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I. INTRODUCTION

Electrostatic potentials play a fundamental role in many biochemical and biophysical processes, such as
bio-macromolecules interactions in electrolyte solutions [1,2], transport phenomena in ion channels in cells [3-7]. Similar
applications can also be found in MEMS/NEMS devices [8-10] and fuel cells [11]. A complete understanding of these
physical and chemical processes needs correct mathematical descriptions and accurate solutions of the electrostatic
potential distributions. One of the most widespread models for the electrostatic interactions is the Poisson-Boltzmann
equation (PBE) [2]

—2 .
-V.-e(r)Vy(r)+x (r)sin ly(r)= f(r). (1)
This second-order nonlinear elliptic partial differential equation relates the electrostatic potential () to the dielectric
properties of the solute and solvent (&), the ionic strength of the solution and the accessibility of ions to the solute interior

(;2 ), and the distribution of solute atomic partial charges ( f ). To expedite solution of the equation, this nonlinear PBE is
often approximated by the linearized PBE by assumingsin hy(r) ~ y(r). Several numerical techniques have been used

to solve the nonlinear PBE and linearized PBE, including boundary element [12,13], finite element [14,15], finite
difference algorithms [16-18], and multigrid method [19-23]. Efficient computer codes have also been developed for the
PBE numerical solutions with applications in chemical and biological analyses, such as APBS [20], DELPHI [22], ITPCT
[14], and Mainfold code [15]. However, due to the complexity of the nonlinear PBE, there is hardly a completely
universal approach for the solution. Lots of efforts have always been put on the development of efficient methods to solve
the PBE. Up to now, hundreds of relative research papers per year appear on various scientific journals [24].

This work will present an alternative solution for the nonlinear PBE in non-periodic domains by a lattice evolution
method (LEM), based on the spirit of the lattice Boltzmann method solving Navier-Stokes equation [25, 26]. Chen et al.
[27] were the first ones to solve Poisson equation by a lattice evolution method. They introduced the multicolor cellular
automaton (CA) model into the lattice gas algorithm. The method was validated numerically for simple Poisson equations;
however, as well known, the lattice gas method was in low efficiency [25]. Along Chen’s way, Hirabayashi et al. [28]
solved the Poisson equation by a lattice BGK model as the upgrade of lattice gas model. This lattice BGK solver was also
used to solve the time independent Kardar-Parisi-Zhang (KPZ) equation for porous media flows [29]. Hirahayashi’s solver
increased the efficiency greatly except for it can be only suitable for linear or weak nonlinear Poisson equations. Warren
[30] first introduced the “moment propagation” method [31] into the Lattice Boltzmann method to solve the electrical
potential distribution. He and Li [32] proposed a different scheme for analyzing the electrochemical processes in an
electrolyte by using an independent lattice Boltzmann method to solve the Poisson equation for the ion diffusion.
However, this method was based on a locally electrically neutral assumption so it was not suitable for analyzing the
dynamics of charged suspensions [33]. Guo et al. [34] developed a finite-difference-based lattice Boltzmann (FDLB)
algorithm to investigate the Joule heating effect of electro-osmotic flow in microfluidic devices. Wang et al. [35,36]
proposed a lattice Poisson-Boltzmann method (LPBM) to simulate the electroosmotic flow and its mixing enhancement
applications recently.

In this work, we developed the lattice evolution solution based on the previous work [35] for any kinds of nonlinear
Poisson equations, particularly the non-linearized Poisson-Boltzmann equation (PBE), emphasizing implements for
different type boundary conditions. The current method is validated by comparing with the theoretical and numerical data.
Especially, this method is also proved useable for some cases where the classical PDE solvers are hardly suitable. Finally,
the stability and accuracy will be discussed.

II. THE ALGORITHM

A. Evolution equation

As well known, the lattice Boltzmann method (LBM) simulates transport phenomena by tracking the movements of
molecule ensembles through the evolution of the distribution function [25]. It actually solves the continuous
Boltzmann-BGK equation
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where f = f(x,&,t) is the single particle distribution function in the phase space (Xx,§), & is the microscopic
velocity, 7, is the relaxation time, f® isthe Maxwell-Boltzmann equilibrium distribution, and F is an external force
term. Through the Chapman-Enskog expansion, it was proved that LBM could provide the correct solution for the
continuum Navier-Stokes equations [26],
ou
p§+pu-Vu:—VP+,uV2u+F, (3)

where p is the solution density, P is the pressure, u is the dynamic fluid viscosity and F is the external force
vector.
From this point of view, we adapt Eq. (1) into

