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ABSTRACT

The high Debye temperature and ultralong phonon mean free paths (MFPs) of graphene phononic crystals (GPnCs) enable wavelike phonon
transport to manifest over extended length scales, making them an ideal platform for studying phonon localization. We employ machine-
learning molecular dynamics to investigate thermal transport in periodic and aperiodic GPnCs. By combining homogeneous non-
equilibrium molecular dynamics and non-equilibrium molecular dynamics, we directly extract the spectrally decomposed phonon MFP
applicable to aperiodic structures. Spectral analysis establishes characteristic frequency (w. ~ 10 THz) and length (L. ~ 100 nm) scales for
localization effects, and the nonlinear deviation in the 1/x-1/L relationship («: thermal conductivity) indicates the presence of localized pho-
nons. Lattice dynamics reveals that the increased fraction of low-participation-ratio modes and the absence of high-group-velocity modes in
aperiodic graphene phononic crystals (ap-GPnC) uncover the microscopic origin of disorder-induced phonon localization. Elastic wave simu-
lations further provide direct wave-field evidence of pronounced spatial localization of low-frequency phonons in ap-GPnC with increasing

propagation distance.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0316529

Precise control of nanoscale thermal transport is a challenge in
thermoelectric energy conversion and microelectronic thermal man-
agement." Conventional phonon scattering strategies, including alloy-
ing, nanoparticle embedding, and interface engineering, primarily
reduce phonon mean free paths (MFPs) by introducing incoherent
scattering centers, with physical limits from saturation when the pho-
non MFP becomes comparable to the lattice constant.” ® Anderson
localization of wavelike (coherent) phonons offers a new pathway to
transcend this limit: in disordered systems, when the spatial distribu-
tion of scattering centers breaks the long-range translational symmetry
of the structure, phonon wave functions may become exponentially
localized in space, leading to strong suppression of thermal trans-
port.’:ll

Although Anderson localization offers theoretical promise for
thermal conductivity reduction, its experimental and computational
identification remains challenging. Thermal transport simultaneously
involves two channels: coherent phonons (maintaining phase relation-
ships) and incoherent phonons.''” When structural disorder is intro-
duced, coherent phonons may undergo Anderson localization with

their thermal conductance contribution decaying exponentially;'*
however, incoherent phonons are insensitive to disorder and continue
to follow ballistic-diffusive transport laws.

The intrinsic mode-dependence of phonon coherence necessitates
mode-level analysis for reliable localization identification, since the
length dependence of total thermal conductivity alone is insufficient.
However, a theoretical framework for decoupling coherent and inco-
herent thermal transport at this level is still lacking.'”'® Microscopic
information, such as spectrally decomposed phonon MFPs, group
velocity distributions, and wave field propagation characteristics, can
provide physical insights inaccessible to macroscopic measurements,
which is crucial for distinguishing the transport behaviors of different
phonon modes and identifying localization effects.'” '

Molecular dynamics simulation is a powerful tool for investigat-
ing phonon transport in nanostructures. Interatomic potentials inher-
ently contain anharmonic terms of all orders, enabling simultaneous
capture of both coherent and incoherent phonon transport."” The
development of machine-learning potentials has achieved a balance
between near first-principles accuracy and high computational
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efficiency, making it possible to construct large-scale complex nano-
structures.”” >

Graphene phononic crystals (GPnCs) represent an ideal platform
for studying wavelike phonon localization.”** Graphene possesses an
exceptionally high Debye temperature (~2000K) and ultralong pho-
non MFPs (reaching hundreds of nanometers to micrometers at room
temperature),” " allowing coherent phonons to propagate sufficiently
long distances before phase destruction by intrinsic scattering.

In this work, we employ machine-learning molecular dynamics
simulations based on the neuroevolution potential (NEP) to systemati-
cally investigate the thermal transport properties of periodic graphene
phononic crystals (p-GPnC) and aperiodic graphene phononic crystals
(ap-GPnC).”**** The interatomic interactions are described by the
general-purpose carbon NEP developed by Fan et al., which has been
successfully applied to thermal transport studies of graphene nano-
structures.””"*" Figure 1(a) illustrates the schematic of the non-
equilibrium molecular dynamics (NEMD) simulation setup. Both
p-GPnC and ap-GPnC are constructed from graphene nanoribbons by
removing selected carbon atoms to form nanopores. The two struc-
tures maintain identical porosity and average pore spacing: nanopores
in p-GPnC are arranged in a strictly periodic pattern, whereas in ap-
GPnC, the nanopore position within each unit cell is randomly
selected from predefined candidate sites. The spectral thermal conduc-
tance is calculated using the spectral heat current method implemented
in the GPUMD package, and all thermal conductance G and thermal
conductivity « results are quantum-corrected (supplementary material,
Secs. $1-83).!/207077%

