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ABSTRACT

The pressure oscillation method is a technique for measuring the permeability of evolving porous media. This study presents the analytical
solution of the pressure oscillation process considering the slip boundary based on the capillary model and perturbation expansion. The
correspondence between the Klinkenberg relation and the Knudsen number is clarified, which provides a theoretical basis for applying the
Klinkenberg correction to the pressure oscillation method. The data treatment method using the transient term is proposed, along with its
applicable range. Experiments of the pressure oscillation method and pulse decay method are carried out to validate the method. The results
show that the transient solution is consistent with the periodic solution, and the unification of the quasi-steady-state and unsteady-state
methods under pressure oscillation conditions is achieved. In terms of measurement duration, the pressure oscillation method reduces the
measurement time by at least four times compared to the classical pulse decay method. Based on the solution of permeability and porosity,

the parameter effects on the experimental data are analyzed, and the dimensionless phase diagram of the amplitude ratio is given to provide

a reference for practical engineering applications.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0196658

I. INTRODUCTION

Permeability is one of the most important parameters to
characterize the ability of fluid flow through a porous medium
(Hadia et al., 2012; Tian et al., 2023). The conventional permeability
measurements usually focus on fixed structures, while the evolution
of time-dependent porous media requires continuous measure-
ments (Gong et al., 2023; Liu et al., 2021), such as processes like
rock creep (An et al.,, 2021) and nuclear waste disposal (Abe et al.,
2022; Ohazuruike and Lee, 2023). The classical permeability mea-
surement methods mainly consist of steady-state and unsteady-state
methods (Sander ef al., 2017; Wang ef al,, 2021). The steady-state
method, derived from Darcy’s law (Darcy, 1856), calculates perme-
ability by recording the flow rates at a given pressure difference
(Cheng et al., 2008; Fellah et al., 2007; Liu et al., 2006; Wyckoff et al.,
1933). However, this method requires a long equilibration time
when measuring low-permeability porous media, and the measure-
ment error becomes significant at low flow rates (Green ef al., 1999;
Malkovsky ef al., 2009). The unsteady-state method mainly includes

the pulse-decay method (Brace ef al., 1968), the Gas Research Insti-
tute (GRI) method (Jannot et al., 2021; Luffel and Guidry, 1992), and
the pressure oscillation method (Bernabé et al., 2006; Kranz et al.,
1990), among others. The pulse decay method applies one or mul-
tiple pulses [called the Step Decay method (Lasseux ef al., 2012)] to
calculate permeability using historical matching (Jannot et al., 2008)
and straight-line methods, enabling rapid and high-precision mea-
surement of permeability (Wang ef al., 2022). However, it cannot
achieve continuous measurements as it requires pressure equilib-
rium before each measurement (Boulin et al, 2012). In addition,
both the steady-state method and the pulse decay method are influ-
enced by the effective stress difference and are sensitive to envi-
ronmental factors such as leaks and temperature fluctuations, as
well as changes in internal parameters (Jones and Meredith, 1998;
Sander et al., 2017).

The pressure oscillation method compensates for the weak-
ness of the pulse decay method, enabling continuous measure-
ments (Hasanov et al., 2020; Lebedev et al, 2018; Uehara and
Shimamoto, 2004). Utilizing relative values over multiple periods for
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permeability calculations, this method exhibits insensitivity to exter-
nal parameter variations while maintaining the average effective
stress constant (Kranz ef al., 1990). Initially employed for measur-
ing the thermal diffusivity of materials, Kranz et al. (1990) and
Fischer (1992) later extended this technique to measure the per-
meability and storage capacity. The experimental apparatus for the
pressure oscillation method consists mainly of upstream and down-
stream chambers along with a sample holder. A pressure oscillation
(e.g., sinusoidal wave) is applied to the upstream chamber, con-
trolled by a function generator regulating the pressure pump or
fluid discharge (Pamuk and Ozdemir, 2012). Due to damping effects
from the porous medium, the oscillation detected in the downstream
chamber exhibits amplitude decay and phase changes, which can
be used to calculate the permeability (Winhausen ef al, 2020). By
incorporating diffusion equations based on mass conservation with
oscillation boundary conditions, the analytical solution is derived
and can be separated into periodic and transient parts, so the method
is considered to be between the steady state and unsteady state
(Fischer, 1992). However, current experiments exclusively utilize the
periodic part for the permeability calculation, representing phase
difference and amplitude ratio as functions of two dimensionless
numbers. Employing a nomograph, the permeability and storage
capacity are inversely determined from these dimensionless num-
bers (Bernabé ef al., 2006; Winhausen et al., 2020). The utilization of
the transient part in the analytical solution awaits further develop-
ment. In addition, the challenges in the application of the pressure
oscillation method involve the setting of appropriate parameters
such as period and downstream chamber volume. The trial-and-
error process of experimental parameter optimization is likely to
increase both the time and equipment costs. Furthermore, inappro-
priate setup of experimental parameters can lead to deviations in
the results (Assady et al., 2019; Jin et al., 2015; Winhausen et al.,
2020). Developing reasonable prognostic setup conditions to reduce
the cost of trial and error is necessary.

In tight porous materials with pores at the micro-nano level,
the gas measurement process is susceptible to the slip effect. In
experiments reported by previous authors, the pressure oscillation
method agrees with the steady-state method in high-permeability
sandstones, while there is a gap in low-permeability samples (Song
and Renner, 2006). In measurements consistent with both the pulse
decay method and the steady-state method, the pressure oscillation
method yielded significantly higher results, which is thought to be
possibly caused by erroneous frequencies or downstream pressure
fluctuations (Assady ef al, 2019). The difference between perme-
ability measured with argon and water in the same medium was
attributed to physical-chemical interactions between fault clay and
water (Faulkner and Rutter, 2000). These discrepancies may be
attributed to errors induced by the slip effect. The classical cor-
rection method for the slip effect is the Klinkenberg correction,
which involves measuring and calculating the apparent permeabil-
ity at multiple average effective pressures and obtaining the intrinsic
permeability from the intercept through linear fitting (Jannot and
Lasseux, 2012). The upscaling of slip correction from pore-scale to
macro-scale has been achieved by methods such as volume averaging
(Lasseux et al., 2014; Lasseux et al., 2019; Lasseux et al., 2016; Skjetne
and Auriault, 1999). In the process of the pressure oscillation exper-
iment, the Klinkenberg correction also has been applied to correct
the results of low-permeability samples, yielding results consistent
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with steady-state methods (Knabe and Wang, 2011). However, the
Klinkenberg correction is derived based on steady-state flow and
lacks theoretical support for its application in the pressure oscilla-
tion method. The approach adopted by Kranz et al. (1990) originates
from the apparent diffusion equation and does not allow for the
direct introduction of slip boundaries. Moreover, obtaining an ana-
Iytical solution by substituting the Klinkenberg equation into the
diffusion equation is also difficult.