Vi (r)-G(y,r)=0 (4)
for an uniform dielectric property &, where G(y,r) = 1(Ez(r)sin b (r)—f (r)).
£
The Eqg. (4) can be regarded as the steady solution of the equation:
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%:VZ‘//UIHQS(E%U, (®)
where 65 =—G . Based on the thermal lattice evolution schemes [37,38], here we propose the evolution equation for the
electrical potential on the two-dimensional nine-direction discrete lattices:

g,(r+e,,t+95,)—-9g,(r,t)=
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and the equilibrium distribution of ¢

0 a=0
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1/12 a=5,6,7,8

The time step in Eq. (6) is o, = 5X/c, where C is a pseudo sound speed. In fact it can be artificial to vary the time

step to influence the accuracy at the boundaries, which will be stated latter. The dimensionless relaxation time for Eq. (6)
is

3
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where y, which is equal to unity in the simulations, is defined as the potential diffusivity.

It can be proved that the evolution equations (6-9) are consistent with the macroscopic Poisson-Boltzmann equation
(4). After evolving on the discrete lattices, the macroscopic electrical potential can be calculated using

1 —
v=2.9.+560.. (10)

Though the evolution equations of the electrical potential are in an un-steady form, they are limited in the steady

+0.5, 9)
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application right now, because the electromagneticsusceptibility has not been considered in the present form. Clearly, the
current method inherits most advantages of the Lattice Boltzmann method. It is suitable for complex flows and parallel
computing. Though 2D cases are mainly used in this paper, the algorithm is easily to extend to 3D case.

B. Boundary conditions

Boundary condition implements are very important for any numerical method. For the current lattice evolution
method, the classical bounce-back model in the standard LBM can be used on the charged surfaces. However, the
bounce-back model was reported only in first order accuracy [39-41]. Therefore we introduce here the adapted
“counter-slip” approach into the boundary condition implements for electric potential calculations [42,43], which could be
consistent with the non-slip boundary in fluid flow simulations [44]. In the so called “counter-slip” approach here, the

incoming unknown potential populations are assumed to be equilibrium distributed with a counter-slip potential . The

value of y, is determined by suitable constraints, such as given zeta potential (¢ ) or surface charge density (o).

Physically, zeta potential accords to the Dirichlet boundary condition and surface charge density accords to the Neumann
boundary condition on the wall surface. For clear indication of the boundary condition implements, Fig. 1 shows the
simple flat plan channel domain with two charged walls.

X)) o o,(x)
¥ H

5 or 0,0 i

X

Fig. 1 Boundary conditions for the electric potential in a channel
Dirichlet boundary condition

For the Dirichlet boundary, the unknown distribution functions were calculated from the local equilibrium
distribution with the source, ES. For example, for the upper wall, g,, ¢,, and gy, which are unknown, can be
obtained from the equilibrium distribution of the local :

w, =3y, 35, -1.55,9,, (11)
where  is the potential on the surface (here equals to the zeta potential), Sp is the sum of known populations
coming from the internal nodes and nearest wall nodes

Sp:go+gl+gz+gs+gs+ge- (12)
Thus the unknown distributions are
9, =@,Y,. (13)

The corner can be treated in a similar way, with five unknowns at the corner. The upper-right corner, for example, has
the unknown populations g,, 9,, J,, J,,and g,. They also follow from Eq. (23) with

12y, -65,9,-12S

E, 14

Yo 7 (14)
where

Sp:go+gl+gz+gs- (15)

Neumann boundary condition

For the Neumann boundary, the unknown distribution functions were also calculated by Eq. (13). For the upper wall
as an example, introducing the relationship
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and d—l// is the potential gradient on the surface, which is determined by the surface charge density

dy| __dy| __o (19)

dy y-0 dy JH £

Eqgs (17) and (13) can be used to determine the unknown populations g,, g, and ¢, for the Neumann boundary
condition.

Ill. RESULTS AND DISCUSSION

To test the present lattice evolution method for solving nonlinear Poisson-Boltzmann equation, we have carried out
numerical simulations for electric potential distributions in dilute electrolyte solution in microchannels with charged walls
under Dirichlet or Neumann boundary conditions. For simplicity, we only carried out two-dimensional simulation
although the extension to three dimensions is straightforward. For the Poisson equation with a Neumann boundary, the
current lattice evolution method shows superior to any other numerical methods due to its self-accommodation
characteristic.

