure, fluid
properties, and flow conditions.

Additionally, the gas layer at the end of the porous medium
can also have a similar blockage effect, as shown in Fig. 10.
Due to the presence of the gas layer, the displacement paths
with phase change are different from those without phase

change. However, it is important to note that since the outlet
boundary pressure is constant, the gas layer remains stable
at low Ca and does not disappear over time. Consequently,
different breakthrough positions are formed.

As the flow rate increases, the viscous force grows, raising
the pressure within the porous medium, making it difficult
for the gas to remain stable during displacement. Therefore,
at higher flow rates, gas-blockage effect may become in-
significant. The simulation results of non-phase-change fluid
displacing phase-change fluid under different inlet flow rates
(capillary numbers) is presented in Fig. 11. It can be observed
that in cases with higher capillary numbers (Ca = 5 × 10−4),

FIG. 11. Simulation results of non-phase-change fluid displacing phase-change fluid at different flow rates. (a) Inlet velocity uin = 1 ×
10−4, capillary number Ca = 5 × 10−4; (b) inlet velocity uin = 2 × 10−6, capillary number Ca = 1 × 10−5. The results for inlet velocity
uin = 1 × 10−5 and capillary number Ca = 5 × 10−5 can be found in Fig. 8.
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Ca

Ca

Ca

Ca

Ca

FIG. 12. Local gas blockage/phase-change processes during the displacement of phase-change fluid by non-phase-change fluid at different
flow rates.

the displacement path is similar to the simulation results
without considering the phase-change process, and the gas-
blockage effect is not evident. However, at lower capillary
numbers (Ca = 1 × 10−5), the gas-blockage effect is signif-
icant, effectively suppressing the preferential flow at low Ca,
leading to a noticeable change in the displacement path.

We also present a local view of the gas-blockage under
different velocity conditions in Fig. 12 to further demonstrate
the velocity effect. In the cases with low capillary numbers
(Ca = 1 × 10−5 and Ca = 5 × 10−5), the bubbles did not un-
dergo phase change, thereby inhibiting the preferential flow;
whereas at higher capillary numbers, the bubbles undergo
phase change before the displacement front reaches, result-
ing in the two-phase flow. Thus, the bubbles did not affect
the flow path, i.e., the phase distribution at the breakthrough
state and the steady state is similar to the simulation results
without considering the phase-change process as Fig. 12.
displays.

Thereafter, in order to provide more quantitative results,
the displacement front position and the vapor saturation of

the displaced phase under different Ca is displaced in Fig. 13.
In contrast, simulation results without considering the phase-
change process are also provided in Fig. 13 as well. As shown
in Fig. 13(a), the displacement front in the phase-change sim-
ulation lags significantly behind that in the simulation without
phase change at low Ca, while at high Ca, the results of both
simulations are closer. Moreover, due to the gas blockage ef-
fect on the preferential flow, there are more plateau regions in
the phase-change simulation results, where the displacement
front does not advance with the injection of the displacing
fluid. This occurs because the gas blockage effect causes the
displacement front to become stationary, forcing the fluid to
displace along alternative paths. Figure 13(b) further demon-
strates the variation of the vapor saturation, where a lower
Ca results in a slower decrease in vapor saturation, indicating
that the gas remains in the porous medium for a longer time,
resulting large possibility of gas blockage. We also present
the fluid saturation and the volume of the largest cluster of the
displaced fluid at the steady state in Fig. 14. At low Ca, the
saturation of the displaced fluid is lower, and the maximum
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(a)

(b)

Ca

Ca

Ca

Ca

Ca
Ca
Ca
Ca

FIG. 13. The displacement front and the vapor saturation of the
displaced fluid (phase-change fluid) with varying injected volumes of
the displacing fluid at different capillary numbers. (a) The displace-
ment front as the injected volume increases; (b) vapor saturation of
the displaced fluid (phase-change fluid) as the injected volume of the
displacing fluid increases.

microcluster volume is smaller in the phase-change simu-
lation, indicating that the phase-change process effectively
suppresses the preferential flow, resulting in a more thorough
displacement. However, at high Ca, both the displaced fluid
saturation and the maximum fluid microcluster volume in the
phase-change simulation are similar to the results without
considering the phase-change process.

C. Non-phase-change fluid displaced by phase-change fluid

Simulation results of the non-phase-change fluid and
phase-change fluid is displaced in Fig. 15 with an inlet
velocity of uin = 1 × 10−4. For comparison, two cases with-
out considering the phase-change process are set as control
groups. In the first group, the fluid densities correspond to
the case where T = 0.98Tc, with ρb = 4.0 and ρr = 6.78. In
the second group, the fluid densities correspond to the case
where T = 0.90Tc, with ρb = 5.9 and ρr = 10.0. To maintain

(a)

(b)

Ca Ca Ca Ca

Ca Ca Ca Ca

FIG. 14. Saturation of the displaced phase fluid after reaching
steady state in (a) and the maximum dimensionless volume of the
microdroplets in (b).

a constant inlet mass flow rate, the inlet velocity is adjusted to
u′

in = 0.678uin. These two control groups respectively repre-
sent the scenarios where the phase-change fluid displaces the
non-phase-change fluid at different temperatures, but without
considering the phase-change process. For simplicity, these
will be referred to as group 1 and group 2 in the following
discussion.