Synthesizing the previous research, the theoretical foundation,
the utilization of the transient solution, and the method for regu-
lating parameters in the pressure oscillation method remain to be
developed. In light of the aforementioned issues and objectives, this
work is organized into the following sections: In Sec. II, the analyti-
cal solution introducing the slip boundary condition in the pressure
oscillation method is derived based on the capillary model and per-
turbation expansion, offering a microscopic explanation for the slip
effect in measurements. In Sec. I1I, the correspondence between
the slip effect and the Klinkenberg correction is given, providing a
theoretical basis for the utilization of the Klinkenberg correction.
A new data processing method is proposed for permeability calcula-
tion based on the transient solution, and the scope of application of
the Klinkenberg correction for the new method is given. In Sec. IV,
the experiments of the pressure oscillation method and pulse decay
method are conducted to validate the theoretical model and data
processing method, respectively, and the permeability measurement
results and measurement time are compared. The parameter reg-
ulation method according to the calculation process is presented
to provide a reference for the practical application in production.
Finally, conclusions are presented in Sec. V.

Il. PHYSICAL AND MATHEMATICAL MODEL
A. Governing equation and perturbation expansion

The capillary model approximates the porous medium as a
straight channel formed by a cluster of tube bundles, which describes
the equivalent flow relationship with the porous medium, as shown
in Fig. 1. Based on the equal flow rate between the macroscopic
Darcy’s law for porous media and the circular Poiseuille flow driven
by pressure difference, the relationship between permeability, poros-
ity, and radius of the approximated circular tube can be established
by the following equation:

2
L (1)

FIG. 1. Schematic of the capillary model. The porous medium is approximated as
a straight channel formed by a cluster of tube bundles. A and L are the cross-
sectional area and length of a porous medium, respectively. R is the radius of the
circular tube in the capillary model.
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where k (m?) is the permeability, ¢ is the porosity, and R (m) is the
radius of the circular tube in the capillary model. This model trans-
forms the solving of the macroscopic diffusion equations into the
solving of the equations for circular tube flow. Klinkenberg used this
model in combination with the slip boundary condition to derive
the corrected permeability in the steady state, which reveals the
microscopic mechanism of the slip effect. The general Klinkenberg
formula can be expressed as

b
kapp = kint(1 + ?)’ (2)

where kqpp (mz) is the apparent permeability, kint (mz) is the intrinsic
permeability, P (Pa) is the mean pore pressure, and b is the cor-
rection factor. This formula is widely used for the calculation of
intrinsic permeability corrected for the slip effect.

This study employs the capillary tube model to simplify the
representation of a porous medium, allowing the internal flow to
be considered as a single-tube flow. Correspondingly, for gas flow
in capillaries, the compressible Navier-Stokes equations can be
expressed as

u ou_ (Pu 10w Ou) op
Pot TP M\ a2 T rar T o2) oz

where p (kg m™) is the fluid density, u (Pa s) is the dynamic vis-
cosity, r (m) is the radial coordinate, z (m) is the flow coordinate,
u (m s7') is the flow velocity, P (Pa) is the pressure, and ¢ (s) is the
time. The above equation is inherently difficult to solve, and exten-
sive previous work on the equation has demonstrated that when
the radius of the circular tube is much smaller than the flow length
R <« L, the mean density p = 3% can be used for calculating the
n(P,—Py)R'p P
8 uL
sent the pressure at the upstream inlet and the downstream outlet,
respectively. p (kg m™) and p g (kg m™) represent the density at
the upstream inlet and the downstream outlet, respectively (Veltzke
and Thoming, 2012; Wang ef al.,, 2018). In the capillary model, the
condition that the radius R is much smaller than the length L is
evidently satisfied. Given that the primary characteristic of flow in
porous media is mass flux, the governing equations can be expressed
using the incompressible Navier-Stokes (NS) equations represented
with average density. The case of small amplitude pressure oscilla-
tion is considered where the oscillation pressure is less than 10% of
the equilibrium pressure, so the convective term can be neglected.
In addition, the small variations in density and viscosity due to pres-
sure oscillations indicate that using average values is reasonable. The
simplified incompressible NS equation is

mass flow rate, Qn = , where Py (Pa) and P4 (Pa) repre-

u _8%u (8214 lau) 1 0P
— =V +7
ot 0z

or* T or p oz’ @
where p (kg m™) and v (m? s7}) represent the average density and
average dynamic viscosity of the fluid, respectively.

The magnitude analysis of the equation terms can clarify the
corresponding relationships between these terms. The viscous force
and pressure-driven force of all fluid flow through the tubes should

be of the same order of magnitude. That is % N -7RL and AP(t) -
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N7R* should have the same order of magnitude, where % is the aver-
age velocity, y is the average dynamic viscosity, N is the number
of tubes in the capillary model, and AP(t) is the pressure differ-
ence between upstream and downstream at the time ¢. Simplifying
this relationship yields the mean velocity u ~ AP(t)R , which has the
same order of magnitude as the average Veloc1ty in laminar flow
driven by pressure in a cylindrical tube. Subsequently, the following
dimensionless quantities are introduced for nondimensionalizing
the above Eq. (4):

P(t) . t RP
F= P@O) ;L _RP

Jf=—= t, 5
Py te 8ul? ©)

Z=

. u =
u::,P:
u

=1~

z
L)
where quantities with a tilde (~) are dimensionless. P4 (Pa) rep-
resents the pressure amplitude of the upstream, Py (Pa) is the

initial equilibrium pressure, and the characteristic time is taken as

¢ = 8L
¢~ Rp,
pressible NS equations is

the dimensionless form of the incom-

RO Fu 100 RROP o
12 03r  9F? 7 OF  mul 9%

R*Py O
8uvL® Of

Substituting the mean velocity H into Eq. (6) for a magnitude
P is given by B2a ~

~ 1.
}AuL AP(t)
In a realistic physical process of pressure oscillations, the transient
term induces variations in velocity in the flow direction, yielding

RPy o B Combrnmg the magnitude analysis above, it follows that
8uvL

;;g ~ ﬂ Since the experimental requirements dictate that the ampli-
tude of pressure oscillations is much smaller than the equilibrium
pressure, avoiding changes in pore elasticity and fluid compress-
ibility caused by pressure fluctuations, it is reasonable to assume
% <« 1. Accordingly, %L, which is the expression for the Reynolds
number, is also much less than 1, consistent with the small pres-

> 85
sR PLOZ = IL% to R = gv
substituting it into the expression for the characteristic time yields

analysis, the order of magnitude of

sure difference. In addition, simplifying and

te = %, indicating that the characteristic time represents the
momentum diffusion of the fluid in the flow direction.