Consider a 1:1 electrolyte solution in a simple microchannel, as shown in Fig. 1, with periodic inlet/outlet boundaries
and homogeneous walls. The Poisson-Boltzmann equation Eq. (1) can therefore be simplified into the one-dimensional

form:
2
d ‘/2/ = 2n, 2 sinh (ij. (20)
dy £ KT
Based on the Debye-Huckel theory, if zew /KT is small, sinh(zey /kT)=~zew /KT . Eq. (20) can then be
linearized as:
d’w 2n_z%° 2
— «© =K , 21
day ekt Y &)

I2n, z%% . . . o . . .
where x = # is defined as the reciprocal of the Debye length. The linear one-dimensional ordinary differential
£

equation Eq. (21) has a simple analytical solution for a specified set of boundary conditions.
Figure 2 compares the present LEM results for the nonlinear Poisson-Boltzmann equation Eq. (20) and the analytical
solutions of the linearized equation Eq. (21), together with numerical solution using the standard multi-grid method. The

parameters are the ionic molar concentration C_ =10"*M , n,=c, N, whereN, is the Avogadro’s number, z =1,
the dielectric constant of the solution & =6.95x10"°C?/J-m, the temperature T =273K, and ¢, =¢, = ¢, with
¢, asaconstant.

In general, the linearization is accurate when ¢, is small. Figure 2 shows that the LEM results agree perfectly with

multigrid solutions at all zeta potentials and with the analytical solution of the linearized equation when the absolute value
of the surface zeta potential £ is small, less than about 30 mV. This validates the accuracy of the present LEM. When
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the absolute value of zeta potential is large (> 30 mV), the linearized analytical solutions deviate from the LEM numerical
results as expected [18,45,46].

0
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¥ (mV)

-100 4 === Linearized results
— Multigrid results
i+ LEM results

-150 1 I I I I I
0 0.05 0.1 0.15 0.2 0.25
yH

Fig. 2 LEM results (line) compared with the 1D linearization results (cycles) for various surface zeta potentials (-10
mV, -30 mV, -50 mV, -100 mV and -150 mV).

In fact the zeta potential is not a pure physical characteristic though it provides great convenience to the
Poisson-Boltzmann equation solutions, and may be measured experimentally [47]. The wall surface charge density
actually plays the physical characteristic role instead, and becomes more and more important in micro scale simulations
[48,49]. However it meets troubles to solve the Poisson equations with Neumann boundary conditions, because a
second-order Poisson equation with a first-order boundary condition has a series of uncertain solutions. This violates the
exclusiveness of physics. The charge conservation condition was suggested as one restriction, which is however hard to
implement. Here we tried to simulate the PBE in the Fig. 1 domain with only a Neumann boundary condition. It is

surprising to find the LEM gave one and only solution for such a case. When o/¢ = —0.5x10°V/m and other properties

were same as the above example, an electric potential distribution and therefore the zeta potential were calculated by
LEM. The LEM results are compared with the linearized PBE Eq.(21) solutions in Fig. 3. The resulted zeta potential is
low (| ¢ |<15 mV) so that the linearization of PBE has good accuracy. The excellent agreement between LEM numerical

results and the linearized PBE semi-analytical solutions validates the Neumann boundary implement of LEM.
0 T v

vy (mV)

10+ — Lineralized PBE Result
B LEM Results

15 A A
0 0.1 0.2 0.3
yMH

Fig. 3 Implement of Neumann boundary condition of LEM

However the result from Fig. 3 does not prove the only solution of LEM is the exact solution of the original PBE.
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Based on the electrical dynamics theory, Ohshima and Furusawa [50] gave a linear relationship between the surface zeta
potential and the wall surface charge density at low charge density values. In the book of surface science [51], a more
complex one was presented for general dilute electrolytes for the present PBE form Eq. (20),

o= 2ngKsinh( ze;j. (22)
ze 2KT

Here we carried out LEM simulations for various wall surface charge densities. For each case, we got one value of
the electric potential on the wall surface which was treated same as the zeta potential. Fig. 4 compares of numerical
results with the analytical results of Eq. (22). Both results agree quite well for a wide charge density region. Thus, we can
therefore believe that the LEM for the nonlinear PBE is able to provide the exact only solution for a Neumann boundary
condition, which is hard for classical numerical methods. The reason lies on the conversation restriction is automatically

kept during the potential evolution process on the lattices.
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Fig. 4 LEM results (solid squares) compared with the analytical results (line) for the relationship between wall charge
density and surface zeta potential.
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Fig. 5 The effects of the pseudo sound speed values on the potential distribution (big figure) and the zeta potential
(sub figure) for the Dirichlet boundary condition calculations at £, = —100 mv.