This system has been previously studied using a two-phonon
model to separate coherent and incoherent phonon contribu-
tions,'”"”"" providing reference benchmarks. As shown in Fig. 1, our
calculated thermal conductivity of p-GPnC increases monotonically
with length, following the standard ballistic-to-diffusive transition. In
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FIG. 1. (@) NEMD simulation setup for p-GPnC and ap-GPnC. (b) Thermal conduc-
tance G vs total length L. Red squares and blue circles: simulation data for p-GPnC
and ap-GPnC, respectively; solid lines: two-phonon model fits; green dashed and
purple dash-dotted lines: coherent contributions; black dotted line: incoherent contri-
bution. (c) Thermal conductivity x vs L.

ARTICLE pubs.aip.org/aip/apl

contrast, the thermal conductivity increase in ap-GPnC is significantly
suppressed at short lengths. Two-phonon model fitting (supplemen-
tary material, Sec. S4) reveals that the coherent phonon contribution
in ap-GPnC exhibits non-monotonic length dependence, reaching a
maximum at approximately 16 nm before declining, which is a charac-
teristic signature of Anderson localization. The fitted localization
length (approximately 24 nm) is comparable to the previously reported
value of 33nm,” validating the reliability of the machine-learning
potential and simulation methodology employed here.

The central objective of this work is to elucidate the microscopic
mechanisms of Anderson localization at the mode level. We extract
spectrally decomposed phonon MFPs by combining homogeneous
non-equilibrium molecular dynamics (HNEMD) and NEMD.”*"'
This approach does not rely on Brillouin zone definitions and is appli-
cable to aperiodic structures lacking translational symmetry. We fur-
ther integrate lattice dynamics calculations and elastic wave
propagation simulations to establish a multi-level analysis framework
for identifying wavelike phonon localization.

The evolution of AG(w, L) = G, — Gy [Fig. 2(a)] demonstrates
that the thermal transport difference between p-GPnC and ap-GPnC
is concentrated in the low-frequency region (w < 10 THz) and at
short lengths (L < 100nm). This dual selectivity in frequency and
length directly reflects the sensitivity of coherent phonons to structural
disorder. Low-frequency phonons possess longer coherence lengths
and are therefore more sensitive to the disruption of periodic structure.
As length increases, the contribution of localized coherent phonons
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FIG. 2. Spectral thermal transport analysis. (a) Evolution of the spectral thermal
conductance difference AG(w, L) = G, — G, between p-GPnC and ap-GPnC vs
frequency and total length. (b) Schelling plot (1/x vs 1/L). p-GPnC (red squares)
exhibits good linearity; ap-GPnC data are distinguished by L < 100nm (blue
circles) and L > 100 nm (orange circles). Green dots denote HNEMD reference val-
ues. (c) HNEMD spectral thermal conductivity () at 300K (L = 500 nm). Insets
show in-plane and out-of-plane contributions. (d) Spectrally decomposed phonon
MFP A(w) at different lengths.
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decays exponentially, and the difference between the two structures
converges. The critical frequency and length serve as characteristic
parameters for distinguishing coherent-dominated and incoherent-
dominated transport regimes. >**

In Fig. 2(b), we employ the finite-size extrapolation (Schelling
extrapolation) based on the Landauer framework to analyze the length
dependence of thermal conductivity. Within the standard ballistic-
diffusive transport framework, 1/ and 1/L should exhibit a linear rela-
tionship: 1/x = 1/Kpuk + 4/ (Kbuk - L). The p-GPnC data exhibit
good linearity over the entire length range, and the extrapolated bulk
thermal conductivity agrees well with the HNEMD reference value (sup-
plementary material, Sec. S5), indicating that thermal transport is domi-
nated by propagating phonons. In contrast, the full-data fit for ap-GPnC
deviates significantly from linearity, with the extrapolated thermal con-
ductivity (blue dashed line) underestimating the HNEMD reference by
approximately 24.6%. This deviation is a characteristic signature of
Anderson localization, where the exponential decay of localized coherent
phonons causes the 1/x-1/L relationship to curve upward in the short-
length regime. When the fit is restricted to L > 100 nm (orange circles),
linearity is significantly restored, and the extrapolated value deviates
from the HNEMD reference by only 0.5%. According to the two-
phonon model, at L =100nm, exp(—L/Li.) = exp(—100/24)
~ 0.015, indicating that the localized coherent phonon contribution has
decayed to a negligible level. Therefore, the degree of nonlinear deviation
in the 1/x-1/L relationship can serve as a diagnostic criterion for the
presence of localized phonon modes.