In the capillary model assumption, the radius R of the circular
tube is significantly smaller than its length L. Therefore, the ratio of
the two, € = %, can be employed as a small quantity for perturbation
expansion. By incorporating the small quantity & through the mag-
nitude analysis into the governing equation, Eq. (6) can be further
simplified as

82@_826211"'@"’1@—87?
of 9z oFr FOF 0%

The perturbation expansion of velocity and pressure using the small
quantity & can be obtained,

7)

0)

=il M, 2@ (8)

+ el +e&u 5

p=P© +epW 4 2p® 4. )

As the parameter ¢ approaches zero, Egs. (8) and (9) tend to approx-
imate i, P, respectively, but increasing the number of terms cannot
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be relied upon to improve the accuracy of the approximation.
Substituting Egs. (8) and (9) into Eq. (7) yields

82 ©  155© 313(0)

1 Z , (10a)
o) o or 0z
(92 @ 195D Hp®»
hl _ - 10b
o) T LOZ P o
~(0) 2 (0) 2 (2) @) p(2)
0(82):8u~ :81{2 (91{2 +%8 _ 78P~ : (IOC)
ot 0z or Foor 0z

where O(1) indicates that each term in the equation is of mag-
nitude 1, and similarly, O(¢) and 0(82) follow the same logic.

Combining Eqs. (10a) and (10b), the equation W[ © 4 su(l)]
+ %%[1}(0) + sﬁ<l)] - %[p(O) + sP(l)] = obtained

Therefore, it is reasonable to assume that 6 iy %% -2 =0 holds
if only the first two terms of the perturbatlon expansmn approx-
imate Eqgs. (8) and (9) for pressure and velocity. Furthermore,
by utilizing the first three terms of the perturbation expansion

to approximate the pressure and velocity in Egs. (8) and (9) and,

: : : : &% 1 9u 9P _

subsequently, substituting them into equation &5 + ;57 — 5 =0,
2u® 10a® 9P _
the following equation can be derived: “j— + 7 5 — %5~ =

Substituting this formula into Eq. (10c), the governing equations at
different orders can be expressed as

can Dbe

ea® 10a® 9p® (11)
o7r 7 OF oz
~(0) 52 (0)
on'’ 0'n (12)

of 932

Equation (11) describes the pressure-driven flow inside the circu-
lar tube, considering only radial variations in velocity. Equation (12)
characterizes the axial changes in fluid flow within the tube due to
the influence of transient terms. These two equations can be solved
separately.

B. Boundary condition and analytical solution

Based on the above analysis, Eq. (11) can be solved directly.
Consider the boundary conditions,
a(o)

. + 00, (13)

_ ~ (0)
_ 2 U,,Kn o

NOI
S Oy or

, (14)
F=1

where the Knudsen number Kn = % characterizing the slip effect is
calculated by the ratio of the molecule mean free path A to the radius
of the circular tube R. The molecular mean free path A is a function
of the reciprocal of pressure. Given that the amplitude of pressure
does not exceed 10% of the equilibrium pressure, the molecular
mean free path fluctuates only between 0.9 and 1.1 times the value

corresponding to the equilibrium pressure. Furthermore, since the
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pressure oscillations are periodic, this study reasonably assumes that
the molecular mean free path and the Kn number over multiple
cycles are solely dependent on the equilibrium pressure. o, is the
accommodation coefficient, which depends on the specific gas and
the surface quality. The condition of full diffusive reflection is con-
sidered, with g, = 1 and = ”“ =1, so the accommodation coefficient
is omitted in the subsequent text. Equation (13) indicates that the
velocity at the center of the circular tube cannot be infinitely large,
and Eq. (14) represents the slip boundary condition. By combining
these two boundary conditions, Eq. (11) can be directly solved,

()
7@ - 4118}; (1-7" +2Kn). (15)
zZ

Taking the cross-sectional average of Eq. (15), the average velocity
can be expressed as

© _ [ORQ(O) -2ﬂrdr 10p©

o =
7R 8 oz

(1 +4Kn). (16)

As the pressure oscillation method focuses on pressure variations,
Eq. (12) needs to be transformed into an equation related to pres-
sure. Averaging along the radial direction, similar to the form of
Egs. (12) and (16), can be transformed into the derivative of pressure
with respect to f and Z due to the fact that the orders of deriva-

. . . . . . 5 (0)
tives and integrals can be switched in fluid mechanics, Q.( or_ )

oz\ ot
o [ 8*p©® . Sy . L . .
= 5:\ % ) Without considering the integration in the axial direc-

tion, the following diffusion equation is necessarily a solution of that
equation:

9P gp©®

of 0z a”

The solution of Eq. (17) requires incorporating the upstream
and downstream boundary conditions from the pressure oscilla-
tion process. As depicted in Fig. 2, for the upstream inlet, a stable
sinusoidal pressure change is provided using cyclic compression or
exhaust, Py (t) = P4 sin (wt + 8) + Py, where w is the angular veloc-
ity of amplitude change and ¢ is the initial phase. Therefore, the
upstream can be characterized by the first type of dimensionless
boundary condition,

P|,_ = sin(@f+0)+p, (18)

z=1

Downstream

VAV VA

Upstream L

VW

Porous sample

FIG. 2. Schematic of the pressure oscillation method. Upstream provides a stable
oscillating pressure. After passing through a porous medium, it induces pressure
oscillations in the downstream chamber.
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s’
R*P,
chamber of fixed volume, which allows boundary conditions uti-
lizing the conservation of mass. The variation of mass inside the
downstream chamber with time is equal to the fluid flow enter-
9(paVa)
ot

where @ = w, = 5—2. The downstream outlet is connected to a

ing the downstream chamber from the porous medium,

_ (f)it (0) . g)
z=0

downstream chamber and V4 is the volume of the downstream
chamber. Since the density is directly proportional to pressure,