As a numerical method, the accuracy and stability of the lattice evolution method are also concerned. Inheriting from
the standard LBM, the accuracy of current method is mainly influenced by the lattice size and the time step. Especially,
for the strong boundary-layer structure distribution of electric potential, the lattice size affects the accuracy greatly. A
finer lattice leads to more accurate results and wider potential regions, but costs more computational efforts. In fact, the
local refinement [52-54] is very suitable for such cases. The lattices are only refined near the wall boundaries, while
coarse lattices are used far from the boundaries. As mentioned above, the pseudo sound speed C can be artificially
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changed due to its non-physical significance in electric potential evolution. Fig. 5 shows the ¢ value effects on the
results. The Dirichlet boundary is pre-specified as ¢, =—100 mV. The results show that the electric potential distribution

is little influenced by c. The sub plot in Fig. 5 shows the ¢ values affect the calculated zeta potential on the surface. A
larger ¢ value leads to a closer zeta potential to the pre-specified value. However, when the ¢ value is larger than 300,
the deviation may be below 0.3%. Calculations at a larger value of ¢ need more computational time to reach stable
results. One can get a balance between efficiency and accuracy according to the detail requirements.

The present lattice evolution method for the nonlinear Poisson-Boltzmann equation has the advantages of suitability for
parallel computations and straightness for three-dimensional extension. Although the efficiency is not high due to the long
wavelength limit, it can deal well with complex ion charge structures, not limiting to N : N solutions like many PDE solvers,
and complex geometry boundaries with little additional computational costs. The conversation is automatically kept in the
electrostatic interactions with boundaries without additional restricts.

IV. CONCLUSIONS

This paper developed the lattice evolution solver for the nonlinear Poisson-Boltzmann equation in confined domains.
The Dirichlet and Neumann boundary implement methods are given with second-order accuracy, which are consistent
with the non-slip model in LBM for fluid flows. The method is validated by comparing with various analytical solutions
and shows superior to the classical numerical solvers for nonlinear Poisson equations with Neumann boundary conditions.
The local refinement technique and suitable parameters lead to a stable accurate solution of the nonlinear
Poisson-Boltzmann equation with various boundary conditions by the current lattice evolution method. The present lattice
evolution method is suitable for parallel computing and it three dimensional extension is easily straightforward.

ACKNOWLEDGEMENTS

The present work was supported by the National Natural Science Foundation of China (Grant No. 59995550-2). The
authors would like to thank Prof. Chen SY and Prof. Zhao TS for encouragement and helpful discussions.

REFERENCES

1  K.A. Sharp and B. Honig. Electrostatic interactions in macromolecules: theory and applications, Annu. Rev. Biophys. Biophys.

Chem. 19: 301-332, (1990)

B Honig, and A. Nicholls. Classical electrostatics in biology and chemistry, Science. 268(5214): 1144-1149, (1995)

S. Kuyucak and T. Bastug. Physics of ion channels, J. Biolog. Phys. 29(4): 429-446, (2003)

H. Darguji, P.D. Yang, and A. Majumdar. lon transport in nanofluidic channels, Nano Lett. 4(1): 137-142, (2004)

B. Roux. lon conduction and selectivity in K* channels, Annu. Rev. Biophys. Biomol. Struct. 34(1): 153-171, (2005)

D. E. Draper, D. Grilley, and A. M. Soto. lons and RNA Folding, Annu. Rev. Biophys. Biomol. Struct. 34(1): 221-243, (2005)

C. Peter and G. Hummer. lon transport through membrane-spanning nanopores studied by molecular dynamics simulations and

continuum electrostatics calculations, Biophys. J. 89 (4): 2222-2234, (2005)

8 H.A. Stone, A.D. Stroock, and A. Ajdari. Engineering flows in small devices: microfluidics toward a Lab-on-a-Chip, Annu. Rev.
Fluid Mech. 36(1): 381-411, (2004)

9 P.K.Wong, T.H. Wang, J.H. Deval, and C.M. Ho. Electrokinetics in micro devices for biotechnology applications, IEEE-ASME
Trans. Mechatron. 9(2): 366-376, (2004)