Since the flow rates in the control group differ in the
simulation, results are presented in dimensionless displacing
time, i.e., pore volume (PV). As the displacement progresses
to a certain saturation level, the temperature drop leads to
the phase change in the displacing fluid. The closer to the
outlet, the lower the pressure and the greater the vapor sat-
uration. Similarly, due to σrv > σrl > σlv , the displacement
is temporarily blocked in the phase change case. As the
displacement continues, the vapor undergoes phase change
back to liquid, and the displacement proceeds in the form of
two-phase flow. This phase-change process cannot be sim-
ulated by the former color gradient model. Additionally, at
the same PV, the displacement front in the simulation with-
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FIG. 15. The phase distribution in the simulation of phase-change fluid displacing non-phase-change fluid over time. (a) With phase-change
process considered; (b) without phase-change (Group 1) at fluid density corresponding to saturation density at T = 0.98Tc; (c) without phase-
change (Group 2) at fluid density corresponding to saturation density at T = 0.90Tc. The inlet velocity is uin = 1 × 10−4, and the capillary
number is Ca = 2 × 10−4.

out phase change is closer to the outlet and advances more
quickly.

Figure 16 demonstrates the saturation variation of the dis-
placing and displaced phases with dimensionless time PV .
It can be observed that the saturation changes in the phase
change case lag behind the results from the simulation without
considering phase change, due to different gas compressibility
between the two multiphase models. Additionally, because
of the temperature variation, both the displacing fluid’s liq-
uid phase and the displaced fluid experience an increase
in density, i.e., a decrease in saturation, which is reflected
in the saturation jump shown in the figure. This satura-
tion transition cannot be captured in the simulation without
considering the phase-change process. After prolonged dis-
placement, the saturation of the displaced fluid is lower in the
phase-change simulation compared to the control groups, in-
dicating higher displacement efficiency. This demonstrates the
importance of considering phase change in simulating the dis-
placement of non-phase-change fluid by phase-change fluid.
Moreover, the results from the two control groups are similar
due to the identical Ca, even though the inlet velocities are
different.

To further explain the differences in gas compressibility be-
tween the presented model and the traditional color-gradient
model, Fig. 17 illustrates the EOS at different temperatures

of the displacing fluid via the proposed model in this study,
compared with the traditional color-gradient model. The
multiphase-phase change model adopts the Peng-Robinson
EOS for real fluids, whereas the color gradient model, con-
sistent with other isothermal LBM models, uses the ideal gas
EOS where temperature remains constant [30]. As displayed
in Fig. 17, it is import to mention that the liquid phase of
a real fluid also exhibits significant compressibility near the
critical point [69]. Therefore, when pressure increases, the
fluid density in the current model increases more than that in
the color gradient model. Consequently, for a constant mass
flow rate at the inlet, the multiphase-phase change model
requires more fluid mass, leading to a slower increase in
saturation. This indicates that in addition to the phase-change
process, the effects of real fluids are also crucial for accurately
simulating the displacement of non-phase-change fluids by
phase-change fluids. It is worth to notice that the contact
angles in this study are all neutral, the variation of the con-
tact angle has not been included in the model. In order to
consider the contact angle effect for some real cases such
as real rock in porous media, the contact angle adjustment
should be considered very careful to coordinate the coupling
of contact angle effects of both color gradient and pseudopo-
tential model at the interface of multiphase flow with solid
walls.
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FIG. 16. The saturation of the displacing fluid and the displaced
fluid over time. (a) Displacing fluid (phase-change fluid) in the liquid
phase; (b) displaced fluid (non-phase-change fluid).

FIG. 17. The EOS of the current model and the conventional
color-gradient model. The hollow circles represent saturation states.
In the color gradient model, the simulated incompressible flow fo-
cuses on relative pressure rather than absolute pressure. For ease of
comparison, the EOS of the color gradient model has been shifted
accordingly.

V. CONCLUSIONS

In this work, we present a lattice Boltzmann model for
immiscible multiphase flow with phase change. By incor-
porating the pseudopotential model into the color-gradient
model to automatically capture the phase change process
in immiscible multiphase flow, such as water-oil-gas, where
gas and oil may undergo phase change. Assigning different
interaction potentials to different color fluids, an immisci-
ble multiphase model that accounts for the phase change
process is established. Additionally, we revise the momen-
tum correction term from the literature and verifies the
model’s accuracy through standard benchmarks. To the best
of our knowledge, this approach represents the first instance
of coupling different multiphase LBM models, combining
their strength to enhance their capability for complex fluid
simulations.