N7R?, where pgy is the density of the gas in the

substituting the averaged velocity i from (16), the downstream
dimensionless boundary condition can be expressed as

5(0) 2 ©) 5p0)
0P _ NaR’L 8;;uL P aP~ F(Kn), (19)
of 8V, RP, Py Oz

where F(Kn) = 1 + 4Kn is a function of the Knudsen number and

P s the average pressure. Due to the system pressure oscillat-
ing around the equlllbrlum pressure Py, it is physically reasonable

©
to assume that —— =~ 1. Combining the previous magnitude analysis

RPAN

it 21 the above boundary condition Eq. (

19) can be simplified to
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NzR*L
Va
volume to the volume of the downstream chamber. Z = 0 indicates
the downstream outlet. In addition, the entire system is at equilib-
rium pressure Py before the start of the oscillation. Therefore, the

dimensionless initial condition is

where a = represents the ratio of the porous sample’s pore

B(2,0) = B @21)

Due to the nonlinearity of the boundary conditions at the
upstream inlet, the Laplace transformation is used to solve Egs. (17),
(18), (20), and (21), and the detailed solution procedure is pro-
vided in the Appendix. After obtaining the dimensionless analytical
solution, it needs to be re-scaled with some parameters to restore
dimensional forms. Considering that the compressibility of the
fluid is much greater than that of the porous medium skeleton,
this study only considers the compressibility factor of the fluid,
which is approx1mated by the reciprocal of the equilibrium pres-
sure, Cy ~ 5. Therefore, the storage capacity of the fluid system
per unit volume of the sample can be expressed as fs = ¢Cy =
P%. In addition, the storage capacity of the downstream chamber
is represented by the ratio of the downstream chamber volume
to the equilibrium pressure ;= 2. Combining these relations

op©® op© with Eq. (1), the analytical solutlon for the system of equations is
= = aF(Kn) — , (20) btained
Of o 0% oo obtained,
|
(BsL?w cos & — Ky, sin 6) [cos (yn2) - ﬁ“;fz 3 sin (1//,,%)] ,

P(z,t) = Py + Palalsin (wt + 8 + 0) + 2PAK[35ALZ

where K = %, v, is the roots of the transient part poles, satisfying the
equation tan y, = ;—F, and A is the cross-sectional area of the porous
medium. |a| and 0 are the amplitude ratio and the phase difference of
pressure oscillations at position z to the upstream inlet, respectively,

which are the modulus and argument of a complex number,

«'(1+1) cosh [k'z(1+1)] + :“If}’i sinh [«'z(1 +1)]
|af = ; . 7 . iwp, (23)
&' (1+ i) cosh [K'L(1+1)] + %4 sinh [«'L(1 +1)] |

o= arg{ K/ (1 +1) cosh [1'z(1 + )] + “B4 sinh [«z(1 + 1) ] }

«'(1+1i) cosh [«'L(1+i)]+ X”If; sinh [x'L(1+1)]

(24)
where ' = /%

i and a dimensionless number is defined as x = «'L.

In Eq. (22), the first term represents the equilibrium pressure,
around which the system pressure oscillates as a whole. The sec-
ond term is the periodic part following the sinusoidal input from
the upstream boundary. The third term is the transient part of
the solution, gradually decaying with time. The analytical solution
in this study is consistent with the expression derived by Fisher
(1992) based on macroscopic diffusion equations. Meanwhile, the
slip effect is reflected in the parameter F in the periodic part and in
F and vy, in the transient part. This indicates that the derivation

- ( +/3$L4 2)[(%/3[11(/%—[35AL) COS Yn + Y s1n1//n(/35AL+ﬁd%)] ¥

e 1% R (22)

based on the capillary model incorporating the perturbation anal-
ysis not only reproduces the analytical solution consistent with
macroscopic approaches but also rationally introduces slip bound-
ary conditions, theoretically elucidating the manifestation of the slip
effect in the pressure oscillation process.

lll. PERMEABILITY CALCULATION
AND SLIP CORRECTION

A. Periodic solution

In experiments, by recording the amplitude ratio |a| and the
phase difference 0 between upstream and downstream, permeability
k and porosity ¢ can be obtained using the periodic solution. When
the measurement point is at the upstream inlet and downstream
outlet (z = 0), the |a| and 0 can be expressed as

® (1 +1i)

x'(1+1) cosh [«'L(1+1i)]+ X”If; sinh [«'L(1 + 1)]

la = (25)

®'(1+4)

9=
e { «'(1+1) cosh [«'L(1+1)] + Z"Ifg sinh [«'L(1 +1)] }
(26)
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The complex number in the above equation can be represented in a
complex form involving Xp and Yp,

XD+YD
X3+ Y3

Xp-Yp,
X3+ Y

(27)

where Xp and Yp are the functions of two dimensionless numbers,
xand y,

Xp = cosh (k) cos (x) — sinh (k) sin (k) — y cosh (k) sin (%),
(28)

Yp = cosh (x) cos (x) + sinh (k) sin (k) + y sinh (k) cos (k),
(29)
where y = K,wfl‘éF and k=L g;’ are the dimensionless numbers.
The amplitude ratio || and the phase difference 0 are, respec-
tively, the modulus and argument of the complex number in

Eq. (27),
2 Xp - Y]
| =1/ ———, 0=arctan (u). (30)
XD + YD XD + YD

Thus, by inversely solving for the two dimensionless numbers x and
X expressions for permeability and porosity can be obtained,

ko uLwfy
AFyx’

_ ZKVd
"~ AFLy

(31)

So far, after the amplitude ratio |«| and the phase difference
0 are obtained in the experiment, by inversely solving the system of

J

2 2 2 _KLﬁT _szlt
(BSL w cos § — Ky, sin 8)%(1 —e LB )e 126
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Eq. (30) and the system of Egs. (28) and (29), dimensionless num-
bers k¥ and y can be determined. Subsequently, permeability and
porosity can be further calculated using Eq. (31).

By varying the parameter F, the slip correction method in
the periodic solution for calculating permeability can be analyzed.
In Eq. (31), considering F as a function of the Kn number, the
intrinsic permeability ki is calculated. If F = 1 (Kn = 0), the appar-
ent permeability can be expressed as kqpp = ”ﬁ:f ¢, By comparing
the expressions for apparent permeability and intrinsic permeabil-
ity, it can be deduced that kg = kint(1 + 4Kn). Combining the
definition of Knudsen number, Kn = %, where the mean free path
A is inversely proportional to the average pressure, the relation-
ship is equivalent to the Klinkenberg formula kg, = kim(l + %)
This indicates that the periodic solution in the pressure oscilla-
tion method is theoretically a pseudo-steady-state form, and the
Klinkenberg formula can be directly used to correct the slip effect on
permeability.