10 R. Karnik, R. Fan, M. Yue, D.Y. Li, P.D. Yang, and A. Majumdar. Electrostatic control of ions and molecules in nanofluidic
transistors, Nano Lett. 5 (5): 943-948, (2005)

11 C.Y.Wang. Fundamental models for fuel cell engineering, Chem. Rev. 104(10): 4727-4766, (2004)

12 H. X. Zhou. Boundary element solution of macromolecular electrostatics: interaction energy between two proteins, Biophys. J.
65(2): 955-963, (1993)

13 Y. N. Vorobjev, and H. A. Scheraga. A fast adaptive multigrid boundary element method for macromolecular electrostatic
computations in a solvent, J. Comput. Chem. 18(4): 569-583, (1997)

14 C.M. Cortis, and R.A. Friesner. Numerical solution of the Poisson-Boltzmann equation using tetrahedral finite-element meshes, J.
Comput. Chem. 18(13): 1591-1608, (1997)

15 M. Holst, N. A. Baker, and F. Wang. Adaptive multilevel finite element solution of the Poisson-Boltzmann equation I. algorithms
and examples, J. Comput. Chem. 21(15): 1319-1342, (2000)

16 M.E. Davis, and J. A. McCammon. Solving the finite difference linearized Poisson-Boltzmann equation: a comparison of
relaxation and conjugate gradient methods, J. Comput. Chem. 10(3): 386-391, (1989)

8

~NoO Ok~ WN



A lattice evolution solution for Nonlinear PB Equation in confined domains

17

18
19

20
21
22
23
24
25
26
27
28
29

30
31

32
33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

M. Holst, and F. Saied. Numerical solution of the nonlinear Poisson-Boltzmann equation: Developing more robust and efficient
methods, J. Comput. Chem. 16(3): 337-364, (1995)

D. Li. Electro-viscous effects on pressure-driven liquid flow in microchannels, Colloids Surf. A, 195(1): 35-57, (2001)

J. Wu, V. Srinivasan, J. Xu, and C.Y. Wang. Newton-Krylov-Multigrid algorithms for battery simulation, J. Electrochem. Soc.
149(10): A1342-A1348, (2002)

N.A. Baker, D. Sept, S. Joseph, M.J. Holst, and J.A. McCammon, Electrostatics of nanosystems: application to microtubules and
the ribosome, Proc. Natl. Acad. Sci. U.S.A. 98 (18): 10037-10041, (2001)

Y.B. Shan, J. L. Klepeis, M.P. Eastwood, R. O. Dror, and D.E. Shaw. Gaussian split Ewald: A fast Ewald mesh method for
molecular simulation, J. Chem. Phys. 122(5): 054101, (2005)

A. Nicholls and B. Honig, A rapid finite difference algorithm, utilizing successive over-relaxation to solve the
Poisson-Boltzmann equation, J. Comput. Chem. 12(4): 435-445, (1991)

S. Melchionna, and S. Succi. Lattice Boltzmann-Poisson method for electrorheological nanoflows in ion channels, Comput. Phys.
Comm. 169 (1-3): 203-206, (2005)

D. Sundholm. Universal method for computation of electrostatic potentials, J. Chem Phys. 122(19): 194107, (2005)

S. Chen, and G.D. Doolen. Lattice Boltzmann method for fluid flows, Annu. Rev. Fluid Mech. 30: 329-364, (1998)

X.Y. He, and L.S. Luo. Theory of the lattice Boltzmann method: from the Boltzmann equation to the lattice Boltzmann equation,
Phys. Rev. E. 56 (6): 6811-6817, (1997)

H. Chen, W.H. Matthaeus, and L.W. Klein. Theory of multicolor lattice gas: A cellular automaton poisson solver, J. Comput.
Phys. 88 (2): 433-466, (1990)

M. Hirabayashi, Y. Chen, and H. Ohashi. The Lattice BGK model for the Poisson equation, JSME Int. J. B-Fluids Therm. Engin.
44 (1): 45-52, (2001)

M. Hirabayashi, Y. Chen, and H. Ohashi. The Lattice BGK solution of the QKPZ equation: universality and scaling in fluid
invasion of porous media, Trans. JSCES, Paper-20000004, (2000)

P. B. Warren. Electroviscous transport problems via lattice-Boltzmann, Int. J. Mod. Phys. C. 8(4): 889-898, (1997)

D. Frenkel, and M.H. Ernst. Simulation of diffusion in a two-dimensional lattice-gas cellular automaton: a test of mode-coupling
theory, Phys. Rev. Lett. 63(20): 2165-2168, (1989)