Subsequently, the proposed model is applied to study the
phase change effect of multiphase displacement in porous
media. Both the phase-change fluid displaced by non-phase-
change fluid and the non-phase-change fluid displaced by the
phase-change fluid are investigated. The former one shows
dramatic difference in capillary numbers and well describes
the gas-blockage and displacement path change with phase-
change effect. The latter one captures the saturation transition
caused by phase-change process and further analyzed the
gas compressibility led by the real gas effect. Our results
underscore the significant alterations in displacement paths
resulting from phase change effects and the compressibility
of real gases. Therefore, it is crucial to consider phase change
of fluids in applications where such transformations are
anticipated.
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APPENDIX A: DERIVATION OF PSEUDOPOTENTIAL
SCHEME FOR NON-PHASE-CHANGE FLUID

This Appendix provides the derivation of Eq. (27) and
discusses several unsuccessful attempts concerning the pseu-
dopotential scheme for the non-phase-change fluid. This
discussion aims to enhance the readers’ understanding of the
rationale behind the selection of Eq. (27) and to encourage
further development based on this model.

Before formally introducing the derivation of Eq. (27), this
paper first walks through several unsuccessful attempts step
by step. These failed attempts serve as the foundation for the
final form of Eq. (27). Note that the pseudopotential ψ for the
phase change fluid is highly dependently on the fluid density
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and we assume ψr = ψl for the bulk phase; therefore, it is
natural to define ψr based on the bulk density ratio, i.e.,

Scheme 1:

ψr (ρr,eff , T ) = ψ (ρr,eff , T )

=
√

2
(
pEOS(ρr,eff , T )− ρr,eff

(
cr

s

)2)
Gc2

, (A1)

ρr,eff = ρr

γrl
. (A2)

Note that ρr,eff = ρb at the bulk phase while ψr varies
smoothly with the density at the interface region. However,
since the EOS concerning ρr,eff and ρb are identical, Scheme
1 cannot prevent the phase change of fluid r, in other words,
there exists ρr,l and ρr,v which satisfies

(
cr

s

)2
ρr,l + c2G

2
(ψr,l )

2 = (
cr

s

)2
ρr,v + c2G

2
(ψr,v )2. (A3)

As a result, fluid r may phase change under certain condi-
tion as Fig. 18(c) demonstrates.

To address the limitations of Scheme 1, the minimum value
of ρr,eff at the bulk phase should be defined. This minimum
value is determined by the liquid saturation density of fluid b,
ρb,l

sat (ρ l
sat for short). Meanwhile, Scheme 1 is employed at the

interface region to maintain the smooth variation of ψr , i.e.,
Scheme 2:

ρr,eff =
{

ρr

γrl
, C � C′

max
(

ρr

γrl
, ρ l

sat

)
, C > C′ (A4)

where C = (ρr − ρb)/(ρr + ρb) is the order parameter dis-
tinguishing fluid r and fluid b and C′ is the critical value.
However, the choice of C′ can be challenging. A smaller
C′ value, such as C′ = 0.99, can cause discontinuities in
ψ at the interface region, which may lead to numerical
instabilities—particularly in porous media where complex
boundary conditions are present. Figures 19(a)–19(c) illus-
trate the local phase distribution, interaction potential ψ

distribution, and interaction force F SC distribution of a sim-
ulation with porous media using Scheme 2. The complex
geometry of the porous media results in discontinuities in ψ

near the solid walls, leading to large interaction forces F SC

and subsequent divergence. On the other hand, a larger C′
value C′ = 0.999999 creates a thicker interface region, which
induce partial phase change in fluid r, resulting in divergence.

Therefore, we present Scheme 3 which aims to provide a
more continuous transition from the bulk region to the inter-
face region. Since the most crucial problem of ψ is at the r-v
interface (ψr = ψl at the r-l interface), our analysis will focus
on the r-v interface. Theoretically, for a diffuse interface, the
density profile of the r-v interface is (assuming the interface
width is 1, hereafter) [70,71],

ρb(x) = ρv

2
+ ρv

2
tanh (−x) = ρv

2
− ρv

2
tanh (x), (A5)

ρr (x) = ρr

2
+ ρr

2
tanh(x), (A6)

ρ(x) = ρb(x) + ρr (x) = ρr + ρv

2
+ ρr − ρv

2
tanh(x). (A7)

while the density profile of the l-v interface is

ρ(x) = ρb(x) = ρl + ρv

2
+ ρl − ρv

2
tanh(x). (A8)

Here ρl and ρv denotes the bulk density of liquid phase and
vapor phase of fluid b.