B. Transient solution

According to the analytical solution (22) derived above, the
downstream pressure in the pressure oscillation method exhibits
both periodic and transient parts. However, previous studies have
been limited to considering only the periodic term. In this study, a
reasonable method of using the transient term based on the period-
icity of the pressure oscillation method is proposed. The transient
term is essentially a summation series of exponential functions
about time, decaying as time progresses. Since the detected periodic
term of the downstream chamber remains consistent across differ-
ent cycles, taking the difference between two cycles allows only the
transient term to be retained,

(32)

ArP(0,t) = P(0,t) —= P(0,t + T) = 2PaKB.ALY

=l (szﬁ +ﬁ52L4w2)[(%,Bdt//ﬁ - ﬂSAL) CoS Yn + Yy sin 1//,,([3SAL +[3d%)]'

Since the roots v, for n > 1 are significantly smaller than the first term y, for # = 1, the summation series can be approximated by considering
only the first term. Thus, the periodic pressure difference can be expressed as

ATP(O, t) =

_Ket\ _Keje
2P4KBAL(B:L*w cos & — Ky sin 6)1//%(1 —e )e 5,

(33)

The above periodic pressure difference is solely an exponential func-
tion of time and taking the logarithm of it can be expressed as a linear
function of time,

InArP(0,t) = In M + Nt, (34)

where

(K*yi + BL w* ) [($Bavi — BsAL) cosy1 + yn siny (BAL + Baz )]

_waT
2PAK[3§AL3W§(1 —e 76 )

M = >
(1(214/1t + ﬁfL"wz) [(%ﬂdW% - ,BSAL) cosyy + Y1 sinyg (ﬁsAL +Ba2 )]
(35)

(36)

_Kyi

LB
The N is the slope obtained by fitting the logarithmic periodic pres-
sure difference from experimental data. Inverting the expression of

N =
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N and substituting the definitions of K and 8, the following formula
for permeability can be obtained:
NuL?
k=-—H? (37)
viPo

Based on the above data processing procedure, a method for
using transient solutions in pressure oscillation experiments is estab-
lished. Generally, the periodic term used by previous researchers
requires pressure data after the transient term has decayed away
to calculate the amplitude ratio and phase difference. The transient
method requires pressure data where the transient term is present,
and the pressure difference over the first two periods is optimal.
This compensates for the neglect of the initial period and may offer a
quicker measurement under suitable conditions. Unfortunately, this
method also retains the disadvantages of the transient method, sim-
ilar to the pulse decay method, which is sensitive to the effects of
external fluctuations and parameter changes.

Similar to the periodic solution, the transient solution takes into
account the influence of the slip effect. The parameter F associated
with the slip effect appears in the equation for solving the parameter
v, tany, = “W—f The permeability k in Eq. (37) should be the intrin-
sic permeability. If F = 1, neglecting the slip effect, then determining
1//1' involves solving tan 1//1' = #, and the calculated permeability is

referred to as the apparent permeability,

_Nul’¢

K= .
Y1 Po

(38)

By comparing (37) with (38), the relationship between the apparent
permeability and the intrinsic permeability for the transient solution
can be expressed as

K _wi

k_wn 39

kv ¢

If consistency with the Klinkenberg correction relationship is
desired, the condition ﬁ}z = F needs to be satisfied. Combining the

1
equation for y,, an equivalent form of the assumed condition can be

7\2
obtained, 1 — F % = 0. Therefore, this study defines a criterion
as

(tan 1//{)2
r=1-po?/ (40)
(tan V/l)

The closer this criterion is to 0, the higher the approximate validity
of the assumption and the more accurate the intrinsic permeabil-
ity obtained using the Klinkenberg correction. The relationship
T ~ (a,Kn) between the criterion I and the volume ratio a and the
Knudsen number K# can be obtained through numerical solving
of the equations for parameters ¥, and y1' is shown in Fig. 3. The
smaller the Knudsen number, the less impact on the criterion. If the
maximum Kn considered is 1, then when a < 0.01, the criterion I’
is less than 0.014. For slip flow, which typically considers a maxi-
mum Kn of 0.1, corresponding to a criterion less than 0.013, a <
0.1 is sufficient. Therefore, the selection of the value for a should be
based on a comprehensive consideration of the acceptable level of
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FIG. 3. Variation of the criterion I with the volume ratio a and Knudsen number
Kn. The highlighted points emphasize that when a < 0.01, the criterion I' < 0.014,
with the Knudsen number up to 1. When a < 0.1, the criterion T' < 0.013, with the
Knudsen number up to 0.1.

error and the magnitude of slip effects. If a more stringent criterion
is required, a smaller a would be needed to fulfill the require-
ment, ensuring a more accurate use of the Klinkenberg correction
relationship.

IV. EXPERIMENTAL VALIDATION

To validate the explanation of the slip effect in the periodic
solution and the proposed transient solution method above, a per-
meability measurement platform is established as shown in Fig. 4.
The platform is capable of implementing three measurement meth-
ods: the steady-state method, pulse decay method, and pressure
oscillation method. The porous sample is made of polymer material
and put into a metal nut, and the whole nut is put into a sealed cham-
ber. Details of the sample and experimental setup parameters are
provided in Table I. The porosity in the table is determined through
the mercury intrusion method, which provides input parameters for
the pulse decay method.

A. Comparison of different methods

The measurement on sample 1 is conducted using the pressure
oscillation method, with the equilibrium pressure set at 2 x 10° Pa,
and the upstream and downstream pressure results are shown in
Fig. 5(a). Due to the damping effect of the porous sample, there is a
noticeable decay in amplitude and phase shift between the upstream
and downstream pressure. The downstream pressure between the
first two periods exhibits amplitude decay, as illustrated in the mag-
nified plot in Fig. 5(b). Subsequently, experiments are conducted
with seven different equilibrium pressures, and the resulting down-
stream pressure curves are presented in Fig. 5(c). The amplitude
ratios and phase differences are determined by the Fast Fourier
Transform (FFT) and the apparent permeability k., is calculated
based on Eq. (31). Combining the reciprocal of the pore equilibrium
pressure and applying the Klinkenberg correction yields the intrin-
sic permeability kin, as shown in Fig. 5(d). The fitting coefficient
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; 1 o @ é ability measurement platform.