Figure 2(c) shows that the total spectral thermal conductivity of
ap-GPnC is significantly lower than that of p-GPnC in the low-
frequency region, while the two converge in the high-frequency region.
The insets further decompose the thermal conductivity into in-plane
(longitudinal/transverse acoustic, LA/TA modes) and out-of-plane
(flexural acoustic, ZA modes) contributions. The in-plane/out-of-plane
decomposition analysis (supplementary material, Fig. S7) reveals that
the relative contribution of out-of-plane modes in p-GPnC exhibits
strong temperature dependence, varying from approximately 11% at
100K to approximately 38% at 300 K, whereas this temperature depen-
dence is significantly compressed in ap-GPnC (20%-27%). This phe-
nomenon indicates that the scattering mechanisms introduced by
structural disorder compete with temperature-dependent intrinsic
phonon scattering, thereby altering the relative contributions of differ-
ent polarization branches to thermal transport.

Figure 2(d) presents the spectrally decomposed phonon MEFP
extracted using A(w) = k(w)/G(w), which combines the intrinsic spec-
tral thermal conductivity x(w) obtained from HNEMD with the finite-
length spectral thermal conductance G() obtained from NEMD. The
results reveal that the spectral MFP of ap-GPnC is lower than p-GPnC,
with a faster decay rate and earlier convergence to a lower asymptotic
value. The difference in A() between the two structures is concentrated
primarily in the low-frequency region (o < 10 THz), corroborating the
conclusions from Figs. 2(a) and 2(c). Notably, in the very low-frequency
region, the initial values of (w) for p-GPnC at different lengths are rela-
tively close to each other, whereas ap-GPnC exhibits pronounced length
dependence. This behavior is a direct manifestation of localization effects,
as the exponential decay of localized coherent phonons significantly
reduces the effective MFP in the short-length regime.

To understand the microscopic origins of thermal transport dif-
ferences between the two structures, we calculate the phonon
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FIG. 3. Comparison of phonon properties between p-GPnC and ap-GPnC with unit
cell length @ = 4 nm. (a) Schematic of the unit cell structure; (b) phonon density of
states (DOS); (c) low-frequency (010 THz) phonon dispersion along the thermal
transport direction I' — Z; (d) phonon participation ratio distribution; (€) group
velocity probability distribution, with the inset showing group velocity as a function of
frequency. Phonon properties over the full frequency range for different unit cell
lengths (a = 1, 2nm) are provided in supplementary material Figs. S9-S13.

properties of p-GPnC and ap-GPnC using machine-learning potentials
combined with lattice dynamics methods (Fig. 3). The force constant
matrix is computed using the finite displacement method via the calo-
rine package,” followed by diagonalization of the dynamical matrix
using phonopy (supplementary material, Sec. $6)."* We focus on the
low-frequency region (0-10 THz), where phonon branches remain rel-
atively well-defined and where, according to Fig. 2(a), the spectral ther-
mal conductance differences induced by phonon localization are
primarily located.

At the current computational scale, the phonon density of states
(DOS) of the two structures nearly overlaps [Fig. 3(b)], indicating that
structural disorder over finite length scales does not significantly alter
the total number of phonon modes or their frequency distribution.
Therefore, the origin of thermal conductivity differences should be
sought in mode-level transport properties, such as group velocity and
participation ratio. The phonon dispersion relations in Fig. 3(c) reveal
the essential distinction between the two structures. p-GPnC exhibits
clear band structure with well-defined dispersion slopes along the
I" — Z direction. In contrast, the bands of ap-GPnC become flattened,
especially in the low-frequency region (o < 10 THz), corresponding
to reduced group velocities.”**>*°

Figure 3(d) shows that the phonon participation ratios of both
structures are predominantly concentrated in the range of 0.2-0.6,
indicating that most phonon modes are neither fully localized nor fully
extended. As shown in supplementary material Figs. S11 and S12, with
increasing period length, the differences in participation ratio distribu-
tions between the two structures become more apparent: at a =4nm
and a = 6nm, the participation ratio distribution of ap-GPnC shifts
noticeably toward lower values compared to p-GPnC. These
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eigenmode-level characteristics are consistent with the thermal trans-
port differences observed in molecular dynamics simulations.

The group velocity distribution in Fig. 3(e) further corroborates
the above analysis. The overall group velocity of ap-GPnC is signifi-
cantly lower than that of p-GPnC, with the probability distribution
clearly shifted toward lower velocities. p-GPnC possesses numerous
high group velocity modes (5-15km/s), whereas these high-velocity
modes are largely absent in ap-GPnC. Group velocity is a key parame-
ter determining phonon thermal transport capability, and its system-
atic reduction directly leads to a significant decrease in thermal
conductivity of ap-GPnC.