Our intention is to mimic the density profile of the l-v
interface at the r-v interface, i.e.,

ρ(x) = ρb(x) + ρr,eff (x) = ρl + ρv

2
+ ρl − ρv

2
tanh (x),

(A9)

ρr,eff (x) = ρl

2
+ ρl

2
tanh (x) = ρr (x)

γrl
. (A10)

However, in the bulk region, following the idea of
Scheme 2, min(ρr,eff ) = ρ l

sat. Therefore, a function f (x) is
required such that f (x)ρ l

sat → ρl

2 + ρl

2 tanh(x) when C → 1.
Since the bulk density ρl = ρ l

sat at the equilibrium, f (x) →
1/2(1 + tanh(x)) when C → 1.

Note that C = (ρr − ρb)/(ρr + ρb) is also continuous at
the interface region while serving as the order parameter be-
tween fluid r and fluid b, whose profile is

C(x) = ρr (x) − ρv (x)

ρr (x) + ρv (x)

= (ρr − ρv ) + (ρr + ρv )tanh(x)

(ρr + ρv ) + (ρr − ρv )tanh(x)

= ρr (1 + tanh(x)) − ρv (1 − tanh(x))

ρr (1 + tanh(x)) + ρv (1 − tanh(x))
. (A11)

According to

1+ tanh(x) = 2e2x

e2x + 1
, 1− tanh(x) = 2

e2x + 1
, γrv = ρr

ρv

,

(A12)

it can be obtained that

C(x) = ρre2x − ρv

ρre2x + ρv

= γrve2x − 1

γrve2x + 1
. (A13)

Therefore, we can construct f (x) as

f (x) = ρr

2ρv

(C − 1) + 1

= ρr

2ρv

(
− 2ρv

ρre2x + ρv

)
+ 1

= 1 − ρr

ρre2x + ρv

= 1 − 1

e2x + ρv

ρr

→ 1 − 1

e2x + 1

= 1

2
(1 + tanh (x)) C → 1. (A14)

And the Scheme 3 is

ρr,eff = max

(
ρr

γrl
, ρl,sat

(
γrv (C − 1) + 2

2

))
. (A15)

It can be observed in Figs. 18 and 19 that Scheme 3 pre-
vents the phase change of fluid r and avoids the divergence
induced by the discontinuity of ψ .
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Scheme 1 Scheme 2 Scheme 2 Scheme 3

FIG. 18. Simulation results of stationary droplets (bubbles) with r-v interface using different schemes. (a) Case setups: Case A, initially,
a circular droplet of fluid r is located at the center; Case B, initially, a circular bubble of fluid v is located at the center. (b) Simulation
results for Case A using different schemes, with the top half showing the distribution of ρb and the bottom half showing the distribution of ρr .
(c) Simulation results for Case B using different schemes, with the top half showing the distribution of ρb and the bottom half showing the
distribution of ρr . All cases use a mesh size of 200 × 200, with σrv = 0.2, σrl = 0.1, σlv = 0.099, and ν = 0.4. Periodic boundary conditions
are applied. In Case B, the simulation diverges after 100 000 steps adopting Scheme 2 with C′ = 0.999999; the results shown are after 95 000
steps. All other results are from simulations that reached a steady state.
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FIG. 19. Local view of simulation results of Scheme 2 and Scheme 3 in porous media. [(a)–(c)] Results from Scheme 2 and [(d)–(f)] from
Scheme 3. [(a) and (d)] Phase distribution: Green indicates the vapor phase of fluid b, and red indicates fluid r; [(b) and (e)] show the interaction
potential ψ ; [(c) and (f)] magnitude of the interaction force |FSC|. The results for Scheme 2 are shown just before divergence occurs. [(b) and
(c)] Large localized forces |FSC| can be observed, caused by discontinuities in ψ near the solid boundaries, leading to divergence in subsequent
simulations. In contrast, under the same parameters and time steps, Scheme 3—shown in (d) and (e)—displays smooth transitions in ψ without
divergence. Simulation parameters are σrv = 0.2, σrl = 0.1, σlv = 0.099, and ν = 0.2, with C′ = 0.99 in Scheme 2.

APPENDIX B: PARAMETERS FOR 2D LBM MODEL

Matrix of 2D and the parameters are shown as follows
for D2Q9:

S = diag(Sρ, Se, Sε, S j, Sq, S j, Sq, Sν, Sν ), (B1)

where Sν is related to the viscosity via 1
Sν

= τ̄ = ν̄
c2

s δt + 1
2 .

Meanwhile, the relaxation parameter corresponds to the
conserved moments, like density and momentum, should en-

sure Sρ = S j = 0. Other parameters can be

Sρ = S j = 0, Sε = 1.0,

1

Se
= 1

Sν

= τ = νeff

c2
s δt

+ 1

2
,

Sq = 1.5. (B2)
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