1. Compressor
2. intake shut-off valve

6. Upstream valve

7. Confining pressure gauge

3. Pressure regulator 8. Porous sample holder

4. Oscillation generator 9. Downstream valve

5. Upstream pressure gauge 10. Downstream pressure gauge

TABLE I. Parameters of the sample and the experiment setup.

11. Downstream chamber
12. Outlet shut-off valve
13. Soap film flowmeter
14. Data collection

Sample Experimental setup
Material Polymer Upstream volume (m?) 1.4988 x 107°
Test gas Air Initial period (min) 30
Sample length (m) 6.50 x 107° Upstream amplitude (Pa) 40000
Sample cross section radius (m) 1.10x 1073 Acquisition interval (s) 0.5
Sample 1 porosity (%) 0.131 Initial phase 0

R* = 0.9998, indicating a high level of fit linearity, thus enhancing
the credibility of the results.

Using the transient solution, permeability can also be calcu-
lated on the same set of experimental data. Following Eq. (34),
the logarithm of the difference between the first two periods of
the downstream pressure exhibits a linear relationship over time,
as depicted in Fig. 6(a). The increased dispersion in the later data
within a single period indicates that, after the exponential term
in the analytical solution decays with time, the random error in
periodic pressure difference will increase. This also suggests that
under extremely short-period conditions, the transient solution may
be unusable due to significant errors. After fitting the logarithmic
periodic pressure difference and obtaining the slope, the apparent
permeability kupp can be inversely calculated using Eq. (38). The
Klinkenberg-corrected results of the transient solution are presented
in Fig. 6(b), where the intercept represents the intrinsic permeability
of the transient solution.

Comparing the intrinsic permeability obtained from the peri-
odic solution and the transient solution, the relative error is only
0.24%, indicating a high level of agreement between the two methods
and validating the effectiveness of the transient solution proposed
in this study. Furthermore, the comparison of the apparent per-
meability obtained under the same pore pressure using the two
methods is shown in Fig. 7. The results from both solutions gen-
erally cluster around a line with a slope of 1, but the apparent
permeability from the periodic solution is slightly larger than that

from the transient solution. The reason for this phenomenon lies
in the fact that the decay of the transient term can only approach
zero infinitely. The data used for calculating the periodic solu-
tion may include slight transient terms, causing the amplitude
ratio obtained from FFT calculations to be larger, thus result-
ing in a larger permeability. However, this does not significantly
affect the calculation of the intrinsic permeability. Therefore, the
periodic solution is theoretically affected by the incompletely decay-
ing transient solution, reflecting the slight theoretical advantage
of the transient solution, although this effect may be negligible
in experiments. In addition, since the pressure difference over
two cycles can be calculated from any point, the proposed tran-
sient solution avoids instantaneous fluctuations when the valve
opens.

To further validate the accuracy of the pressure oscillation
method, this study made additional improvements to the experi-
mental setup and conducted low-pressure pulse decay experiments.
The experiment employed an upstream constant pressure scheme,
as illustrated in Fig. 8(a). Tests are conducted under the same pulse
pressure at nine different constant upstream pressures. The perme-
ability calculations referenced the formulas provided by Metwally
and Sondergeld (2011). Applying the Klinkenberg correction to the
apparent permeability is illustrated in Fig. 8(b). Comparing the
experimental results of the pulse decay method and the pressure
oscillation method, as shown in Table II, the relative error of the
two methods is within 4%.
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FIG. 5. Experimental results of the pressure oscillation method. (a) Upstream and downstream pressure curves with an equilibrium pressure of 2 x 10° Pa. (b) Enlarged
image of downstream pressure curves for the first two periods. (c) Downstream pressure curves at seven different equilibrium pressures. (d) Klinkenberg-corrected results
of the periodic solution with the equation representing a linear fit result, where the intercept is the intrinsic permeability.
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FIG. 6. Processing results of the transient solution in the pressure oscillation method. (a) Linear variation of logarithmic periodic pressure difference over time.
(b) Klinkenberg-corrected results of the transient solution, with the equation representing a linear fit result, where the intercept is the intrinsic permeability.
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FIG. 7. Comparison of apparent permeability results between the periodic solution
and the transient solution.

B. Measurement duration

The measurement duration for the pressure oscillation method
depends on the chosen length of the period. For the periodic solu-
tion, one period after eliminating the transient term is sufficient to
obtain the amplitude ratio and the phase difference theoretically.
In this study, a higher level of precision is achieved by consider-
ing two periods after removing the first two, so the duration can be
considered as four periods. The transient solution typically involves
the first two periods, so its duration can be considered as the time
required for two periods.

This study employed measurements with varying period dura-
tion at a consistent equilibrium pressure of 2 x 10°> Pa. Sample
1 is measured using 13 different periods ranging from a minimum

ARTICLE pubs.aip.org/aip/rsi

TABLE II. Comparison of results from three methods.

Intrinsic
permeability  Relative
Method (x107** m?) error
Pulse decay 1.281 e
Pressure Periodic solution 1.235 3.59%
oscillation method  Transient solution 1.232 3.83%

of 1 min to a maximum of 45 min, and the amplitude ratio and the
phase difference are calculated as illustrated in Fig. 9(a). The ampli-
tude ratio increases with increasing period, attributed to the longer
reaction time in the downstream chamber, resulting in higher ampli-
tudes. Concurrently, the phase difference decreases with increasing
period, with a conversion applied for negative phase difference. Per-
meability values are calculated for both the periodic solution and
the transient solution using data corresponding to different periods,
and the results are presented in Fig. 9(b). The permeability from the
periodic solution stabilizes around an average of 2.263 x 107" m?,
and its corresponding minimum period of 1 min remains plausible.
The amplitude ratio at the minimum period is merely 0.01, reach-
ing the minimum resolution of the sampling instrument. Therefore,
the minimum usable period for the periodic solution depends on the
sampling resolution’s ability to detect the amplitude ratio accurately.
The results of the transient solution fluctuate slightly but are overall
within 10% of the deviation from the mean error. However, the tran-
sient terms are minimal at shorter periods, causing negative values
in the periodic pressure difference due to random error, which pre-
vents the calculation of permeability. The permeability measured for
sample 1 under a 5-min period condition has exhibited a significant
deviation, and under conditions less than 5 min, fitting calculations

(a) (b)
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”
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FIG. 8. Results of pulse decay experiment. (a) Upstream and downstream pressure curves. (b) Klinkenberg-corrected results of the pulse decay method, with the equation

representing a linear fit result, where the intercept is the intrinsic permeability.
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TABLE lIl. Comparison of the measurement duration for different methods.