The length scale of lattice dynamics calculations (a = 4 nm,
quasi-random) is much smaller than the system lengths in molecular
dynamics simulations. For ap-GPnC, as system size increases, the
cumulative effects of disorder may lead to more pronounced localiza-
tion. However, Fig. 2(a) shows that spectral thermal conductance dif-
ferences between the two structures are concentrated primarily in the
L < 100 nm range and are more pronounced at smaller L. Therefore,
the band flattening and group velocity reduction mechanisms revealed
by small-scale lattice dynamics calculations can provide microscopic
explanations for the thermal transport behavior observed in molecular
dynamics simulations.

To visualize the propagation and localization behavior of wave-
like phonons, we employ the finite element method (FEM) to solve the
frequency-domain wave equation and simulate the scattering of plane
longitudinal waves in p-GPnC and ap-GPnC (Fig. 4). These simula-
tions provide complementary perspectives on frequency-dependent
wave propagation characteristics.

The two structures exhibit different propagation characteris-
tics at low frequency (5 THz). In p-GPnC, elastic waves effectively
penetrate the entire structure, with the acoustic pressure field dis-
playing regular interference fringes that reflect coherent Bloch
wave propagation in the periodic structure. In contrast, ap-GPnC
exhibits pronounced wave localization. As propagation distance
increases, wave amplitude becomes significantly enhanced in local
regions forming “hotspots,” while overall transmitted energy is

10 nm 15 nm 20 nm Pa

(a)
5THz

(b)
25 THz

FIG. 4. Scattered field distributions of elastic waves in p-GPnC and ap-GPnC at (a)
5THz and (b) 25 THz for total length L = 10, 15, and 20 nm. The color scale indi-
cates the acoustic pressure amplitude. Plane longitudinal waves are incident from
the left boundary, and nanopores are represented by white circles.
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substantially attenuated. This behavior becomes more pronounced
with increasing system length, consistent with the Anderson locali-
zation theory.

At intermediate frequency (25 THz), the difference in scattered
field distributions between the two structures diminishes signifi-
cantly. Both p-GPnC and ap-GPnC exhibit relatively uniform wave
field distributions, with no pronounced localization phenomena
observed. Results at 45 THz (supplementary material, Fig. S14) are
similar, further indicating that intermediate- and high-frequency
elastic waves are insensitive to structural periodicity. This is consis-
tent with the analyses in Figs. 2 and 3, where high-frequency pho-
nons enter the diffusive transport-dominated regime due to
enhanced intrinsic scattering and shortened coherence lengths, and
structural disorder has limited influence.

The FEM simulation, based on the harmonic approximation
and continuum assumptions, cannot capture lattice discreteness or
intrinsic anharmonic phonon-phonon scattering. Compared to
wave-packet simulations that track wave propagation through MD
trajectories,”” " FEM enables direct visualization of the spatial
distribution of the steady-state wave field at specific frequencies,
facilitating the observation of features such as interference fringes
and localized hotspots. This method primarily provides qualitative
visualization of wave localization phenomena, whereas molecular
dynamics simulations naturally incorporate the aforementioned
physical effects and enable quantitative analysis of thermal
transport.

In summary, spectral thermal transport analysis establishes char-
acteristic frequency (w. ~ 10THz) and length (L. ~ 100 nm) scales
for localization effects, with nonlinear deviations in the 1/x-1/L rela-
tionship serving as a diagnostic indicator. The combined HNEMD-
NEMD approach enables direct extraction of spectrally decomposed
phonon MFPs without requiring Brillouin zone definitions, extending
applicability to aperiodic structures. The thermal conductivity reduc-
tion in ap-GPnC originates primarily from low-frequency band flat-
tening and systematic group velocity reduction induced by the
breaking of translational symmetry. Dynamic transport simulations,
eigenmode analysis, and elastic wave simulations characterize
Anderson localization from the perspectives of macroscopic thermal
conductivity length dependence, phonon mode-level localization sig-
natures, and wave field visualization, respectively. The high Debye
temperature and ultralong phonon MFPs of graphene amplify localiza-
tion signatures, establishing GPnCs as an ideal platform for experi-
mental verification.

See the supplementary material for details on the machine-
learning molecular dynamics simulation, two-phonon model analysis,
spectral heat current decomposition with in-plane/out-of-plane sepa-
ration, lattice dynamics calculations, and elastic wave propagation
simulations.
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