X.Y. He, and N. Li. Lattice Boltzmann simulation of electrochemical systems, Comput. Phys. Comm. 129(1-3): 158-166, (2000)
J. Horbach, and D. Frenkel, Lattice-Boltzmann method for the simulation of transport phenomena in charged colloids, Phys. Rev.
E. 64(6): 061507, (2001)

Z.L. Guo, T.S. Zhao, and Y. Shi. A lattice Boltzmann algorithm for electro-osmotic flows in microfluidic devices, J. Chem. Phys.
122 (14): 144907, (2005)

J.K. Wang, M. Wang, and Z.X. Li. Lattice Poisson-Boltzmann simulations of electro-osmotic flows in microchannels. Journal of
Colloids and Surfaces. 49: 1696-1702, (2006)

J.K. Wang, M. Wang, and Z.X. Li. Lattice Boltzmann simulations of mixing enhancement by the electro-osmotic flow in
microchannels. Modern Physics Letter B. 19:1515-1518, (2005)

XY He, S Chen, and G Doolen. A novel thermal model for the lattice Boltzmann method in incompressible limit ,J. Comput.
Phys. 146(2): 282-300, (1998)

Y. Peng, C. Shu, and Y.T. Chew. Simplified thermal lattice Boltzmann model for incompressible thermal flows, Phys. Rev. E.
68(2): 026701, (2003)

R.S. Maier, R.S. Bernard, and D.W. Grunau. Boundary conditions for the lattice Boltzmann method, Phys. Fluids 8 (7):
1788-1801, (1996)

S.Y. Chen, D. Martinez, and R. W. Mei. On boundary conditions in lattice Boltzmann methods, Phys. Fluids 8 (9): 2527-2536,
(1996)

Q.S. Zou, and X.Y. He. On pressure and velocity boundary conditions for the lattice Boltzmann BGK model, Phys. Fluids 9(6):
1591-1598, (1997)

T. Inamuro, M. Yoshino, and F. Ogino. A non-slip boundary condition for lattice Boltzmann simulations, Phys. Fluids. 7(12):
2928-2930, (1995)

A. D'Orazio, and S. Succi. Simulating two-dimensional thermal channel flows by means of a lattice Boltzmann method with new
boundary conditions, Future Gener. Comput. Syst. 20(6): 935-944, (2004)

X.Y. He, Q.S. Zou, L.S. Luo, and M. Dembo. Analytic solutions of simple flows and analysis of nonslip boundary conditions for
the lattice Boltzmann BGK model, J. Stat. Phys. 87(1-2): 115-136, (1997)

M.J. Stevens, and M.O. Robbins. Density functional theory of ionic screening: when do like charges attract, Europhys. Lett. 12
(1): 81-86, (1990)

R.J. Flatt and P. Bowen. Electrostatic repulsion between particles in cement suspensions: Domain of validity of linearized
Poisson—-Boltzmann equation for nonideal electrolytes, Cement Concrete Res. 33(6): 781-791, (2003)

URL http://www.malvern.co.uk/labeng/products/iwtm/zeta_potential.htm



Wang J.K., Wang M., and. Li Z.X

48

49

50

51

52

53
54

J.B. Freund. Electro-osmosis in a nanometer-scale channel studied by atomistic simulation , J. Chem. Phys. 116(5): 2194-2200,
(2002)

R Qiao and N. R. Aluru. lon concentrations and velocity profiles in nanochannel electroosmotic flows , J. Chem. Phys. 118(10):
4692-4701, (2003)

H. Ohshima and K. Furusawa. Electrical phenomena at interfaces: fundamentals, measurements, and applications. 2nd ed , New
York: M. Dekker (1998)

Z. Shen, and G.T. Wang. Colloids and Surface Science. Chemical Engineering Press, Beijing (1991)

O. Filippova and D. Hanel. Grid refinement for Lattice-BGK models , J. Comput. Phys. 147(1): 219-228, (1998)

C. L. Lin,and Y. G. Lai. Lattice Boltzmann method on composite grids, Phys. Rev. E 62(2): 2219-2225, (2000)
D. Alexandre and C. Bastien, Theory and applications of an alternative lattice Boltzmann grid refinement algorithm, Phys. Rev. E.
67(6): 066707, (2003)

10



	Abstract: The lattice evolution method for solving the nonlinear Poisson-Boltzmann equation in confined domain is developed by introducing the second-order accurate Dirichlet and Neumann boundary implements, which are consistent with the non-slip mode...