Sample Sample
Method 1107 m?) 2(107¥ m?)
Conventional pulse decay At least 40 min 88h
Periodic solution 4 min 24h
Transient solution 20 min e

are no longer feasible. Hence, the minimum usable period for
the transient solution is contingent upon the ability to accurately
detect the decay of transient terms. The measurement duration in
the conventional pulse decay method is determined by achieving
equilibrium pressure.

To further compare the measurement duration, measurements
are conducted on sample 2 with lower permeability, and results for
both samples are summarized in Table III. A comparison reveals
that the measurement duration for periodic solution in the pres-
sure oscillation method is significantly shorter than that in the pulse
decay method, with an approximately tenfold increase in measure-
ment speed for sample 1. The measurement speed for the tran-
sient solution has increased by approximately two times. In sample
2 with lower permeability, the measurement speed has increased
by at least threefold. Due to the placement of the measurement
apparatus indoors, it is not possible to ensure a completely con-
stant temperature. For ultra-low permeability samples, the longer
measurement duration amplifies the impact of temperature insta-
bility, leading to significant errors in the pulse decay method. In
addition, the transient solution of the pressure oscillation method
is rendered unusable due to the influence of temperature fluctua-
tions. This observation highlights the low sensitivity of the periodic
solution to random errors, indicating its strong robustness.

C. Parameter regulation

The challenge in the pressure oscillation method lies in select-
ing appropriate parameters to obtain a detectable amplitude ratio

(a)
; - : : : 1.7
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and phase difference. The factors influencing the amplitude ratio
and the phase difference mainly include sample parameters [per-
meability (k) and porosity (¢)] and experimental setup parameters
[period (T) and downstream chamber volume (V4)], corresponding
to the frequency (w) and downstream volume ratio (a) used in the
calculation process. By inversely solving Eqs. (28)-(30), the impact
of different parameters on the detection results can be analyzed.

An analysis of the effects of changes in permeability and
porosity is conducted. Based on the experimental results of sample
1 above, the 30-min period is selected, varying the porosity from
0.01 to 0.6 and the permeability from 10™** m? to 10™'* m*. The
resulting changes in amplitude ratio and phase difference are shown
in Fig. 10. The results show that the sensitivity of the amplitude
ratio and the phase difference to porosity is extremely low, and
the variation is less than 0.5% due to a wide range of porosity
changes. In other words, the minimal errors in the amplitude ratio
and the phase difference during measurement will be magnified
in the error of porosity. This is the fundamental reason for the
inaccuracy of porosity measurements and also explains the experi-
mental results reported by Hasanov et al. (2017), in which storage
capacity measurements were extremely inaccurate. Permeability sig-
nificantly influences amplitude ratio and phase difference, exhibiting
a clear trend. Therefore, when considering parameter regulation,
the influence of porosity can be neglected, and only permeability is
considered.

In the calculation process of the periodic solution, two dimen-
sionless numbers, x and «, ultimately transform the amplitude ratio
and phase difference into permeability and porosity. The variation
of the three main parameters—period, downstream volume, and
permeability—can be transformed into the variation of two dimen-
sionless numbers. The period is taken from 60 to 108 000 s (1 min to
30 h), downstream volume ranges from 107 to 10* m?, and per-
meability ranges from 1072 t0 1072 m? (1 nD to 1D). The contour
of the amplitude ratio with the two dimensionless numbers is dis-
played in Fig. 11. Depending on the accuracy of the experimental
equipment, a usable amplitude ratio can be selected in the range
of, for example, 0.01 to 0.99 in Fig. 11. Based on the estimated

(b)
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33r * ® Periodic solution |
™~ =5 min * Transient solution
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FIG. 9. Experimental results for sample 1 at the same equilibrium pressure with different periods: (a) Amplitude ratio and phase difference and (b) permeability from the
periodic and the transient solution. The permeability measured for sample 1 under a 5-min period condition has exhibited a significant deviation.
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FIG. 11. Contour of amplitude ratio with two dimensionless numbers.

magnitude of permeability, appropriate measurement periods and
downstream volumes can be chosen. A reasonable amplitude ratio
can be obtained by ensuring that the values of the two dimensionless
numbers are within the corresponding ranges.

Finally, a sensitivity analysis of the input parameters for the
periodic solution is necessary for the evaluation of this method
(Jannot et al., 2008; Jannot ef al., 2007). The inversion process for the
periodic solution entails the transformation from measured quanti-
ties (Ja| and 6) to dimensionless numbers (x and ), and the input
parameter influences exist only in the inversion process from dimen-
sionless numbers to permeability (k) and porosity (¢) as depicted in
Eq. (31). The parameters involved here include sample parameters
(diameter D and length L), experimental setup parameters (equilib-
rium pressure Py and angular velocity ), and downstream chamber
volume V. One advantage of the pressure oscillation method is
extremely low sensitivity to fluctuations in environmental or inter-
nal parameters since it considers the relative values of amplitude

and phase generated by the upstream and downstream over multiple
cycles. Hence, errors arising from fluctuations in equilibrium pres-
sure and angular frequency can be neglected. In Eq. (31), the sample
length L and downstream chamber volume V; are directly propor-
tional to permeability, and the percentage deviation can be directly
related to permeability. Smaller samples are more difficult to pro-
cess, leading to increased length errors, typically controlled within
3%. Smaller downstream chamber volumes result in higher percent-
age errors but should be kept within 5%. The errors arising from the
ratio of the two to permeability are within 5%. The square of the
sample diameter is inversely proportional to permeability, with sen-
sitivity higher than that of length. A 5% deviation of diameter will
result in approximately a 10% permeability error. Therefore, atten-
tion should be paid to the processing precision of porous sample size
and measurement accuracy during the usage of this method.

V. CONCLUSIONS

This study presents the theoretical foundation with the
Klinkenberg correction for the pressure oscillation method based on
the capillary model. The periodic solution in the pressure oscilla-
tion method conforms to the slip correction form of the steady-state
method and can directly employ the Klinkenberg correction. A
method for utilizing the transient solution in pressure oscillation
experiments is proposed, confirming its applicability with limita-
tions when utilizing the Klinkenberg correction. The introduction of
this method achieves a unified approach for both quasi-steady-state
and unsteady-state methods in the pressure oscillation technique.
The experimental validation has affirmed the consistency between
transient and periodic solutions.

In contrast to the pulse decay method, the pressure oscillation
technique exhibits advantages in terms of measurement duration.
Under conditions of higher permeability, a tenfold increase in mea-
surement speed can be attained, while under lower permeability
conditions, there is a minimum threefold improvement. Through
the inverse solution process for permeability calculation, this study
analyzed the main factors influencing measurements in the pressure
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oscillation method. The reason for the inaccuracy of porosity mea-
surement is that porosity is extremely sensitive to the amplitude ratio
and the phase difference, and the measurement error is magnified
several times. The contour of the amplitude ratio response based on
the dimensionless number is established to provide a reference for
the selection of experimental parameters for engineering practice.
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APPENDIX: ANALYTICAL SOLUTION DERIVATION
USING LAPLACE TRANSFORM

First, perform the Laplace transform on the equations and
boundary conditions. The transformed time variable is denoted as
o, yielding

PP =
822 7q2p+/3: 0’
5 @cos(d) +osin(s) B
e 2+l + o (A1)
d—lj - iﬁ + L =0,
dz ., OF lz=0 aF

where g = \/0, and the parameters with an overline represent the
Laplace-transformed quantities. The general solution of Eq. (A1) is

P(2,0) = Cle ™ + CreT + Ez (A2)
q

2@ cos (8) — y2 sin (J)
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Substituting the boundary conditions yields

= @ cos (8) + 0 sin(8) q cosh (gz) + Ao sinh (qz) P

P(z,0) = >
(&:0) o’ +@> q cosh (q) + Ao sinh (g) " q*
(A3)
where A = biF. Subsequently, proceed with the inverse Laplace

transform using the following general inversion formula:

. c+ico — -
Pt =5 [T B0 do (A4)

c—ioo

Substituting Eq. (A3) yields

B 1) = 1 [Hioo @ cos (8) + o sin (8) q cosh (gz) + Ao s?nh (q2) B

¢ q cosh (q) + Ao sinh (q)
(A5)
where ¢ is a real positive constant, which is chosen to be large enough
so that the singularities of the above equation are all to the left of
the line (¢ — ico, ¢ + ioo). The two poles of the product function are
01,2 = +i®, and the remaining poles ¢, are on the negative real axis.
The integration path is a large semicircle of radius R surrounded by
x = c. Then use the residue theorem,

2mi Je—ioo o+ @2

P(z,f) = i Res(o,) + B, (A6)
n=1

where Res(o,) is the residue calculated at the pole. The pole at
01, = +i® represents the periodic components in the solution, while
the pole at o, is a negative real number indicating the transient part
of the solution decreasing with time.

Further calculating 0,4, let g cosh (q) + Ao sinh (g) =0, and
this equation is satisfied only when g is an imaginary number.
Let g = iy, where v is a real number. Combining the previously
defined q = \/ yields g, = (iy)* = —y2. Substituting g and ¢ back
into the original equation and combining the formulas sinh (x)

= —isin(x), cosh(x) = cos (ix), y, are the root of the following
expression:
1 bF
tan (y) = — = —. (A7)
Ay oy

Since the integrand can be expressed as a fraction, the residue of the
transient term can be represented as

@ cos (8) + 0 sin(8) g cosh(gz) + Ao sinh (g2) o

d—‘i [q cosh (q) + Ao sinh (g)]
(A8)

Res(oy) = R

Upon substitution of the expressions for ¢ and A, combined
with the application of formula ( sinh (x))" = cosh (x), ( cosh (x))’
= sinh (x) and subsequent simplification, the following expression
is derived:

[cos (y:2) — il sin (yu2)]e % (A9)

Res(an) =29, <

(Ays = 1) cos (yn) + Wu sin (yu) (1 +21)°

Rev. Sci. Instrum. 96, 063904 (2025); doi: 10.1063/5.0196658
Published under an exclusive license by AIP Publishing

96, 063904-13

8€:€0:00 G20Z dunr 2


https://pubs.aip.org/aip/rsi

Review of

Scientific Instruments

Therefore, the transient part of the solution is

G (a”)cos (8) — y? sin (6))[cos (Yn2) — yu) sin (y,2)] —y2t
& (vi+ @) (W2~ 1) cos (y) + v sin () (1 +21)] "°

(A10)
The residue corresponding to the periodic component of g1, = +i®
can be expressed as

ptm:z

@ cos (8) + o sin (8) g cosh (gz) + Ao sinh (gz) o

Res(on) = 4(0*+a?) [q cosh (g) + Ao sinh (q)]

(A11)
Since 07 and o, are the conjugate complex numbers to each other,
the solution of the periodic part can be expressed as

Pyer = an(a1) - a(01) + a(02) - a(02)

= %(oc'-oc(m) —?wx(az)), (A12)

where o’ and o are the conjugate complex numbers to each other,
and

!
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- 8) — id sin (8) i —
a0(on) = &< )_Zi;‘” in () -waf = (A14)

_ q cosh (gz) + Ao sinh (gZ)
o) = q cosh(q) + Ao sinh(q) (A15)

Equation (A12) can be reduced to taking the imaginary part of the
complex number,

Pper = Im(a’ - a(01)) = Im<|tx|ei(‘”t+5+arg(“))) = |a| sin (@f + 8 + 0).
(Ale)
Substituting g1 = /i@ = k(1 + i) yields specific expressions for
|a and 6,

k(1 +1) cosh (xkz(1 +1i)) + Ai@ sinh (xz(1 +i))
k(1 +1) cosh (x(1 +1i)) + Aidd sinh (x(1+1)) |

lof =

(A17)

o k(1 +1i)cosh (kz(1 +1i)) + Ai@sinh (kz(1 + 1))
T8 (1 + i) cosh (x(1+ 1)) + A sinh (x(1 + 1)) |

_ @ cos (8) +id sin (8) jor  « (A18)
ao(or) = 2id e =3 (A13) The total solution is
|
~ ~ - - had ) o) - ﬁ in (8 wZ) — n/1 i nZ —u?
B =Byt Bor + f =+ o] sin (@ + 8+ 0) + 25 (“imi(z )~ ¥i sin )lcos (ya2) —yuk sin (u2)] o -y (A19)
= (vn+ @) [(Ayn = 1) cos (yn) + yu sin (yu) (1+21)]

Substituting the dimensions of each parameter into Eq. (A19)
leads to the derivation of Eq. (22) as presented in this paper.
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